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Ti^ cherts Commentary 
Chapter 11 
- VECTORS AKD CURVES 



TCll-1. Introduction. 



In this chapter we Introduce the c^tlculus of vector functiops of a singl 
'real variable. For tljiis purpose -we need the elements of vector algebra and 
vector geometry. This preliminary material. Sections 11-1 to 11-^, can be 
^(ieveloped without the background of calculus and it seems likely that the 
V€^.ctor approach to geometry will find a permanent niche in the precalcursis 
curriculum. ' ■ * ' ^ 

/ At this time, however, we .cannot presume that thi§ material is peir^ of 
the baclsiground of ^ any substantial number of students-; therefore it is not • 
iiiclucfed in the review appendices but presented in the text at^lie point where 

^it is to be used. ■ ' 

" • ■ ' ■* 

The value Sf the vector approach f or^ properties wliic* are independent of 
the coordinate frame -Is demonstrated here by the applications to geometry and 
mechanics (Clpkpter 12) but this aspect of vector methods has extensive appli- 
cation^ far beyojad the confines of this text. 

' :i ^ Solutions Exercises 11-1 

Which of the following quantities are independent of the choice of 

coord ina-tes? 

* i ' • 

(a) The distance between two points^ 

(b) The distance of a point from th^^^giii. V 

(c) The angle between two lines. 

Cd") The angle of inclination o^' a line. . 

(e) The area of # standard region un^eo; the graph y = fCx) . ' 

(f) •The area bounded by two curves^ 



The point of this question is to mak6 the studelnt aware of implied 
reference to a coordinate system. He^should realize at once that the * 
quantities described in (b), (d) and C^) are defined only, in reference 
to a specific coordinate ^'y^tem while those in. (a), (c), and (f) are not. 

. 829 - . ■ 
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TCII-2: Vector Algebra . . * ' . ' 

Although t!ie principal use of the concept of vector for geometrical 
applications . is ip_,the ,suise of 'Lposition vector" or dire se^ent vith 
initial point at the origin, the concept of position vectoi^s too restrictive' 
to cover all applications. In Section 11.-5, for exan^jle, we introduce the 
tangent vector as a function - of the ga^ameter along a cvirve and have no 
mediate* reason to refer, all the tangents .to the same origin. Furthermore, 
[e use of the feranslation model in which-a vector is thought of as a mapping 
operation on the set of points in space yields a natural inteirretation of 
le addition of vectors as composition of translations ;v while to introduce 
additlon__^position vectors or points must seepj^artiWial at the beginning. 

In some-texts the directed segment _PQ As called d bound vector , boxind 
in the sense of being "tied down" to the--i5Aial point P . The vector " , ' 
by analogy, is called a free vector, fre^f aitj^^aiiia^ent to an initial * 
point. - , ^ i 

According" to the dictionary (Webster-Merriam).,- the term "scalar" is 
derived from the conception of the real numbers as a linearly ordered set or 
"scale." In the text we pref ^ -to stress the idea of a scalar as an operator; 
this is more in keeping with, modem "usage since the elements of any field and, 
■ :.n particular, the .complex numbers may.be scalers. 

.In, the text we carefully maintain the distinction in notation Between the 
point and the vector ^ for the' purpo&es of exposition. This- is a nicety 

which may be abandoned once the distinction is clear. ^ 



. ' Solutions Exercise n -p ' 

1. Let U and V be 'any points and U , V the corresponding position 
vectors. In terms of U and- V what vector ir'represented by tlie 
directed segment UV ? ' 

. Note. ^The^result of this exercise is assumed later as everyday knowledge. 

This corresponds to a translation T such T(u) = V" ; hence, " ' 
t' + U = V . Thus, 

-> , . T = V - U . 



■* 
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In Fig\ire ll-2e, one diagonal corresponds to the sum U + ^ . What • 
vector corresponds to the other diagonal? 

3^' ; ^ ^. 

In tfcye ^Tigiire-, take the orientation of the diagonal .corresponding to SQ • 
Then ^ = ? + = + (-U) ] + ; hence, ' by Number 1, SQ corresponds to 

That is, the difference" V - IJ . 

Give a geometrical Justification for the inequality 

In Figure lX-2c, we have = "u + "V where Tj and are not collinear^ 

The inequality merely states that the" length of one. side of the triangle 
is less than the sum of the other 'two. If tT and <are collinear, say 
U = , |V| > 0 , then IJ + V = (K + l)"^ . Since + ll < |>^| + |ll 

the result follows from (ll)» 

Le-t A and B be any given points. Characterize geometrically each .of 
the sets of points ' ^ ' s 

(a) {X : = r} . ^ ' 

\ 

- - * _^ • - 

This is the set of terminal points of the directed segments AX 

with initial point at A and length r . Hence, f or/ r >0 it is 
the sphere (or circle in the plane) of radius r ; for *r = O it 
consists of the point A alone; for r < O it is the null set. 

(b) {X : |X - A| < r3 . h 

For r > O ^ the interior of the sphere (or'Ciarcle) in Part (a) ; ^ 

■» ' * • 

otherwise, the null set. 

(c) {X : 'ix - a| > r3 . * . 

For r > 0 , the exterior of the sphere (or circle) in Part (a); 
for r = C , space with the point A ^ deleted; for r < 0 , the 
whole spaced 



S31 
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(d) rx : ? = Xjt real] . ^ 



•0 



'^^ ^ 0 , the^point 0 and^ all points which lie in the direction 
ot from 0 or in the opposite direction, hence., the 'line' OA . 
ir A '= 0 , the point 0 . ^ 

(e) {X : X = X5 , \ > 0) • • ' " ' 

^ Tt f.A ^ 0 , the -point .0 and all points which lie in the direction 
of A frcg-^0 , hence, the ray in ttie direction of S with initial 
point at 0^' - ^ * " ' ' 

^ 

(f) [X : X = 5" + A3 , \ > 03 . 
If B 0 , the ray in>the direction o^ "§ with initial point ^t A 

<g) {X : X = 5 + \g , \ real} . ^ " * - 

ir B 0 , the line through A and parallel to B . - ' 

(h) (X : |X - a| = [x - b[ } . ^ ^ 

The set of points which lie at equal distances from ^ etod B ," ' " 
hence -the perpendicular bisector (plane or line) of the segment ' 
AB . ' ' ' ' " ■ 

/ ■• •• 

^OT any non-null vector A obtain the unit vector (vector of len^h l) 
in the direction of A . ^ ' - ^ - - 

Let U be the des:5t^^ji&iit 'vector. ' We have U = XA where X > 0 . . 
From* (11), under the cond3,tion of tfie problem, 

* ^ fuf- = |xaI = \|a| = 1 ^ ' \ 

hence, \ = -^7 \ 



10 



6, Give a* geometrical derivsi^ion for the associative law (6) for the addition 
or vectors. 



In the figure,* the operations indicated by the s^lhis (TT + + and 



c 




=(a+b)+c 

G=A+(B+C) 

A + (B + C) are" carried out schema'tically . The problem is to show that 
.the directed segment is tfte same as 0§ . (In the figure, the points 

0 , A , B , C are not necessarily coplanar.) It i^ sufficient to show 
that 



E and G are the same by proving that the vector W corresponding 
to AE is the same as the vector "b + "C corresponding to AG . But 
this is transparent, since V ^ C B , that is, the composition of the 
translations and "f applied in that order, ^us, by definition, 

W = + • From the parallelogram law ( commutativity) , ^ - B '6 ^ ' 
which completes the proof- ^ ' " 

Alternatively, translations are functions from onto E^ « Since 

^addi-tion*^ translations amounts to composition of functions, the resoillj 
is imn^diate fro- rhe Associativity of composition. - / 



7. From the laws of operation, AI-I4-, Ml -2., Dl-^, which define a vector 
space, derive the following consequences, 

(a) \0 = ^ . 



Follow the proof of Section Al-1, Formula (8): 

that is, for A = XO , . 

(1) A -f^ A = A ; 

hence^,^^,.^-"^'*^ 

« ^ • . (A + A) + ( -a) = A ( -A) = 0 



observe that 
(A3) ; 



(AM ; 
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11-2 - - ■ • • ■ . 

, whence, ' . ' ' 

* * ■ * 

A'+ [A + (-A)] = 0 . . , (A2) ; 

thence, 

^ ^ J + 0 = 0 ; 

th^t is, - . 

A = 0 , ■ _ _ (A3) , 

which was to be proved. ^ 1 

(b) . 0f-= 0 

Note that 

OV = (O + 0)V = OV + OV (Dl)* ; 

— i.eT, for A = OV , * ■ 

^ ^ A = A + A 

which is the same as Equation (l) in Part (a). Then ]proceed as in 

Part (a). 
t 

(c) If \ 4 0 and V ^ "O then \ V "o • ' 

Sappose on the con-trary, that \ ^ 0 , V 0 and \.V = 0 . Then 

but 3^ . ^ ■ V - 

= IV , * - 

Consequently "7 = 0,3 contradictfi^nr*' • ' . 



(d) *(-l)V = -V 



Observe thS.t • 



V + (-1)17 = IV + (-1)V ' (MJ.) 

= [1 + (-1)]V ~ . (Dl) 



hence (-l)V is inverse to • 

erJc . ^3" 



= OV = 0 (by Part (b)^ 
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■ (e) If ''.^ 3^ O •> -the vector eguati^ji TCS "+ U = V has the imJ'qTa.e; .soXu-tion 



It' is'*e^sy to vferll^ di^e'^^n that' = ^(V' - % is- V solution. 
. On the' o-tiher hajid, if Ic .^jfe;^ solution.,* then - 

\X + .[U + (-U)]. = V - U _ . (A2) ' 

= x5 CA3) ; 



r 



' • ' • ' * . •.= . \)X '• * (M2) 

„ = 1? = .X ..• ' (Ml) ^ 

' . f 1 • - . • 

jwiiich proves that the only *possihle solution is th^ given one. 

8. . Show "bha-b -the set of con-binuous rtmc-bions on "the in"beryal [0,l] is a 

linear veci:or spac^ over "bhe real ntmbers where addi'tion and nrultiiplica- 
"bion have -their ^onven^biona 1 in-berpreta-bions . . * . 

-i 

The critidcal question is -bha-b of closure^ namely^ -bhat "bhe\s-am of" con- 
"binuous tunc"bions is a coirbinnous foSncbion and "bha"fc "bhe produc"b of a 
con-binuous func-bion wi-bh a ^real number -is con-binuous. The remaining 

rv^-bor space axioms derive iimnedia-bely from the laws of algebra applied 
to the definitions' of function and sum of functions. 

Note that the set of piecewise mgnotone functions does not satisfy 

the closure properties, and that is^ what ^makes it "unsuitable for a tiheory 

' . a \ 

of the integral. . ■ ^ 

rr- ^ r ■ ■ - . "'^ 

9. (a) Let -^^^ linear vector spaces over the real numbers. 
Show that 3the set of ordered pairs 

' _JC^ © ^ = .{(y^.^V^) : ^ . Vg « ^} is a linedr vector 
SB^ce over the real numbers, ' where, for , "^1^ *^1 

Ug ^ ^2 addition and multiplication by a scalar in 

© defined by ' 
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The space lcnov3>(ers the direcV^sum^of ^ o^^^ and ^^g- 



J. Clostire, conmu-tativity and associativity "Sf^addit ion "^re obvious. 

Tlie null vector ^,n -C-^ © is .sinrply •^CO^;^^^^) vhere* 0^ ani^ • 

^ ' 7^ are the null vectors for and -^^^ ^ respectiTely. The 

inverse to^ (Vj^/^^) is (-"^^-Vg) vhere is inverse to V^- 'in 

.The remaining lavs follow si^jilariy by dirject appli- 
. cation of the definitions of the operations. ^ 

Note that in the xiefinitioh of addition of ordered^ pairs the*. 
- sign is usea for three ^inds of addition, the^addition in 

. ' . © - "w^ich i-s being defined and vithin the parentheses, an 

addition in and • Similarly, three distinct oper^tio^s / 

/of scalar nrultiplication- are involved infcie definition of product* 

^ (b) Show that" , iJhe r</al nunfber field is a linear vector space over 
the real numbers, whefe addition and niultiplicatljOn is now ordinary 
addition aSd multiplication of - numbers . The set^"^ <^ considered as 
a linear vector space witli a'lehgttL defined as |xf for x e ^ is 

denoted by JE^ (one -dimensional euclidean space). 

The liiiear vector space postulates here are direct -consequences 6f 
the field postulates for \^ (Section Al-l) . , . 

(c). Shoi? that*^ euclidean two-dimensional space is given by • ' • ' 

J / where ^ength for A*e , given that^ A = (a,b) and a , b c E^ , 

' ' ' ■-. ■ is defined by • -"^ - . 

%* ' ' r - ■ |Af = vi^T^ 



2 



Similarly, show that euclidean three-dimensional is given 

by - . ■ ' ) 

- - = © it'- * • 

where length for V'e E^ ., given in the form V = (A,c) wi^h 
A e E^., c e E^ ,. is defined by V * 



O " • • ■ -T* . • ^ - .. 836 



This ±3" -tlae ^usuai cartesia£ ^r^r^sentation of 'Er with -the' 
pjrthagorean ''distance forfimXa* -/J^ " ' - . ^ - 

Iir the represeri*a"tion bi^ E^.r we .^niay write the \^ector . 
the form" - . 



'with a , b , c y and the "intdan^ dropped as 

redxmdant information.* Por^t^l^ iengldi of we have 



: - ■ . \ / 2 - > 2 

. •■ va \+ b- +'C , 

» , • ■ , ■ — >■ 

■ ' ■ ' ■ t 3 < 

which is -the pythagorean distance f orimala iin~s^ .. 



TCll-3.. Vec-bor Geome-bry ^ . ■ . . y '^^ 




• - . SoXu-tlons Exercises 11^3 v "\ " - ■ ^_ 

1. Verify that Formula (2) 'gives ^he f ainiliaar foriirulas>f or -the. "midpoint of 
a segjnent in terms of coordinates for P' .and Q " . ^ . 

; • ^ ■ ■ , ■ . ■'v J . ^, • ■ ■ . . . 

Set ^ P = (x^,y^1 , Q = and" X = (x,y) . ■^.se: %> v . ^ 



to obtain from ("2) , 



\ 



&1 Find the- equation of the line^through the point P = (1,2,1) pai^allel to 
the position vector ( 0,3,4) ; then give the coordinates ^f a poSTn^ on. 
the line at distance 1 from F , ; > 

■■ ■ . ■ 'T'--- 

The eqriation of the line is ~ • . : * ■ v ' ? 



X = (1,2,1)" +'t(0,3,^) 
From — ' - . . 

iKcf = IX - P| = 



■ . ^the two points on the line at -unit distance from P are given, "by 
t = I , fience, by (1 , 2 ± J 1 ± j) . 

o ' ■ 637^ 
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(a) Is P =. (2!l,2) in the 'plane (P containing "A =.Cla.3) , 
The t>lane. (P is givcscTby thfe equation' . 

'X = A- /^Cb -:a) ^Xc'- A]r 



or 



Thus P is in (P if and only if ' " • " ^ 

for some and y , butr this is clearly impossible since the 

x-components are distinct.' ^ ' . . - 

(b) .Find a vector^" iT normal to the plane CP' . 




A vector .IT is normal to CP if and only if it is perpendicular 

to^ the vectors B - X and O*,- It . Hence, ' 

' ^ ■ ^ ^ 

N* (B - A) = IT • (C - a) = O . * - ^ 

Consequently, if N = (TI ,ir ,N ) , then . , 
^ ' = O , SET = O , 

. an<l "».= (^^,0^0) = IT (1,0,0) 

where N may be any* number. 

(c) Find the distance from P = (2,1,2) to the plane (P . 

The distance is^ 1? - Q| where Q ^ is tije foot 6f the peiT^xendicular 
froi P to iP.;. Thus Q is the point of intersection with 6^ of 
the normal line " \ . ^' 

^ ^ = P + - (2,1,2) + 0,0) V . 

.whe2T&^J\| = iP - X| . Thus Q satisfies the 'simultaneoxas con^ . 
ditions • - r 

'Vq^=^2 +Xjl,2) . = (1,1 + 2v,3 - n)' t, 
whence Q = Cl,l,2) and ' 



11^3 



'U. Prove -the corol£ary in*Exaniple ll-3c. ' * ' 

••■■'/ . . . 

From Part .(b) of Example ]Jb-3c, there? exist scalars p.^ , v^. such that 
? = + v^?" . The question is one of uniqueness. Suppose there exist. 
, -other scalars , ^ vith^ say ^ v^^ and Z - M^^**" v^Y ^ Itoien 

p. - 

^ + (Vg. ^ ^1)^.=^ O : Consequently Y = ^ ^^ ^,J ^ 

^- X and Y are collinear. a contradiction. 

-5« Let' A ' and: B,' be noncoHinear vectors. Determine the equatiohj:6f the 
ray TJhich bisects' ZAOB .. ~ 
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are coplanar.. Therefore there exist scalars such that 

''Vt ■ * ■ * ' 

(i) - ' ■ ^ * ' " ^ = d^' + . * . . 

The condi-^ion that X , lies irt the interior of the angle implies a .> 0 

and P > 6 • . In the figure, with ? '= 3^ anc^ Q = PB , note^ that 

ZPOX = ZXOQ (angle bisector) andL^, --iXOQ = ZPXO (PX^ dnd OQ are • • 

paraHel) . Therefore y^DPX is isosceles and . loAj |pb| • For - ^. 

> ^ ^ -3t - B ' 
simplicity , introduce the unit vectors and in the directions 

"^of A and B , respectively. Set a =q:]a| and b = ^\b\ ; ^hus- a = b 
and ("l) becomes - 

Conversely, any pointy X defined by (2) lies on the angie bisector since 
t^e figure OPXQ is a rhombus*. ' ' * 



6. Verify thatjthe resuXts of (l)v, 'of Exanrples ll-^a, b,' and of (4)' do" not 
depend on tiie choice of origin- 



r 



y.^ Let.^ }P be /the new origin. " Each vector -V must be replaced*" by -.. V - W 

to obtain the corresponding results in the hew* systeai'.^ . * . - ^ 

In ( obsei:^^©' that ' \ > . 

= (1 - x)(p - ^) +^xCq - w) . ' ' 

In Example ll-3a obse$rve tha% t3j^' final equation from which the 
result follows is expressed wholly in terms of the -differences of vectors, 
-e.g.,. Mj^! -'I^ ; biifct a difference - V is not affected by a cHange of/ * 
origin, / _ . ' ^ 

hence, -the equation holds in the new. system. , " - : 

In Example ^H-3b, ^tvo- things are involved, the equation of the- median - 
8^nd the equation o£ the centroid. For the median, note that - - - ' 

I ' . • ■ £J - * ' ' • 



<^ / ^ 3 



• (1 - x)(\ -: w) + |f(p"V _ ^ + (1^^ _ t?)] , 

and for the centroid, that- 

^ ■ - ' 1 - " ^ ^ ■ ^ 

S - w = pp-^ + P^i - w 

.= |[XRj_ - wV+. (Pg - W) * (p^ --w)] 

In (k-) y^dbskrye th&t * , . 

' . R - 1/ = A + h(b - A) +- vCc - A) > W 

' ■ = (A - W) + ^[(B •- W)--*-1a - t)] +*V[CC - W) - Ca"- W)]\= ' 

t - ' • * - ' • 

. . . .«» ' ^ ^ . ^ . . 

^ ^(a.) Show that the 'vectors A = (1,1,3) , ^^<= (1,1,2^ and^ "C =,(1,3,3) 
^ are ^ none oplanar. " " ■ - / . ' . 

From Example ll-3c the three vecifors are coplanar ir anfi only if 

there are three scalars , b , c not 'all zero such ^hat 

■ ■ * ■ ■ - ■ . ■ . ■■ ' " ^ 

■ . " aA bB cC = 0 . 

Insert the coordinate re^5resentations of the vectors to ptDtain the 
^ i three scalar equations . * ' 

ERIC , - v ° . : ' 
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... V 

■ - a + b + c = 0 , * . . . 



3a + 2b + 3c = O . 



.These .equations have prily the trivial solution ^a = b = c = O * 

* • . • , . ■ *■ 

(b) i^ress the vector D = (2,1,2) in the rdrm of a linear combination 

' - 5 = + bB + cC" • . 

, % ■ . • .. 

. The coefficients a b , c vare solutions of the linear 'system , . 

- ' , . a + b + c = 2 , 

' '-^ a b + 3c = 1 , . 
; • ' - 3a + '2b + 3c = 2 ; ^ ' . ' 

whence a = - ^ , b = i;- , c =- - ^ . - ' ^ ^. 

». ' ■ • . . 

» 8* Shov that given \liy foiar vectors A,B,C,D, therp a©e constants 
a , -b c > d , not all zero, so that ' ' >. , 

aA + bB + cC" + dD = O . • • 

* (Hint: Use the property that if ^ line is not parallel tp. a plane it 
r ' -must intersect that plane at precisely one jJoint.) * 

If the -tliiree vectors A- , "B , C* ar^ coplanar then by Example 11- 3c 'we 
already have such a relation for the^hree, aA -i^ bB + cC-= O , where 
" a , D , c are not fill^. zero. Consequently, 

^ / aA + bB H- cC + OD = O . ^ " 

' ^Suppose now. that the three vectors A , B > C are not coplanar^ 
^then either D is parallel to the plane ABCT- or the line X = XD 
meets it in exactly one point. 

If 1? is parallel to ABC then, there exist a directed segment 
^rRj^R^^ti in ABC which represents D . ' Thus, in the. notation of (4) , 

/(I). D = 1^ - 11^ = . (ug - pL^)(S - X) + (v^- v^)(C . . 

J which immediately yields a^ relation of "Shef desired form. ' . ^ 

If D is not parallel to ABC -there is a number. X for which. 
. XD is the .positioh vfector of a point in the planfe. Fuirfchermor^ X. jt O 

since ABC does not contain the point .O (A,b'', C are not coplanar) » 

i . ■ ■■ ■ ■ ■ . 
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Consequently, by (4) " , * 

, (2) " ■ ' \D = A + - t) •+ vCC - , 

? ■ if * - - ■ • . 

vhich ImniediatelJ' yields the desired relation. 



i 



The statement of Nimber 8" implies that any forir vectors are linearly 
depend en/t, namely that -one can be express'ed as a linear combination of 

the Orfeher three'* Show from the assTomption that is not contained "in 

- a plane that there do exist three lin.early independent vectors in E"^ , 
■ that is; vectors A , B , C for which the equation - " . 

aA + bB + c C = 0 

is satisfied onl^- If all three scalars a , b , c are zero. 

•- 

Since E^^ is not contained in a plane iJhere exist at least one point A 
other than O , one point B which is not collinear with A and O , 
and one point _ C which is not copier -with 0 , A , and B v Since- 
^ , B and C^^ are not coplanar tlie condition of Example 11-3C cannot be 
sati^ied. 

- / ^ ' ' \ C 

Prove if ^ A , B , C are not coplanar then any vector' Z can be repre- " 
sented afe a linear combination r- ^ 

^ = aA + b^ + cC ^ 
and that the representation is unique. ' 

i' ' ■ 

If Z is pardllel* to the plan^ ABC then Equation (l) in the solution 

ot Number 8 gives the desired representation. ,If Z is not parallel to 

w - ■ 

ABC , then, since \ ^ 0 in i^xiation (2) of the solutioxJ of Number 8, 
the desired, representation is obtained on division by \ . The repre- 
sentation is unique, for if a-^A + b-^B -f^ cj^'^^ar^ + b^B + c^C then 

(a^ - a2)A + (b^ . h^)B + (c^.- C2)C = O . ' Ri;*: A , B , C are not cq- 

planar and,, therefore, by Exaiple UL-Sc, a . = = "b^ ^ and c^ ^c^ 

, x^^'-j. - *1 2 ' 

Show if .^B and ^ are not collinear that-f^ X a 4- pB t qC" is the 
equation of a plane passing through, th^ point A and parallel to the 
vectors .'B ^ and ^ . We say that a "plane is parallel to a vector V if 
it ' contains -a directed segment PQ w'hicK i^presents V • " 



8hQ- 



This, def ini-bion of parallelism is adopt^ed because it generalizes -to 
spapes--of ai3y dimensi.'©*!^*". For example, in E , "tvo lines 'are ei^bher 

■parallel or intersect^ bu"b in * E"^ "there is" a -third possibili-ty: two 

. <^ ' h.' ^ . 

lines,^may be ske-«i* Similarly, in E , a plane and ^a line may be skew, 

.-tha1?> is, neither parallel nor intersecJting. Thus the proper-ty given as 

the hint in Number 8.. is a characterization ot three-dimensional space. 

Obsearve firs-t on taking p = q = O thai: A . is a po£n-b--"of the set 

(P^ {X : Xj= A + pB^-*- qC , p , q real} - Now if X , Y e then 

^ - iG- represented by th^ directed segment XY • Suppose* 

^ ^ ^ ' ^ ^ ^ 
Xv = A + q^C . and Y = A + p^B q^C , then the segment 

Xy = CZ» : 2" = (1 - X)X + XY = A + [1 • + \(p_ -Pt )]B + [l +X(g_ - q-,)]C , 

: ' ^ ' 5> o < \ < 1} , 

= > J ■ - V ■ ' 

is clearly contained in Now B is represented in Cr . by XY when 

= ± and Pi - ^1 ^ ^2 ' ^ represented by XY when 

''q^ = 1 and Pi = = ^1 = ^ (The choice of coefficients is ob-vaousl;^ 
not unique) . . > . 

So far it is not determined that (P is a plane, only that it con- 
tains A and is - parallel to B and C . Obsemre that can be 
expressed in the form (h) by setting »3 = B* - A , =- "C * - A * Thus (P 
is a plane if ^ , B , C are not collinear. But the three poigts are 
collinear if and only If B' - ^ = B and C - A = C are collinear. . 
Gc^nsequently, if "S and 'd are not collinear then ^ is a plane. If • 

and . "5 are collinear there are^ two possibilities . First, if 
_ C = 0 then (P consists of >che. point A alone* Second> if, one of 
the two vectors is non-null, say C ^ O , -then {X\: X = A + \C> and 

(P is a straight line (see Exercrises 11-2, No. .^(g)). 



... • 

Ca) In -the accompanying figxire^ R is any po|ntL on -the line 



AS 
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Ob"baln the represen-bation 5 = + bB , and determine 
terms of . a and ' • 



in 




Since R is on the line AB , . ' 
then (1 - -'^) =: x(r - b) , and 



is i;he desired 



[1 - 

ratio. Since A and B are not collinear, tlie representation or 

R as a linear combination of K and B is unique . We conclude that 

X=-b,l-x = a, and ^? " 

1Ir[ ^ 'Ibl * ■ 

iKBr * ■ 



ACb) In the "accompanying fig\rre C is any point not on a side of the 
triangle- ^ '■ .- 

A - , 



Set R - '5' = a(B .- R) , 

P - B =-X0 - P) ; and 

Q - O = (A - Q) Show 
that 




ce^y = 1 



This result together with its' converse (namely, if P , Q , R 
divide their respective sides so that this relation holds, then the 
lines AP , BQ , and OR are concirrrent) is Ce^^s Theorem (Giovanni 
Ceva, Italian 164? - 1736) . \ 

■ . - V ^ - - - ■ 

From Part (a), - 

R = (l - K)S + >S . 
and, since ■ C is collinear with R 

5 = dS" = a(l - x)A + ^B . 

Set 

= tiB , Q = 

In terms of \ , ^ , v. 
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Now, for some real p , - 

^ = (1 - p)2r + pc' *^ • ^ . . 

. = [(1 - p) -*-pa(i . x):]^ + pc^^:g / 

^ Since/ 5 ^and B are noncollinear, the .two representations of* P 
imisybe the same; that is (l - p) -f- paCl - \) = 0 and pdK = u. • 

Eliminate p .to obtain 

^ 1 - a + cP^ ' , . 4 

■f 

whence, from (l), 

' ." ,, ' ■ 

Similarly, for some real , 

Q = (1 - q)B + qC . / 

- qaCl^- >>1)A + [(1 - q) + qoX] B ; 

hence, 

V = qaCl - X) and' (l - q) + qo^ = O- . 



From this .. ^ = , ^and, from (l) 

(3) • r = £(1-120 . 

•Multiply the expression for ct in '(l) "by the expressions for ^ and 
r in (2) "and (3) to obtain the desired resulti opr'- 1 . ' ^ 

Conversely> suppose apr = 1 . Take C as the intersection of 
- - . ' ■ ^- 

AP and BQ , then prove- C lies on OR * From the two representa- 
tions of ? , write. "5 as a linear combination of X and 

c = :^-^A + tLs . 

..pp. 

Similarly, from^the two representations of Q ; 



q q 



Cons equently , 



\ 
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'(h) if^is^jU^t^a.^^ 

and ' , . ' 

(5) ' . u' = - , V = ^ls^lja. : 

V . . ' . q . p ^ 

Frc3m Cl) and (5) 



1^ 



Biq - 1) ' ' P + q - Pq 



hen-be, since Q^T = 1 , 

^ - ' • p ' 1 ,; , q 

ConsequexrtJ^, from (l), 

R =:= (1 - \)t + xZb = Cl - X)(A + . 
But, from (.k-) ' ^ . 

TD " 1 ^ ' * • 

vhere. a = xT * -^^^^ 1:he converse is proved* 

"Observe^ in "the proof of both "the proposiision and converse ishal; - 
P , Q , and R ' need no-t be inl^erior poinlis of their respective sides 
but any points of those lines other than vertices • In that case ve 
still have o^r = 1 wh^re a , and r- are defined by (l) but 

tJhe geometrical interpretation has to be altered in replacing the 

AR 

lengths 'by signed magnitudes. Thus ve take a = — , where by this 
. t RB ■ 

ratio we mean ' ' if the 'two directed segments have tne same 

IarI ^ ^ 

direction, and ^- -* >- if the directions are opposite. 

Note that the result of Example ll-3b i3 an immediate con- 
sequence of the converse statement*:. 

Note also the following simple synthetic proof. Through O 
draw a parallel to AB and extend. AP and BQ to meet the parallel 
to A and B , ' - ■ 
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S4 




respectively. Then, by similarity. 



AR 



'A O 



OB^ 



PO 



A*0 



OQ 
OA 



B 




From this, the resiilt is iranxediate. 



Conversely, if the product is *1 , draw.- BQ an^ AP and 
denote their intersection by C . Extend OC to its intersection 
E- with AB . From the original proposition 



AR 



R B 



BP OQ ^ ^ 
PO OA ' 



-J 



hence. 



AR 
R B 



AR 



/ 



vhich ±mpl^±GS R = R 
coHinear at C . 



Hence the three lines AP , BQ , OR are 



Both proofs at the converse require that AP and BQ intersect. 



If- not then 
needed*/ 



AP , BQ , and OR are parallel and a separate proof is 



13. Let (QABC) ^ be a parallelogram, 3> the midpoint cf BC , and E tjie 

midpoint of CO . . Show that the lines AD and AE di.vide the diagonal 
OB in thirds. ' . ^ . / 

• / . • / 




Note that =^ ^ 5 and 



S = J + TT • Consequently^ 

• ^ F = ^i(A + C) 



= (i - v)A + vE == Cl - v)A + ^ C 

SinceSjf^ and c" are noncollinear, the tvo representations of P 
linear combination of A and must be the same: 



!^;= 1 - V = - . 



'It f ollovs that p. = ^ , or F' = . In the same way it may be shown 

for the intersection G of AD and OB , that G = ^ B . 



Al^* Let P. , 



, P be th? consecutive vertices of a regular polygon 
n " . » •* 



. 1 ^ "2 ' 

of n sides. Show that P + -...+ P" = where D is the center 

X. . d, ^ n . 

of the polygon* Is this resiilt' independent of the choice of origin? . 



23r 



■ through the angle 



A rotation 



Consider a, rotation R about 0' 
about O maps, any f igirre into a congruent figure; hence 
RCt? + ^ = 'Rfl?) + R( V) Furthermore, in such a rotation through an 



angle between 0 and '23r , only the 'point 0 



time, R : 
Consequently , 



remains fixed « At the ^ame 



(for i W 1, 2, . . • ,n - 1) and R P — ^ P^ ^ 
' * n 1 



n 



n 



1=1 
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i.e*, the 'point: corresponding to the stjui of' the position vectors is fixed 

n • - 

y It follows* that ="^"^ Plainly, this resiilt cannot hold ^ for any 

. ^ ■ i=l - ' ■ . ,r ' ^ 

origin other than the center, ■ 

15- J^ove that the bisectors of the inter^r angJTes of " a triangle are 

concurrelit^ I ' • 

. L6t the vertices of "the triangle he/0,A,B. From the solution to, 
- ' ff ^ • . 

ITcmiher 5^, the angle bisectors from A and B . are given by 



• . ■• ' A[A - B| \t\J • ■ . " 

respect "ively • These intersect. (X = Y) vhen 

IS - ?! , • \\t\ J \|B| 

Since A and B are not collinear, this implies : ^ 



. ^ - , !B - Al . lAl- _ |B| 



q = _JBI • IB - Al 



lA| + |Bl + IB --Al . 
Insert this in (2) to obtain the point- of intersection 



^ I - [Bl "01^^ \ 

^ |B -'Al viAi [Biy ' 



this lies on the angle bisector from O , according to the solution of 
Number' 3,.^ as we sought -to prove. 

Alternative Solution * Use IJamber 12 Let the points vhere the 
bi^sectors from O , A , B meet the opposite sides be R ^ P Q , 
respectively. From Number 3^ ■ * 
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* and rrom Number 9Ca)j - 
Similarly, from (l) and (2), . ^ 

- BP ^ rg - ^^f OQ _ " ibi - . • 

- J PO |:S p i OA - 5 1 ^ 

Ttius, the product of tlie rai^os' is 1 , and by Ceva's Theorem, the angle 
- ^ bisectors are concurrent • . ^ . ... 

■ • ■ - ' ■■ ■ ■ ' ' ■ ■ " 

l6.. A pedian of a tetrahedron is a. 2iine segment joining any one vertex to thi 
centroid of t^h^ other three'. Shbw that the medians of the tetrahedron 
axe concurrent at the centroid -orbits four vertices. Show €lLso that the- 

. segment of median between, tne centroid and vertex is ^ of the "total 

len^h of the medianft^ - * ^ ' 

* Leti^- , ^2 -^3 veirtices of the fetrahedron. Let- the ■ 
centroid of thSTface opposite be = J^^2 '*'^3 ^^h) ^ 

ceatroid. of the tetrahedron, M = ^^-^ + Pg-^*- + • The equation 



of the median from P_ is 

Am X 



' 3 ■ 

and clearly, for X = ^ , 



,^ = ^ ^1 -^1 



C 



'A so that .lies on the median. Since any vertex may be desdgna:l^ed as 
, the proof is complete. 

- y 

17. The segment Joining the midpoint of any edge of a tetrahedron .to -the ^ } 
■ midpoint of the opposite edge is bisected by the centroid of the.- four 
- vertices., . r 
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. In the notation '•^of Number .l6 let P-^Pg one edge. oT the tetrahedron, 

- '^^4 'the opposi-te e^ge. The segment Joining the' midpoints of these 



edges is g;l.venjby 



It = (1 - X) 



2.^ P 



Clearly X M for X = — which proves the assertion. 

; r I ■ * ■ ■ 

l8. zrhe-eight planes, each containing one edge and bisecting the opposite 
edge of a*-^etrahedron, are concurrent.' . 

Such a plane contains the corresponding' iine segment of Number 17, hence, 
- also the-centroid of the tetrahedron. 



A 



19- Let- ^> noncol linear vectors, let be ^'any line in the plane 

QAB «iich contains no vertex of the triangle QAB and is parallel to - 
no side. Let P be the intersection of ^i!^ with OB , Q the inter s'ectipn 
with OA , and R. the intersection with AB . If a , p , r are given 

^ by I ' , . . - . 

- ^ ^OcCB - E) , B - P = pP',- Q = rtQ - "A) 

show that a3r = -1 . ' Conversely,' if P ,"Q , R . are points satisfying 
Oipr = -1 then they are collinear* (Menelaus's Theorem.) 



In tne notation of Number. 12, we have *P = loB 




O \ ■ 

Now, from the colli^earity of P , Q , and R (observe that ^ 

since P- and Q lie on different lines and not. at the intersection), 

1"= (1 - T)P -h^ = vrA - t)b 

Consequently, .from -the two representations of' R ' , ' \ ^ 

VT = 1 - X ' , ji(l rr) = X , . \ . 

•.: •■ ' ■ • ^ . . 

whence, • . : . . . 



Now^ observe ihat. 



, , ^ ^ " 1 + ^ ^ " e + X ^ " 1 + r V - ' * 

Insert -these expressions for X .-and V in (l) -to oTrtain tlie desired 

resxLl-ts: a3r = 1 . 

■ ' • . " . 

ConverseXy, iT QpT = -4- le-t R be -tHe poin*t where PQ in-fcer- 

'sects AB . Then both R - S ='(B - R) and E - A = (B - R and R 

has -the same representa-tion in -terms of A and ' B' -as R ; -therefore, ■ <■ 

^ = IT.. . ■ . ^ ■. \, • ' . ' , 

TCll-i;-* Pr'oduc-ts of Two Vectors > 

A binary, relation vhich satisfies t^^ linearity conditions given at the 
beginning of the section ^ g f^^n ed bil inear * > The third type of invariant 
bilinear product is the dyadic product A > < B which is the linear trans- 
formation represented by the matrix 







A -B 

X X 


A B ^■ 
X y 


A B 
X z 


» 




3 > <.B = 

« 


A B 

y X ■ 

A-B 

Z X 


A B 

y y 

A B , 
2 y ' 


A B 
y z 

A B 

Z 'Z 





The dyadic product a&so has useful applications. > 

' ■ ■ ■ ■ ^ . 

The right-handed convention f dt the cross product refers to physical 
standards, the .face of a clock, .the fingers of a hand. ^ It may seem primitive 
to use sign language or physical devices rather tham purely mathematical metho 
to prescribe an orientation convention. The axioms of geometry, however, are 
naffected by reflections in a plane. The two half -spaces on ei-ther" side of -a 



u 



line have identical -geometrical descriptions*' Thus there are no preferred 
orientations in geometry and it is impossible to remain entirely within the " 
abstract f ram^ cf mathematics, and characterize a prefex^ed, side -of- a planer 
In the same vein imagine the problem of conveying the distinction ..betwisen . , 
right and left to someone who dojes not know our conventions of language^ (a 
child, say) without, appealing to physical objects. We do communicate 'geo- 
metrical ideas 'with physical objects, pictures, and . for the purposes of such 
communication, and ^f or applications as -well we adopt conventioils by reference < 
to standard objects. . .1 ..^^ ) " • ' . ' . 



> Should -the question be bjroxight up it may be pointed out that failure of 
parity conservation in weak particle interactions is an entirely, different 
iesue. It . was believed that the laws of physics had mirror symmetry,, hence 
that the laws of physics ^define 'no preferred orientation. This would not 
preclude €he choice of ^ standard reference object. It has now been found 
that mirror symmetry falls in the quantum domain. Thus it is possible to • 
adopt an orientation convention without appealing to anything^ outside the", laws 
of physics. - ^ . ✓ 

X B do nt)t 



In a ge nerval change of coordinate frame the components of 
transform like, a vector but like the components of the* matrix of the linear 
transformation with the skew- symmetric representation ^ 



M = 



0 

'V 

2 

-V 



M -V. 



-V 



\ 



If the z-axis is reversed the matrix of the linear transformation becomes 

J 



- w 




0 


-V 

z 


-V 

y 




M - 


V 

z 


0 


V 

X 


■> ■- 




V 


-V 

X 


0 


Thus V = -V = 

X X 


X ' .y 


. y 


•» 

-u 

y 


* 

^^z 


in the. text. 




* 







2h 



as we ]iave seen 



Solutions Exercises ^ 11-4 
Verify Properties (5a-d) of the dot product. 

All four properties are direc-K algebraic consequences of (3) 
Independent proof of (3) xise the first solution of Num'ber 2. 
Alternative solution . (without the help of (3))"- ' . 



For an 



EquEtt:ion (5a) follows at once from (l) and the" commutativlty of ordinary 
multiplication.; > ' ^ * - \ - 

' Verify Equation (5b)- hy showing- separately 

(1) A • (XB) i\(^-B) 

and \ - * • • 



(ii) 



J * (B + C) = 5 • B -K 5 * C . 



To grove (±) ^pbserve firs-fc that if X > 0' the angle between ' X and 
is still" 6V^>and . 

1 • (x2) |5| IxjBi, cos e = x|X I isi cos 0 

= . ■ . - " 

11- 

If X < 0 ,^ then ?s2 has the direction opposite to B- and the angle ■ 

. • • » . ■ • .. 

betveen A and xS .^s jt ; 'hence 

■ t ' = !X| !>3| cos. ttrr - 0) =* ( 1 t-B I ( -cos 0)= • " 

y = xA ' B i- . ■ • • . , 

prove (ix)* observe , that the pro--- 
jectfon of B + ^^on the line OA 
is simply the sim of theprojj^ctions \ 
of % and "5? on the line^^ee 
f^^gure) .- Thus> if 9 is the angle 
between and B , 0 be^twecn A - 

' and ^ , between ^ and S + ^ , 

|3+Sj cos iIr = '|B^[ cos 0 + |1c } cos 0 . 

Multipl^r by - |A I to obta'in (ii) . ^ . . , 

Equation (5c) follows, from - 0 = 0 , cos'© = 1 • 
Inequality (5d) follows from. |cos ©[ < 1; • 




Obtain the coordinate representation (3) of the dot prodi^ct. 
A^ suggested in the' text, use * ^ . • 



2 X y 



•A^):+'(B ^-hB ^+B ^> -(irB --A l^^lB -'A ]^ + [B -A 1 

z . . X / . y • Zr. ' _ X X . y y z* ■ z 



Altena&tive Solution • Use the| Properties 1 5) of inner, product as"^ derived ' 
independently of (3) in* the alteniative solution otPSfciialJer 1.' 




For this purpose let i ^ J f and k' be the i2H,ES^ . vectors in, the ^ • 
directions of the positive ^ y-' ^ and zr-axis, respectively ._■ These 

unit vectors have the coordinate repres%ntat;Lons i = Ci^O^p) , . * 
J,;== (0.,l,p) , k = (0,6;i).. Consequently^-we may ^represent A^ and B 
as linear combinations of . these unit vectors with the conrponents in the " 
directions of the corresponding axes as coefficients! . - 



11-14. 



.From :-.(l) , r- t = f • f = ic = 1 and ? . J = ? '"k = i' - 1 = 0 . . Co:;- * 
;se<3ueirtly, taking the dot product of the two linear combinations and 
usiiig- (5a) and (5h) / ve obtain 

X = A B +A'b+AB. 
■ X X - y y z z 

(a) • Show that th^ peirpendiciil^r project ion^^ the: vector 5 on the line 
' ■ of 5 i's the vector ' 

^ IbI^cos .0^- ^t' ^ ' . 

The vector is called the component of B in- the direction of 

A / 



See Figure ll*4b. 



(b) Write 3 in the form B = bI, 



-^•A ' -^A 

B and ' show that B 



perpendiaalar to "S^ . The vector 
B perpetid icTilar to 2 . ^ 



is called the o 




perpen- 
nent of 



Obsei-ve, if 3^ "O , 



. ••^A^ A = (B - 3^) -A ^-^(3 >'|J^ :^ 
" ' ' ■ . . ■ ' A 



• ^ ^ a2 ' 

= B-A-B-A— 5=0. 

' A^' ' 



The case ^A = 0 . is trivial. 



4« Let S and !b be noncollinear vectors • Mjjoimize [^B 
- pret geometrically. • ' 



A 1 

- \A] and inter- 



Equlvalentiy, ^minimize , v 

= B^ - .2?c(b".X) + 
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11-4 



The mi.nlTiTum ocears at X = 



5 



i.e., when 



. . ; . ^ • . , . ^- ~ . ' v • ; . 

^Geometrically, -the interp3>etation of "this s'tatemen-fc* is -that the nearest 
point on the line OA to B is the foot of the' perpendicular from , B- ' 
upon OA ♦ ' ^ " 

5» Prove that the diagonals of a rhombus intersect^t right angles* 

Represent the rhcmibus by means . of the paxalielogram law for + S 

B « A B . ' 




where .|a| = |b| The diagonals are represented by B + A . and B - A 

(B + . (B - S> = - .S^ o ' ,/ ■:' . * 

' ■ ,. ■ ■. * . - y 

6m Prove -bha-b aii- angle .inscribed in a, semicircle is a righrt aagle. 




(A -. C) • (B - C) =.-S^ + = O . 
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7.^ (a) Show tlMt ■ -bla^SPCS^'-ay^ite' sqve^res.-of the, s^ides^or .a parallelogram is 
equal -bo the ^snm of the squares of the diagonals^ *^ 



..Represent 'the parallelogi^m by means of a vector as indicated in the 

. accompanying figure. The §um of the squares of the sides is 

- * ■ » - . 

"B + A 




+ 2B , and the sum of the squares of the diagpnals is. 



(b) Show for ah arbitrary quadrilateral that the sum of the squares of 
the sides ^exceeds the sum of the squares df£ the diagonals .by four 
times the square of the distance between the midpoints of the 
. diagonals. * 



y- 



Le-b -the successive vee-fcices of the guadxila-fceral "be 0 , A , B , C , 
and le-b the midpoints of the diagonals OB and AC be D and E , 

C 




respective!;/ (see figure), Note that ^ = and E = J(A + C) 

For the sum of the squartes of the sides, obtain 

s = A^ + (B - A)2 + (C - B)^ + 



+ 2B + 2( 



2B - (X + C) ^ 



for the' sum of the fsjqusares odE/'*-"^'^ ^-t^^^^s^t ^ ^ ^ . 
_ A , .+ B -+0 . 2A • C J ani^for the square of distance between H 
• and e;, m = + C - B^ 4- + 2A • C - 2B -(A+C)]\ 

_ Clearly^ s =' d > Urn ^> as 
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r . 

Given ^ ^ , find vectors , 1^ , so that -(fi,'^,^) ±s- a right- 

handed triple of mutually perpendicular vectors 

Take any^ vector which is not collinear with tj , say i = ( 1,0,0) . Set 
V = T X ^ = X0,-1,1) ^ X ^ = (2,-1,-1) • ^ 

(The use of a right-handed coordinate frame isrf taken for granted here*) 

* " ■ * 

Tn • connection with the definition of cross product, why nrufet a function, 
continuous on an interval, which can take on only the,valties t 1 be 
constant? • • . 

If the function took on both values it would have to. take on all values 
between as well, (Intermediate Value Theorem). ^ 

Shov tha-t JxB = % "X , (see Number 3)** 

From' Number 3 ' ■ 

AxB=Ax (5^ + ^) . ' ■ • 

= A X +■ A X - 

. • - (B-;^; (^x A) 4- A X B^ * : ' J ■ ' ■ ■ • 

■ > " '=^. -i^^ X .B%. 

. "-. : ■ . . ' ■ ■ . '■ ■■ ' 

(a)-, Jicpress thei-vector V = (A ) - (A ) in terms of dot and 'cross 

.products/ - • ' 

* * - ■ * ■ . " ■ '. ^ . ' 

- ■ . ' • 

From number 3, if neither B nor C is O , ^ 

.... = 2 -i^c " : ^ 

and ' ' ■ , .- 

B 




_ A 2-L2 ? A « B ^ ■ (A *C)(B • C>B 
~ ^ \" B^ B^c^ 



.-berc^ange C and B in this las-f result and sub-tract to obtain 
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Ifote that the expression in brackets is the triple cross product 
of. Example ll-4e, so that ' * ' ' 

• ^=%Jf^ X (BX C)] . 

' B 5*^ 

(b) Compare V vith U = (a^^ - (t^) ^ "and ^ = (A^)^ - (A^)^ , . 

In the text, given noncollinear vectors A and B we chose a right- 
handed fundamental set (%Jq,\} vith 1^ in the direction ot t , ■ 
with 3*Q in the plane of S and B so that^ the 'rotation in the plane ' 
from A^-WP is in the same sense as that from' A to- B , and wildi. 

"Sq pejpenfiicular ' to the plane of A and B ; Escpress * i , T . k \ 
in terms of A and B. . " # * 

i„ = -^t . ' ■ 

, • . f^i . • . V . 

t - ll-. - (A^)B - CA ■ B)A 



^0 



° ] IB^I._^ US2)S - (t.- B)A 

■ A X B . ; ■ ■ - ■ 



■ I jA:.xB| . . - ■■ ^ ■ . . '„ 

Verify (l6) for the degenerate cabes ignored in its derivation. 

f 



In the derivation of (l6) it was assumed that B and C are noncollinear. 
Here we assume B and C are coHinear, say C = A3 Then 

X C) . := ?jA X (b X B) = 5 - 

and. 

(A . C)B - C|yB)C = xCCA . b)B - (A - b)b] = O 
Prove the result of Example ll-Uf . • * ^ 
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The proof Is similar in method to the derivation of the .f ornnila for 

* P ' • . ' G 

K. 





/ 



B» B 

trie area of a parallelogram by constructing an equivalent rectangle. In' 
^tbi^, case, construct an equivalent rectangular parallelepiped. The three 









/ 





-— • -nil 



B" 



figures slfow how this may be- donf * Lret {S,B,5} be a right-han&ed set. 
The parallelepiped with initial edges Q& , OB , OC is* indicated in the 
first figure by the vertices O , A f D , B , C , F , G , E - where 
'l5=J-hS , , ?'' = t5+X , 5 a^ + B + ^ • Next, introduce 

new points by 0« =^ > ^\ = ^ + ^ ^* = ^ ^ = ^- ^ • 

This 



s defines a new parallelepiped w5^ *the initial edges 0»A , 0«B« 

Thus, the two faces 



0*C* , where 



Q»A is. perpendicular to O'B 



AO'i'D and FC'E'G are rectangular . The two parallelepipeds^ have equaJi 
" volxame since the prisms O'QAC'CF and B'BHE^EF are congruent (the ' X 
second is obtained from the first by the tiranslation i) • In the second 
figure the same idea is repeated with "ti^e projection of 0*C* on 

B" 



0»B» 



the projection of 0«C* 
and the vertices 0* , A B*^ > D ^e . replaced by O" , A". , 
where ^" = ^» + , etc* The new parallelepiped with initial edges 
, has the rectangular faces O^'A^I^'B" , 0''B"E*'C« 



G ^ 




' .J 
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(and the faces' opposite)* In the third figure, the process is repeated 
once again; this time tVie vertices Q" ^ B" , E« , are replaced by 

. 0»« , •B"^ E'«, C'« , where 5^ = 5'\ + tJ « ^" + T? : etc.. TT ' ' 

being the projection of o"A" on 0" C • Now the faces p'"B"'E"*C«" 
and ©•••CV'FA^' are rectangles and we must verify that the third face at^ 
0»"- , is a -rectangle, namely, that (A" - a"") • (B»" - O'") - 0 . For 
this',c observe that B"**- 0*" = B" - O" = B is perpend icxOar to. both 
A"^- O" and. to "u (which is parallel toj . Since 

A" -0"' = (A" - 0") - IJ it follows that 'B is perpendicular 'to thi^ 
vector* Thus, at \his Stage we have obtained a rectangular paralxelepiped 
of the same volume as the initial parallelepiped . • . 



The (signed) volume' of a rectangular -parallelepiped does obey (1?) 
since the three vectors are mutually perpendici^-ar. In particular, 

V = t jo»"A" I Io^*»B«" I |0"»C»" I 

= (A" ^- 6"0 -[(B"' -0"') X (C'" - 0'")]-, ' ■ 

where -th^' sign Js^ determined by the 'handedness", of the vector . tripled 
Now, insert the expression fc» A" • O*'* above and observe, -since ^ 
is parallel* to 3*" - o"» that it is perpendicular to the cross . proSuct; ^ • 
^ence, - V ' 

V= (A" -0*) .[Cb»" - 0") X (C» -rO"»)] 
■ = (A^- 6") . [B X (C' - 0">] 

Where "5^ is parallel to "S^; hence, 
V = A . [b X C* ] A r [b 



where Ag is- parallel to <B ; hence, / 
- • " . . • V = A • [B X C] . 

Show 5" . (B X C) = (A X B) • C 

= -J • (C X B) 
= B . (C X A) 
= • X C) 

■=' t ' X b) ^ 




Can you give a general nile for the sign?, 

^ - ' • 861 , •• • : 



30' 



Apart from sign each 



The parallelepipedvith adjacent edges ^ OA- , OB OC 



these triple scalar products is the volume of 

The ' s ign" of the 

tripl-e scalar product depends on^the Jiandedness of the vectors. The 
handedness is reversed by ^n interchange of^aiy two of the vectors, and 
is preserved .by a cyclic^ permutation. 



16* Let. i+'jg. + $= $V Show that • ^ 

A X B B X'"C = X A .. 

Interpret this result geometrically to obtain the law of sines for 
triangles . ■ . . ^ , • \ ' ' 

Set ^ = .-(A +"6) to obtain " ^ .. ' * ' , 

B X "C = -B X (S + B)' = ' -B X a = H X B 



and 



C X'5 = -(A + B) . X A = -B:x A = A X B . 



^ Since the sum of the vectors is- p ^the sum represents a closed ' 
polygon, in this *case a triangle. * ; 

If a , p , r are the vertex 
angles of the triangle, as shown ' ^ 
in the -figure, then we* have found ^ 

1^ I |B|sin r = Ib] Icjsin a = |c|lA|sinP 



hence. 



sin cSc _ . sin . - sin r 



fA| 



B 




.17. Use (16) and Number .15 -bo express^ ' " - ^ ' ^ ' 

(a X B) • (C X D) 
'in terms pf dot products alone. - - 

.From NiJimber 15 ^ a jid f ro g/^l6) , successively, " " 

^ . (S B) .^OTx 5) =;S.-[(J x^) x'^] ■ ' 

. . *• . * 

'='"■5 - [C X (B X a)] , 

. - - ^ . = • C)(D - b) - Cb-c)(d-a) 
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A.I8. .Whiat/is 1^ the straight lines 



' Wha-t is: the equation of tk^e line .perpendicular to both? 

From -the solution to Number It, since that scCition is independent of the 
Choice of origin, the shortest distance froJ a point to a line is that ' 
along ^ -perpendicular. Xt f ollovs _that the Ibortest distance from .-6^ 
"to -C g" along a -segment perpendicular to bpth. If 3Cf is this' 
segmei^t, then ' " - ' 
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unless A and B are cpllinear, in which case the lines are parallel' 
■■:^d any mutual perpendicillar yields -to the shortest distance). Insert 
1;he given expressions for ^ and Y into jfi) to ^ain^ 9 - - ■ 

(ii) - sA - tB + C - .D = X(A X b) . - . - - 

To eliminate s and V in (ii) take -the dot product with' A x B to 
obtain • " ' 

■ ^ ^ (C - D) - (t^x B) ■' - , - . 

which "Tgives the desired\ length. ^ 

- , \ To . determine the equktion of ' the mutual peipendicular, given its. 
^ direction,, only one point \on the line" is needed. Eliminate t and \ 
in (ii) to^ determinisms ^nd the point where the mutual perpendicular 
meets ^ . Por this-, take the dot ^product with. . B- x (A x B) ' in (ii) 
tb . obtain s -by * ' - ' 

(i±±f. . sA • [B X X B) 1 = (C --D) . Eb X (A X B) ] . - 
•This can be simplified by using the expression (16) for the- triple' cross 
product. However, for- th^ present, it is sufficient . to observe that the 
imitxiai^j)e2rpendiciilar is t, ^n by 

S = C" sif + r(^ b) 
where r is the parameter and s is fixed- by (iii) . 
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1$. Use cross products to find the equation 'of the ray vMbh bi'sects the. 
' anglp between and . (Compare. ^Exercises ll-*3^ No. . , 




Let X be any point on the angle ' 
bisector. Since A : and B lie on 
opposi"^ sides of , and the angles ' 



ZAQX , ZXOB are equal, we have. 

•# ' - 

A X X X X B 



. .1^1 ,|B( . 

To obtain ■ as a linear combination o£- S and B , set X = XA + jiB 



> above ta f ind 



" ' A X B ^ 5 X B 



, .. - ■ . . . ■ ■ J'' .- ■ ;_. ■ 

litis ^ for a = jS| = \ 1^1 , the result of Number 5 is obtained again: 



= J- 



20; 



Prove that 

• 5 X CB X C) + B X (C X A) + C X (A. X 3) O .. 



Expand out by (16). 



21, 



. Use- (l6) to find two different' representations of x B> jk' x DT /and; 
.' so establish an identity of the form "aJv^ -bB .+ .cC/+' d^ ='- ?f « Hence^ show 

how to ebq>ress'"'any vector- eis a linear coiqb^iRtion' of atiy three vectors . 

A , B , "C for which S v( B x C) ^ 0 . CCompare Exercises 11^3, No; .80 



(A X bYjC (C X 3) =. r#t (C X - [B ♦ (,C X D) ]A . 

^ [D • (A -X B) ]C - [ (A X B) . C]D . 

Since the coefficient of ^ is hot O (see Number-15) the result- is 
established* 



22. Solve. X = A •^ (B X xj . 



lir _ J aiid 'S are nbncolllnear then J > ^ . S x B are noncoplanar. 

? = aX ■ + bS + + B ... ■ " 

Take the cross product with and use the given -equation to obtain 

V B x 5 $ - jt = '(a -1)^ + bB + " (^ X B^ ^ V 

■ ^ . ;^ . = -a(t;;x^) + clS^ -b)bT ^ • . 

where the bracketed ^sxpr ess ion is the expansion of "B x (A x hy (l7) - 
Equate' coefricients to obtain 

' . a - 1 = c"$^ , b = -c(^-'§) ' c = -a , , ^ 



whence 



1 w ^ B - : 1 

^= ^Zp ^ c= — — ^ 

1 -e B * .1 + B . . L B : 



If 3t and*B are collinear,.- .and • B ^ 'O , (B =^0" is -trivial), then 

A = and , / - . f ■ -a 

Take the , do t*^ product with B X "X to obtain- (B x X)^. =*0;^; henoe, . 

S-*x X t= O Thus^. , B . ' and ^ are coliinear, . and- ,.X = \B - == A " " 



TCflX-5« . Vector Calculus and Choirves « ^ , . ; " : ^ 

"..The choice of spherical- neighborhoods in the definition of limit for a 
vector .function is the most "naitural" one since the definition is •then inde^ 
pendent of the coordinate ^frame . Giveu a coordinate frame, instead ^of the: 
given characterization of c-tieighborhooli/ we could adopt, say, 

-The two" characterizations are., equivalent for the. purposes;^of analysis, limits 
do not depend upon which definition e -neighborhood is u?sed (compare TC 
Pf ^75 )> but' the second definition suffers, from the inconvenience that" it ■ 

.'depends ojifrthe coordinate, tern. " . . . 

'■^ ■ - ■ ^ ■ " ■ - ■ - ■ " 

The. Solution (23) to tlje differential equation (22) of Example ll-5i is . 

acttially the equation of a ray," not an entire . straight liile, since > . ; . . ' 



. This comes about because the equation- is • singular -whlat^.'^Cs:) = 0 % or 5 = X . 
, The solution is actually the ray- with initial point in the direction of 

it ^ t ' ' ■ 

■ — " " ■ '■ ' \ • ■ / '■• 

^ • — ■ Salritlons Exer clese 11-5 ' i 

. Prove that Definition 11-5 and Eqtiation (3) are equivalent definitions, of 
, limit for a vector fxmction* - • ,i 

^ \ , -.From Deficit ioi;i 3-2, Equation (3) holds if and only if for eveiy posiljive 
; ' €. there exists- a 5 such that IrC't)' - Aj < ? whenever 

2p (a) . Prove Properties (k) .and (5) for the limits of vector fimctiond* •. 

• ■ Except for the distinction between vector and-sca^^r functioA. : the- 

^ : ' ' ■ /' proofs -are- virtually identical to- the proofs of the corresponding 

- limit theorems for scalar functions. • Note." in 'both caseis,* as in- • 

■ ' \ Chapter 3, that tlie\existence ' of the>l1m1ts- OQ -thie right. iii5)lies -Khe 

- existenqeof 'the limit .on. the left* ' 

' . -(b) Use^the isesailts of Part (a) to. prove Property (6) • - ■ . 

' ' ■ ■ , . . . . . \ ■ ■ . . . ' . • 

• . _ 5*^^:1 ."be the fiandamental set of . coord iriate^ vectors > then 

' . ^\ V . v(t) = f(t)t -K g(t)f +-h(t)^ ; ^ . . ■ ' ; ; ; _ 

hence, hy^ih),.' v ' ' ^ 

lim vCt) = lim [f(t)i] + lim rgCt)j] + 11m [h(t)k] • - 



t~tQ ■ t~tQ t-tQ V t-t, 



Now from (5), and lim 5 = A • for any constant vector, A , 



lim f (t)i = r lim f(t)l f lim ±1 - 



= flim f (ti^i > 



with; simi^r resiilts for the^ other -^e^E^ of -thesim. Thus if' 
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. <■ iHa f (t) = e , lim g(t); b , 11m ^'h(t) .= c , .. , .. 

then lim-^ -^(t) i= A /"Viiere • S. = (a,b,c) . , . ' 

To coniplete tbe proof it ,is necessary to show that the existence 
of the limit of y(t) in5>lies the existence of the limits of the com- 
. ponent functions. It is' only necessary to ohserve that if 

" ' ■ : ■•" . : " " ' • 

■ .|?(t) -A[ = Vtf(t) -a]^ + [g(t) -a]^ + [h(t) -'af ''< € ' 
then " • ' . ^ . ■ '\ / : . ' . ; ^. . : 



:» : If(t).-a! <Vtf(t) -a]2 -h [g.(t) -a]^;-*- ChCt) - a] < e . . ' 

■ ■ ■ * ^ ■ ' ' . ' 

(c) Prove Properties (7) and (8) . 

Apply the result of Part (b) 'to the cporflinate representation of 
S(t) .;^Ct)' "and; u(V)^ x^ . ' ^■ 

Prove the vector differentiation formulas (lO),- (1^4-) . >• . ■ - ■'. 

For the proof .of Formula (lO) note that . 

?(.t) - ?(tQ) /f(t) .- fCtg) g(t) - g(t^). h(t) •-•h(t^) V - 



and pass to the limit as t approaches /with the'^^id of (6) . 

For the proofs of (ll) - XlSiy 'apply (lO) to the coordinate repre- 
sentations,- and use the scalar formula" for the. derivative of a product. 
Similarly, for the proof of (lU) apply the scalar chain rule to the ■ 
coordinate representation of the con^ositioh. 



Consider the function ^ : t — ^ |r(t) j ; where "f - is differentiabie. 
differentiate • - . . . ■ .. ■ 



<c) iZJ(t) 



2 



:..„ , ^:l^Ct)i....-;,■ . - . ^ . ■ , . .. . 

(c) D.^[r(t) • r(t)] = 2r»(t) • ?(t) . 

. - . . . ;• ■ •■ . , ^ . _ . ... , .. -V ■ 

5« Ob-tain the formula .for the arclength. of a plane curve given in polar 
coordinates "by p '= f(9) , 

Use 9 as a parameter and set * - ^ 

' X = p cos e , y = p sin'.© • j,' . . ■ 

Prom t*(e) = (||-'cos' ©. - p sin 6 , ||- sin 0 f P cos 6) obtain 

.. .. . ^ ^ ...... . _ 

' If P'. is ^taken as "the parameter, "then . 

"* V .?"*(p> = (cos e - pe' sin 0 , sin e +-p0» cos S)^ 

and " ■ . ...... ••. ^ 



6. Sketch each of the folloving curves, gi've the points at which the. tangent 
. ve.ctor doesn't iexlst, and' represent the curve in terms of arclength vhere V 
poss^ible. (If no 2 -coordinate is giVen, restrict the locus to the 
X, y-*plane) . . 

\ . ■ / X = a + b . sin t . . - ■ ..." 

• (a) V = ^£4^d cos -t ^ ^ : . : . < * < 2«) 

■ ' ' - . '■ ■ " ' ■• ■ ' ^ 

■ ■ Thei-e are several cases, (l) If 'b- a^d. d are both non-zero, . 
b ^ d , the curve 'is the el lipse 

with center at (a, c) .^nd semi -axes [bf and |dl.. The "tangent 
always- exists . - Th^ arclength -s .is given by a so-called elliptic 
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integral and is not aji elanentary function* t ; cc^u^equently x 
and cannot be expressed as elementary functions of s . (ii) If 

b = a 0 the cxxrve is a circle of ..radius .-, (bj . The tangent 'always 
exists • Since |?'(t)| = |b[ , the arclength is given by 



and d is non-zero'. 



s = !b|(t - t^) • ^ (iii) If Just one of b 
then" the curve is a segment; if b'-yt-^ , d = 0 it is , 

;((r3c,y) : y =: c , a - 1h| < x < a [bf) • .The tangent fails' to 
exist at t =^ nir , (n integral); i.e., ' at the end points of the 

^segment. (iv) If . b = d = 0 , the locus is the single point (a,c) 
Since r»(t) = 0 for all ; t , no tanjgent is defined, vhich is as it^ 
should be. Hote that the restriction that the zeros of be 
isolated eliminates this singular case., . ^ 



(b) The <rycloid. 



{ 



x = a(t - sin t) 
y = a{l - cos t) 



(a > 0 , 0 < ^ 23r) . 



Show that' this curve is the locus * of a point on a circle that rolls, 
on a straight line without slipping. \ 




ERLC 



'Since r»(t).= a(l - cm.^ sin t)' , the' tangent fails to exist 
when-^ = 2it3ta (n integ^l), where ?»(t) =0^; At these points 
left-sided tangent is (0,-1) , and the xight-sided tangent 
),l) , thus the points are cusps,. From : 



|?'(t)| = aV2(l - c^ t) - aa|sin || , 



It follows that 



s 

* .. . 

Consequently, 



= 2a f ' sin ^ "dT = 4aC 
Jo \ ^ . ■ 



1 - cos • ^) , 
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. t = 2 arccos (1. - _ . ' ' - 

. = arccos [2(1 - ij-). '- ll. , 

•=. arcsin [kl - '^)/8&s - s^] , . • 

where . 0 < .s < 8a " . The parametric equations ^foif the^ cycloid in 
-terms, of arclength are then • . . 

,.x = 2a arccos (1 - -^l - (l ^)v^s - ' '• 



y =^ (8as.- s^) 



To demonstrate the geometrical characterization of the cycloid 
consider the pat^x^aced out by a point P on a circle of radius a 
which^rolls along th^sjc-axis* Let C be the -center of ' the circle - 
and locate P with respect to the center . The center moves in 
straight • line motion along the line y = a . As P rotates through 
the angle t^ with respect to the. center,- the length -fca along the 
circle is rolled out on the x-axis. Consequently, if^ P is initially 
at the origin; after the rotation t with respect to C * we have 
5""^ (at, a) and ^ - = -a(cos t , sin ^%) , which yields the given 
parametric representation immediately. ' . .'^k. 



ft - ■ ■ 



A ( c) The Comu spiral. 



■J, 

■j: 



* 2 
cos u du- 

0 
t 



2 , 
sua XL du 
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This f as cimting /curve pXays a role in the theory of diffraction 

■ of light (see Ghapt^ 15) * It has been much studied, but here the 
available tools, permit a description of only the grosser features- 
Since/ r'-^t) = (cos t^ , sin t^)' , ve have . lr/(t.) J =;1 for all t , 
so. that t is the. arclength parameter, and, .the tangent is defined 
for all t •. Since ?(-t)\ = -?(t> symmetry vith respect to the 

•origin obtains, save need consider only positive t . Observe now 
that ' y ' has maxima at t = -/X2n - -1)^. , minima at t = v^mt ; 
fia;rthermore it is easy to see that the maxima- are decreasing and the 

; minima increasing 

^minima of y is 



Fpr; example^ the difference between two -successive 



JV(2n+2)7C 
sin 



^ > (2n+2)jt 



sm V 



Srur 



v9 



dv 



^where the substitution v = u^ is" employed . Now, ■ 



^ r(2n+l)jr 



■ 1 r^^- 



sin V 



dv + 



(2n+2)jt 



sin V 



C2n+l)3r Vt? 



dv ■ 



|_J O Vw + 2iBr , J o + C2n-.+. .l)jt J 
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where, in. the first integral, ye have.,put . ..v= w + 2njr : in the 
•second,-, w =^.v + <2n*t- -i.)3r- • Hence,. ■ . 



^. J oLVv + 2ror .■/v + (2n + l)it J 



sin V dv >*0 



It is also clear, for the difference .between a m-fn-tTnT m^ arid the next 
maxiarum that ^ ■ . ■ , ' , 



✓(2n+l73r 



Sin n du < V{2n + ijjr - V2rm < 



V2n + 1 + 



hence ^ that 'the limit of the difference is zero*. iBy the Nested 
Interval Principal (Section Al-5) , y has a , limit as t approag^es 
« . Similar' resvilts hold for - x- (By the calculus of functions* of . ■ 

"a^ complex variable, it - can . be shown that * lim x = lim y = ip ^ • 
Thus the functions f : t - 



depicjfced . 



3C , g : t 



y have graphs as 



=g,(t) I 



/ 






/ J 


^ ^ \ 




/ / 






/ / 


l\A 

t ^ 






t 


1 


J 


\ 


1 


\ 


\- 


1 




\ 


1 ■ 


1 


I 

•1 
1 


1 


I 
1 

1 ': 


i 

.1 


1 . 


1 


1 


r 


I 


H 


— 1_ — 


•H 



f : t 



JO 



cos-'u du 



i g : t — f 
J 0 



sin. u du 



The-.stwo graphs jaay then be used -toge-fcher to sketch out the general 
spiral charact^" of the .curve. Observe • fur tj?er, from 



872 



50 



^2 . '■dt^dx'' V,.<i"t 



2t 
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SO 1;ha"fc -the curve is convex between successive extrema of x , 
flexed , upvard .between, a .TnlnlnnTTTi and the ensuing maxiiSuiii^ downward 
■between k maxinnim and the eng ui n£ m -t rrTrrmm _ 



The cardioid. 



{ 

ty = 

or^ in. polar coordinates. 



X = cos © (l - cos' 0) 
y = sin e (1 - cos e) 



. (0 < 0 < 2jt) y 



p = 1 - cos B 



-'Rere r»(t) '= ,(-sin 6 + sin 29 , cos 0 
-jr < 0 < only 9 = 0 yields - - 



-cos 2©). , hence for 



a null value of r^ 



At 9 = 0 



there is a cusp; i.e., since the 
first component of ?*(t) is 
odd- and the second conrponBTit * 
-even, the tangent reverses * 
direction^ *TJse the result of 
Number 5 to obtain 



J 0 ■' ■ 



COS . ©,) ^ +. sln^ e -de 





'4 sin^ I d0 



(0 < 0 < 23t) . 



How express. 6 in -benas. of s : 

. e = 2 arccos (l - •jj-) -= arccps [2(1 - ^) = l] 



• s=i arccos 



J 



2 

[1 - s + ;^] 



^-arcsin 'J^ /sU - |) ] . 

2;^ ° 
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In terms, of s the parametrj^c equations become 

[x = s(i - - s + ^) 
^l-y = — — Ls(i - tt)]-'' . 

2V^ * _ ° . 



(e) (x^=-^, 

1 + t ■ 

1 + t'^'- 



Iden-tify -ttils curve. 



■ 2 2 / . 

rObselsve that x . +. y f= 1 o» \ .This- ^Is the xmit circle with the * 

•ta^ig^nt of* half the central "angle as parameter The point (0,-l) 

is : not covered except in .the limit as t approaches » (Compare 

Section 10-3, Fprmula (9) ). From ?*(t)- = ^ o' o ^ ^ ^2t) 

(that the curve is a circle, is visible at tfiis point; for ^ 
?(t)^r«'(t) ^ 0 , hence, D[?(t)]^ = 0 and [¥(t)3? is'constant), 
obtain |?'Cir) j - ^ ^ so that the tangent al%^ays eacista* For- 

the arciength, obtain ' . ^ . 



-J 0 



|F»(t).ldt = .2 arc-tan t ; 
whence, x = sin s , y.^ cos s • • " ■ „ - 

(f) The. three-dimensional helix, 

■X = a . cbs . t ^ 

y = a sin t ' / (a > O) . 

. Here r*(-b) = (-a. sin t , a cos t , l) and- ^ -[r'(t) | =^ a , where 
c =3 Va + 1. • Thus the "tangent always exists and s = ct • 



Cons equent ly , 



8' 




.(g)* Ttie conical helix ^ 

fx = at cos 1: 



y ."'^ at. sin; t,. -* . ■ (a > 0)'. 




Show how. to define the integral • • ' •f(t)"dt . by the method of Riemann 

sumsi Prove that this Is equivalent to integrating conrponent hy com- 
ponent.. ' . ' * . • 

» . - ' . . . w ■ • . • 

^Let .0 = (tQ,tj^,..,,,t^} be any partition of ^ [a,b] and let x^^ be any 

number in *-^'^^2.'hs} k = 1 , 2 , ... , n , Form the sum. 

- • * n ■ , ^ . ' * * 

■ .. ', . ^ = I! *<^k>(^ : vi' • ' ' . . 

... ^--^ ^ _ ■ . - V - 

We. say that ? is the integral>of r -over .[a, h] and. 'write 

' ■ ' ' , - ■ < ■ : ' ' : . ' • ^ . ; 

I ?(t)dt if for every positive ^ c ; there 'exists a 5 > O. .such ' 

a. ' ■■ , : :■ ' ■ . \ .. , ' ^. ' ^ ■ . , 

"" that. .-|S' - t < € whenever v(.a) <• €i ^ jp^dependently of the pairttcular 
/Choice of partition or 'the numbers t . 



. . Now set .?(t) = Cf(t) ,g(t) , h(t)) - and if the integrals of the 
components exist, denote them by^ A' , A , .A , respectively. First .\ 
assume that the . integral of r.. exists.. Then let \ 5; and be defined 
as: above. . It follows thit, if vC q) ;< fe . > then 

n- ; ' '"^ V ■ ■ 

■."iZ ^^-lc^^^Jc- Vl^ ^ ^xf - l^^^xV- 

• < /(S - I )^ + (S - I )^.+ (S - I )^ . 

. ' < |S l|.< e . - 

Consequently, th^ integi^ of f exists arid "■ is egxial to ■■ I . The" same 
argument applies to the other conrponent s. 

Conversely, , if the conrponent functions al^ separately integrable, 
then given oi^ it is possible to find .a 5 ^such that, > 
|S - A_| < € whenever vCa ) < .5 where S .has the Torm , 

X X ' • X 



k=l- 



For the corresponding expressions for the other components we have. 



similarly. 



• '- l^vrv." "Avl. <^ whenever .v(a > <5 ' 

, . . . [Sjg - \ \ < e whenever v(c^) < . . 

How, take ,S = Min£5^,&y,6^ ) . , L^t a be any partition with vC a) < S , 
. : take = = = ^ ^ also choose the, same intermediate points for 

■ : the three sums, naiiely, - t^^'^ = t^-^^ = ^^^^ ^^^^ ■. 

where e may be any positive nxai^ber. ' Thus. ? is int^ab% and has 
' . the integi^a A = (A ,A ' A ) , 

Note that integration by components immediately yields the vector 
- counterparts of. Theorems 6-ltb, c, the Fundamental Theoreiii^and the Sub- . 
stitution Rile. 

' ' ' ' .' i - . . ' ■ 

®* ^3 if ^ique continuously differentia^le^solutj^.of ^»Ct) = tA + B- 
with the initial condition ^ . ^ 

: . ■"■ ?(o) = 5 ?- ■ /; .. • • . . . . : ;■ ..... 

Either employ the last • remark in the solution to -ITumber 7 or'iniegrateV ■ . 
conrpqnent by component to obtain ^ \ ' : \r ' . 

• . ' * ' rCt) ^ 5 + tB . 

9.* (a) . Lr^t the jwrametaric. representation of a curve be give]?*ijt the 
-X = ?(sl' where- ■ s ia arcleagth and r is three times diffe 
- • -tiable. Prom i |t| ^' , it follows from Example- ll-5a:tha-e 

• di" '^^ perpendicular'to . If - 0 , the unit vector : , . 

.tt - ' dt Adtr ■ '■ ■• ■' ■ ■ ' ' ■* ■ 

.t ° di"/ l^di"! . -/^^ vector - ir^ 3.s;- called- the pr 

^ noiToal to th*- curve*. 'Assuming that If' exists for '-kll 1 .'-prove • • 
. that the curve ±s planar if: aiid only' if ' ' ' ■ T \ 
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If ^ X ^ = 0 , -then 



t' 



^ ' id-t I ds 



'de.' , > % 

* ~ 

Consegtiezrtly, for the so -called binormal 'fe = i5 x- ^ , we have ^ ^ 
and % is a conslwit unit vector. Thus 

vhence" . •S = k , where k constant; hence, (3?- !^) -"^ = 0 

It dj'ollows from Examp^ ll-4c that, X ^ies in a plane perpendicular < 
to ' S where k'fi corresponds to the fo^ ojp the" perpen<JicilLar from , 
J;he origin to the plane and Ik| iBS^e -length of tha* perpendiciilar* 

. Conversely, if* the curve is . planar /Vgnd ^ is a ttnit vector 
.perpendicular" to the plaine^Jlthen 

where yk . is . constant . Coiiseguently 



t ■- ■* ■ ; ds 

and ^ 



ds ^ Ids 



•Un-1^ ^ 0 • 

Sipce, 'fl. ±Sr perpendicular to hbth and n , 

' " - ' n = ± . ; 




Now differentiate with ^respecE^to s and use n x ^ = 0 to ohtaipr 
/ the desUred result. . ' ^ 

.\ ■ . <•*-.■ ^ ' ' * 

ith) . Express tliis cogadition in terms .of derivatives of . 




Wi-6h*p3rimes to deijote differentiation with respect to s we have 



vhere the last step uses the restilt pf Number Hh) . Thus, the 
. condition becomes, on multiplication by |"^» | , 



where the second vector in the cross-product is the component of 
!!?»." perpendicular to "X" , 



10. 



We have restric^d ^.ourselves ^t^paramejtrizatlohs of cxirves X = rCt) 
» <-t <b ,*^for which the derivative r» is continuous with isolated 
zeros, if any. . In general, we say that t -is the tangent. to the crorye 



,^if there is a..parametrization ^ '^^'v^H =^ ^Ct^) , • such that 

^ • ■ ^ = lim T?(t) = lim v^) , 

where 




• (a) Shw-tha't this definition ijacltges - the text case t • 

g'(t) ' ■ ■", r'- '- 



t.-= 



- ■■ . . ^*f*o^ V:0 *. apply^e property-of the products' Qf ;liiaiiis.:ri[5) to 
■ otftain ■■ . ■■ • '•■ , ' ■■ : -' " - '' ■ ' . 



lim u(t) 



= lim 
. t~t. 



= lim 
t~t^ 



u(t) 



?(t) - ?(tQ) 



-1 



t -.t. 



^'(t) . ?CtQ) 

t t:^ ■ 



\ ' ! '. ' . . ' . 

f^e*ext-we ha^ defined parametrizations X .= qCx) and " 
^="^C*^as egu^TOlent if rC^Cx-)) = ,tC-r) . where is defined 

on the domain of 'q , has a- range in the domain of r , is increasing,,, 
and has- a piecewise continuous derivative. Prove Hhat the tangent " 
t at -as defined in Part (a) is the same Ar all eguivalent 

•pSrametrizatiohs., ^ . -J-.' 



We : shall say tha-t a point t-. is a regular point of the parametri- 



zation « "rCt) ' if ^» • Is continuous at t 



0 



and ^^(tQ) y O , 



otherwise^ t^ vili be called a singular po;Lnt* We have restricted 
ourselves to par ametrizat ions for which the singular i>oints are, 
isolated*. Nov^ set t = 0(t) where t and t are equivalent. 
Wii;^ the possible exception oi^ isplated ppints we have 0* con- 
tinuous and O . the Chain Rule * 

(1) IJ'Ct) = {Zf'CT)?»(t) 5^5 \ ^ 

except perhaps at . isolated points. Since 0(t) is increasing, and 
5^»(t) 0" in (l) ve have J^' (t). >'0. y hence, for the tangent, 

|q'(T)| I{?(»CT)||^(t)l: |r(t)l ; 

be one of the isolated points in questioin* If the 

tlien the. right-and-left- 
sided limits .given above exis"b. Furthermore, since .0 is increasing. 



Now let 

curve has a tangent at X = ^(tq) =-^C1^q) 



if. 



then 0(t) / ?^^o^ 



t - t^ 



qCT) - q(TQ) 



T - T, 



T - T- 



where 
is 



is the mean value given by the Law of the Mean* Since 



iscS-ated .zero or. disconi^inu^^ point of 0* , there is a deleted 
. " which co'iatains no zeros of 0' • . If t >ris ^ 

restricted to tj 

because 0 is dittjreasifig* Consequently, fo:^ the vecixji 



neighborhood of 



xt given by 




neighdbrhood/ then hence J^{^ > O - 

ea^i^l Conseauently, for/ the vecixjif function 



T - T 



As. 



Ve have 



^C-b) -.M^^ u(t) i= t5CT) 



1^. 



. Consequently the right- and left-sided- limits for ttfr) at are- 
equal to those of ^Ct.) at t^ , and since the latter two limits are 
. eqxial, ve conclude that t is- the same for hoth p^ametrizations. • 

(c) If, -in -the ' definition of. equivalent parameters is replaced-by a 

decreasing function, ve say that t and t are " contravalent" 
parameters. Just to have a word for i-fc. Show that contravalent 
parametrizations orient the ctirve .in opposite senses; that is. If "% 

is the^^jangent for the parametrization 1c = r(t) then -t . is the 
-tangent for X = qCx) = rC^Cx)) . 
-. ' - . ' 

Observe -bha-t if t and t are con-bravalen-b paramel^ers, - "then \ 
and -T are equivalent; i,-e., Tor a = -r and ,p : cr — ^ g(-cr) 
-> ve have * . 

" ' ' ■ • X • • - 

^. = 5(a) • • 

where itr : c — 0(.-a) is an increasing fimction-^Consequently, 



id' i] 



a 



■ ' ifrom which the conclusion isr immediate-. ■ 

A possible vectoi: generalization oif Rblle's' Theorem is: Let ? ;be 
differenta-ble on a < t < b and let' rCa) ' = r(b) '=.i5 , then .there is 
point t^ a<t<b,.at which. r*Ct) = ;5 Prove or disproye^. 

The statement is .false.; The proposition, fails for any "regular closed 
.curve^ for example, the " circle ( Ex'an^le . il-5e) ^ - , * 

= c COS © ' . ■ , / ■ 

^y*'^ .c s-in. 0 . ■ " ■ ■ . - ■— 

for O < a <'^jt ■ See Misce ltan eoxis JExercises'y Number 10 for a correct 
generalization* ' : ■: 



'For X = r(t) where r. has a ©pntiiiuoiis , derivative on [a^b] 'prove * 
that:^ the. lengths P( 0) of inscribed, polygons given by "(18) have ^ lea^st 
upper bound and that this upper J:)Ound is the arclength L" given by (19>, 

note first that the integral L .existl ,siiice ''jr'Ct). U - is continuous.. • 
Piirthermore L ; -can' be approximated .within any tolerance by P,(cr) - ; con-' 
sequently; .if • I». is an". upper bound- it- mast be least. ^ Nov* •let- 



- . v'*^ . . . . ■ / ^ 

a ss {tQ,t^J . . . ,t^} be any partition of [a-jb] and let x be any 
refinement of. a ♦ Let fu-,,U- • • . .^u'' } where u-^ =- t, . ? u = t^ be 
the partition of the interval [t^ t points of t . • Use the 

ineq\iality (6) Qf Section ll-U for the absolute yalue of a- ^vm, to obtain 

• . - ■ ■ 

Sim over k to obtain < F(^) • Thus the arclength "PCa) of the 

V ' inscribed, polygon cannot exceed that obtained by any refinement of the 
partition. Since by making the norm of ^the partition fine enough we^can 
ensuxe 1l - P(u) \ < e , Hence, P(u) < L + € , it follows that X 

P( cr) < L + € -A ' 

- • ■ ■ V \ . ' ' - ' ■- ^ 

for all positive € , and we conclude PCa) < L . * 

•a . ^ - 

A 13* Complete the proof that the arclength integral (l9) is the- limit of the 
lengths of inscribed polygons (18) by establishing the following lemma. 

^ ^ Let R(t) = (F(t),G(t),H(t)) be ccwaitlnuous on .[a,b] For each 
' 'partition a = (l^Q^t^, . . .,t^3 of Ca,b] and each choiee^pf Sj^ ^ ^ > 

■■ ' . 5^ ^"^xc-i^'^k"' /- f^=^>**->i^) consider ' . 

• ^ ' E ^^h^^ 

' Under the- stated condition,. • , ^ . . 

"■-/■;. rb 



lim P= f ^(t)^ tK G(t)^ + HCt)^ dt 
'( a)~0 J a ■ . 



From' the ,def inition of Riemann integral, . tke 'resTilt"''£s established when'. ' 

^ = In order to show that it makes no. difference if V these 

number's are used independently, Blake use of the property proveji in 
Theorem A? -2': 1^ ^ ^ is continuous on the Closed, interval [a,b] , then . 
for any positCve € , there is a 6 such that I0(u) - jz5(v) ] < -e for . 
any' u-^ v"-in: [a>b3 sati'sficing * l.u>- >v| -;:<•& ... Given e , if 
are such error controls for F ; G H , respectively, then; 
.= min.;[6^^8g,£(^ 3 may be lised for ; all tlar^e. Now we -restrict oxorselves 
to pa:rtitipns • a for which v( a). < 5 . Compare . P with " .■ ' . " 
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n 



k=l , 9 • ■ 

Observe from the ineq-uallty for the difference of absolute values, (?) of 
Section 11-14., and fr|>m . " 



that. 



|Ca,b,c)I .< |ra,0,0) I-+ |(0,b,0)(-»- [(CO^c)! .; / 



< 2e, ..... . - 

Consequently, • , ^ " - 



n 



. . : ■ M^- gl;< ^ 2e(tj^ - < 2(b - a)e;.. - ^ ■ ■ 

For a STjfficiently fine subdivision, 1<hen, . the swn. P can" be brought 
within any specif led . tolerapce of a Rie^H^'n sum.- At the same time the 
Riemann sum c^ be made to^approximate. tjfe integral in the same w^.- 
; that the integral is ..the limit of the generalized sums P., 

TCai-6.- Curves in the Plane , " ' ■ ' . 

' In Subsection (i.) we return to issues raised in Chapters 1 and 6 and giye i 
a description of area which is sufficiently general-Itb cover most ' cases of : 
.practical^, interest. In (ii) we introduce the co^i^ept of " curvatu±e' which is 
not only geometrically interestlrig but is useful In many aHplications including 
the- dynamics of a particle (Chapter. 02) ., In (iii) we make use of the idea of ' 
curvature to^develope. the- theory of the evolute and involute. These special 
curves appear again in <;^iapter 15. >Iir ^^^^^^ we Titilize the available insights . 
and t^echniques to derive one of the principle theoreti-cal restilts aboui - plane 
cuarves, that a plane curve is cb^Lribterized . geometrically by its curvature . - 
function s — m~ K vhere s is arclengtfi./ . ' ' .. ■ /* • 



Note that the area integral ( 3) yili usuaJLly be improper because of Juinp 

~ ' J-"--- — ^- • " * *p - - - . . , " 

discontinuities in ,.but this ; creates no essential. difficulty (see Exercises 

• * ■ ' ■ 

10-6b, No, 18). For this integral given in the Fbna (2) ve may extend the* 
func-^lons 0 and ^ to periodic functions with period p - a j in that case 
■ the specific ends of integration are irrelevant so longy-'Cs their difference is 
the period (cCnrpare tifie solution of Exercises 11-6, TSoJ^ k^)^ 

We justify the formula (3) for area only for curves f'or which the do main . 
of 0 : t »— X can be subdivided ii»to intervals on which ; is strongly 
monotone or constants Such a subdivision may not exist even for smooth.^ ^ 
curves. Nonetheless, the clasjs of. curves for which (3) is jTiistif ied in the. 
text is sufficiently general to motivate -the adaption of (3) as the definition 
> of area for the piecewise smooth curves we conaider. Since our purpose is 
the motivation of this definition -^j^ are content to give an intuitive geometri- 
cal -argument for (3). Still; the argument is* essentially complete; all that 
it 'lacks is a precisely described labeling procedure -to insure that nothing 
has been left^ out in the ■ st^-by-step .approach of tlie rtext._ . 

In contrast, note that the curvature K is not invariaxit under reflec- 
- ■ ' - ' ■ ^ -' ■ - , ■ . 

tion but changes sign# "If a coortiinate axis is reversed," . t^e positive sense 

of 'rotation (from the x-axis ^70 the y-axis) is then reversed and fi^ as - 

defined by (9> becomes the right-pointing normal. ' - . 

In .the.. definition of th^v^i&crtikting circle • as -the limit of the -c^Lrcle ■ 
through three points of the cxirve, " if .the points are cofllinear let the 
apprpxiioatiiig' "circle" be the. straight line throxigh^he points as Is the usual 
convention. . ■ . " - c * ' ; .. . * 

^ in Example H-:6h> . the e|Xisten6e of the derivatives oT ' K is tacitly 
assiimed. . Similarly^ . in Subs-ection (iv)" we assume that has two continuous ^- 

derivatives '. ■ . . . ' ..... 

Observe on Formula" (23) , 'since the values of s ^ swill include zero if s 
is measured from a point' on .the curve, that there is no loss^t generality in 
assuming zero is in the parameter interval. The only effect of using a 
different end of integration is a .change i-n the constant a . 



Solutions Exerclsea 11*6 

Verify t^fcat the folloTi^ng curves are simple, 
(a) The graph of a continuous function. 
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Take as the parameter for the graph of f : x — • y ; namely ' 
5 = (x,fU)) . For x-y , then (x^,f(x^)) since .\ 

-the abscissas are distinct, - ' " ' 

, ; - ■ • .■ ■ 

(b) A Girdle. . ' 

Let the pai^etric representation of the circle be 
PCs) .= (a c6s-, a sin 0) , O < 0 <,23t . The circle is closed since 
?(0). = "f;C2«) . Divide the circle into the semicircles given by . 
O < 0 < jr and jr < © < Sir . The semicircles do- n6t intersect, since,' 
except for the endpoint 9 m^o , points of the first .semicircle lie 
^ * . .; above the x-axis-, and^ except for the endpoint 9 = « those of the 
second semicircle lie below. Since the endpoints (l,0) and (-1,0) 
of the . respective semicircles ^re distinct, the semicircles "do not 
Intersect each other. Next we consider the upper semicircle. It 
cannot Intersect itself since the abscissa cos 0 is a decreasing 
, of - 0 . The same holds- for the lower semicircle with - 

• cos,0 increasing. / 

(c) A card io id (Exercises 11-5, No. 6(d)).. : 

As for . the circle above, . divide -the- cardioid inlTo the non-overlapping 
_r . .. ■ "semicardloids" given by O < 0 < «; and jt < 0 < 2ff . Use the polar 

representation -^.p. = 1 - cos; 0 • The' result follows since o' is an ^ 
■ .', , increasing function of 6 on the upper semicardioid, decrfeasing on 

the lower. .. " ^ - ♦ 

' ■ " * ' , 

'^/^^ Cornu spiral (Exercises 11-5," No. ^Cc)>. 

, * , - ' . .. • ^. ' ' ■ ' . ■ ' •- . • . . • 

' - ' --^ ' ■ ^ ■ ' ' ' . ■ - . ' . ' 

• \\ . . Set ^ \ 

X = f(t) = \ cos u^ du , y = g(t) = f sin u^ du . 

Jo. Jo 

... 

• . ' Observe by the argument of JExerclses 11-5, Nuinber 6(c) that' g(o) 
the. mlnimuiE value of y for t > O and the "maximum for t < 0 ,- 




8ex>arate8 the - ord^-natea- of •the trwo halves, of . the curve s Hence we 
may confine our, attention to- the domain of ^nonnegative t • At any- 
given point a > O ..6f "ili^parameter- Interval^let ^6 be the angle 
of Inclination of the tangent " (f *(a) ,g»(a)) • Nov rotate the ^ 
coordlnate...^5ces^ through the^ angle 9 so that the tisingent becomes 
horizontal. In the rotated axis system, the coordinates 'become . 




I j= X cos © + y sin & 
Tj =5 sin 6 + y cos 0 , 



( 



vhence 



TJ = ^(t) '= J- 



COS C.u . - 6^ du 



sin (u^ ^- 



Now,' by -the same argumen-t as that of ^ercises 11 -5 > Nxjmber. ^-c) , 

.yCa) is a local extremum for tj and for t > a, is never reached 

again. Thus /t(hy ?(a) for; any- a anti b vlth b > a >'0 \ 
Hence the curve cannot . Intersect Itself for t >'0 ^ ' v 



Obtain a parametrlC'^repre'sentatlon for the boundary of the jsftandatrd;-' 
region undfer the gi*aph of f • ori,ented In - the positive sense Indicated 
In^iFlgure 11 -6c* . • * 



Take t = O at (b,f(b)) , and arclength as the parameter on the straight 
segments, and t = b x as the parameter on the graph of f , vhere k ' 
±B constants 



(b -t , f (b -t)) , for 0 < t < b - a 

(a , b - a + f (a) - t) , for b - a < t < b - a t f Ca) \ 

Ct --f{a) * b + 2a , O) ^ for. b-a + f(a) < t < 2(b - a) +f (a) 

(b , t -2Cb - a) -f(a)) , for 2(b - a) +f(a>. < t < 2(b - a) + f (a) +f(b) 



Show iaow the expression for the signed area bf a standard region (l), 
taken in the direction *of increasing t , changes if tHe orientation is 
negative. ■_ ■ 

The express icm^l) is obtained*" for positive parametrizations ♦ If t is 
a parameter which, yiel&s a negative orientation^ then t , where t = -t 
yields a positive orientation (compare Exercises 11-5 r No. lOCc)). Con- 
sequently, for\. /rQ = -1 , = -t^ the Integral 
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-SJ 



where -5— 
dr 



1 ■ \ 




.where ve have used . tCx) = if (-t) aa.d 0»(t). = D^5Z5< -V) =':0»(-t) . Recall 
that : I is 1Ae_area . associated; 'With the positive orientation ofWe curve; 
^the ar*a^" A' Cvlifere; corresponds' 'to the negative orientation, that is. 



-j;: 



, Thus, It; is shown that the form of (1) is independent of the parametri^a- 



tion* 

h. In the derivation of (1) it was supposed*- that the part of the: boundary 
which is the. graph of the given function corresponds to a sublnterval 
^ of the domain of parametrization. Show for -any arc of a sin^jle closed ' 
curve how to modify the parametrization so that' the arc corresponds to 
a subintearval of the domain. 

Extend 5^ .and t to periodic functions with^period > - a and choose 
',- for the paarameter interval any interval of length , b ^- a for which the 
. ■ / •range.. of r . .includes the .arc, e.g.,. if the arc is defined by 
- : ;{X^: X = r(t) , t * rtQ,3] U ra,t]-) . where- ' a .< t^ <: t^ < p -, set ' t = t 
. ' for - f « [tQ,fi] T. = t + a + p for t « Ca,t^] . Then- the arc i: 
: glven.by , x ^ rC-r) , for .tQ ^ T < js and ."X = r(T + a - 3) ■_, for 
" . 0' < T < t^ + 3 + a . 

5- Find the area . ■ . 

{b.) . under one arch of the cycloid "(ExerciWs 11-5,; No. 6(b)).. 



Ls 
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Prom (l), with JZl(t) ■ a(t - sin t) and i|f = a(l - cos t) , 

'Sit 



Jo * 



1 - COS t) dt 



-vhere the sign corresponds to the negative orientation of the 
standard region. Con'SoBq-uently 




A..= a' 



'J 



2.11. 



(1-2 COS. t + cos t)dt 



21^ (1. 

O 2 



3jt a 



2 cos t -H- S2£^)d 




(b) ot the in-terlor oT the cardioid (Exercises 11-5, Kb. ,6(d))^ 



\ 



Vrbm (6), 



1 2 
A = i J (1 - COS e)*^ de 



' and from the resxilt or Part (a). 




A - ^ 



Sketch the crurve gi^n in polar coordinates by p = a cos 6 - h , 
a > b > O , for - 0 < © < 2it Use (5) or an equivalent formula to 
compute the "area." The result not the area in the usual ..sense • 
Check the derivation of (5) to see vhat the formula actually gives. 



"This curve is called the Urnqgon. ^ 
The sketch depicts the case a- = 2b, 
A blind applljcation of C6) yields- . 



1 



A=^J (b^+^ - 2al3 cos .«+^ cos 26) dS 

= I (2h2, V'a2) . 

The llma^on is not a single closed 
cuive but consists of tvo simple closed 

curves, both oriented pos^t^vely. Since the region enclosed by the outer 

loop consists of the region enclosed by the inner loop (indicated by .1 

* - ■ — " 

■• 66 888. 
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In the figure) and a region exterior to the inner loop < indicated by 2), 
"..the area vithin the inner 16op Has-been counted tvice^ Thus: 4 ^^ 
A " 2A^ "*"*2 the indices correspond to the regions in the figure. 



7. For the folloving 
* (a) • 




es vhat is the "area" as computed by (5)? 





Generalize . as far as 'you can. 




Divide up the figure into nonoverlapping . subregions as indicated by the 
labels in each* diagram. Let denote' the area of subregion i . Coxmt 

the n-tka^er of times the '^subregion is enclosed with sign taken Into accoxintj 



^1 -^2 



(a) 

Cb) J\ * A 



Co) 

Cd) 



+ 2A^ 



There ^re more general situations of interest, but here we show how to 
treat the case of finitely many seUTintersections only. Consider a 
closed curve given by ■ = ^'(t) for a < t < b with - .?(a) = ?(b) . , A 
self intersection, with the possible exception of t = a^ and t =i b 
occairs when '!P(t) = ?(t) for t 5^ t . By, assuniption there are^onXy ^ 
finitely many pairs £t,T} , hence finitely mfiiny numbers Ji for which 
this happens. Arrange these numbers^ in increasing sequence. 



< t = b 
n 



For eacli W this sequence- "fchei e is a-b least one tj , j 9^* i sucTi' 

■tb^- rCtij) = ^(Vi^ • sue h. pairs Xi, J} , with *i < J /consider 
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miaCj -.1} and let /(l ) be a pair for which' this "minimum is 
achieved, OJie closed suhcurve X » ?(tTl^for t ^ < t < t la simple, 

for If a self -intersection *(t. ) ?(-t J aro^e for t. ^t, c [t^»^,t,*] 

and 0<.J-.1<J -1 , then J - 1 toizld npt.be the minimum. Now 
take ac'coxant pf the signed area within this subcurve and delete the sut^-^ 
curve from the whole. ^ What remains' is still a closed coirve but the 
number or self-intersect ions has been reduced by at least one. Let the 
residual curve now be- given the contidjous parametrlzation X = q(u) > 



where 



5(u) = j 



f(u) , for a < u < tj-* ' • ■ ' - - ; 



The reductibn process -may ' now be 'applied repeatedly to- yield -a . decom— 
position o^ original curve into, simple clocflsd- carves . ^ The Int^ff^al 
>^^^a .tKen tb«6 sum pf -t^^ ar?a for theses " ^. . ,^ ' - 

• It is far more ccMi5)licated to keep track analytically of the nximber 
of times the non-overlapping regions are covered. ' * ^ - '\ ' 

8. Obtain the -expression for the- ^curvature for^ cur^e given in polar ' ''^ 
. coordinates by o = f(0) . ^ • * ' 

- ^ ^ * - / ■ - ' • . 

Take 0 as the parameter in a cartesian representation: 



r X = p cos 0 

: ' ly = p sin e. . . - 

Insprt the expressions j 

xT = o ^ cos 0 - p sin 0 , y* =^ p' sin 6 + p cos 



and 



in Fonakla (ll) to obtain 



x" = p" cos e - 0p* sin 0 - p cos 0 , 
y" ='p"'sin 0 + 2p» cos 0 - p sin 9 , 




" 



Iji^lie: 'saiae .v^ 19 as .paarametre^, ye. find \ ' ■ 
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4 



ci + Cp if) ] ■ 



9- Find tlie curva-btire at each point of the 'f oHqwing cxirves given ir 

.cartesian, polar or parametric representation as the notation sioggests \. 

- ■ ' - ,-. .' . ' • . ' ■ ' . ■ ■■■■ . V .V' / •• 

. .. " (1 -H l.x2)3/2 - . 

. . • • ■ a. D 



Use the parametric representation 

/ X - a cos 9 
1 y = b .sin Q 

and apply (11)^-^ - ^ - 

. /c. = — 




(a-^ sin^ e + cos^ e).^/^- ... 
ah 

• : «■.:, ■ 

* (c) Q.. = a*^ cos 2© ; .-^'r^'- ' ' . 

^. Tl^e curve is a l.emniscate. Apply the. resiilt of-Kumber 8, ^^as- follows. 
Obtain the fix^tv two /derivatives with respect to 6 ot^- \ * *^ 



* b 



^ 1 1 2 

■ 2 ^' ~ 2 ^ ' 



namely 



(i) , . . pp.* = -a^:-sin 2©: . . . 
and ' - ■' ^ ■ ' - 

■ • . . • ■ •« ■ ■ ■ .■ 

PP" + (pO^. = -2a^ cos §0> -2p'^. 



(iif. ■ pp" + (pO^.'^= -2a^'cos §0^ -2p^ , 



o - , ■ V- 89r 
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,From (1),. 



= % sin^ 20 = ^1 - cps^ 20) . 



•whenfce 
(ill) ^ 



Enter (iii) In (ii) to obtain 



Civ) 



■ pp" = -p 7 



aater (iiiX and (iv) in the rWsult of "ilttmber 8 to obtain 

. ■ . _2: . -a •■ 
a ■ . ■ • 
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(d) the cycloid (Zeroises 11-5,* No. 6(b)). ^ 

Apply (11) to the given parametric equations. 

1 



/c = 



r fSa^d - cos^t).]-^ 



072" 



^ Vbay 



(e) the Cornu spiral (Exercises 11-5^ No. 6(c)). 



-Apply' ;_(11) 



K = 2t .. 




(f) the card ioidX Exercises 11-5,;^ ^Cd)). 



Apply -the r.esult o% OJxaiaber 8 





cos 



Cs) 



a cos 9 
a sin ,9 



892 





/ - 



This, curve is an arc of 6i paratola with the lirie ^y = x as axis * 
synnnetiy* Apply (ll) to obtain^ ' V ' ' ' 

• " ' ' 2a<'cos^ e + sin^ 6)^^^ V • * • . • > , , . • . ^. 

; Alternat iveljr, eliminate .© ,to bbtain the cartesian form' . "i^* , : 

and differentiate inrplicitly with respect to .x to.. obtain 



and 



whence by 



- 2(x + y)3/2 



-The difference in the sign, of < indicates that the: two par'ametri- ^ 
zations are . contravalent • ^ *^ 

10* / Show thal^the evolute of a cycld id' (Exercises 11^^^, ^o;' 6(b).) is a cycloid. 

Employ /the given parametrlzatioh to obtain .^VC©)'^ a(l'r^cos t, , sin t) ; 
• ■ whence^. ■ " " ■ * ' ' ^ 

■ ' _l^ /r -TT sin t X ' ■ 

■ t .= — HVl r cos t , } • ^ 

' . ' : I- VI - cos t 



I - Y-L — COS " *^ 



" - " 2 .t . ' ■ V - - ■ 

xzse 1 - cos t sin ^ to, obtain ^ .'^ 

^ ■ " ^\.t /== -C^W|:^.cos^^ , 



a simpler form for con^nitation. "JJote alpo that 

ds _ 1 /pn^ ^\ _ "t 



SI- « aV2(l - cos t) = 2a sin .|- 

- : \ ■ t ' * t 

■,Now^ since n ^ (-cos'^, sin 5^) , ye obtain 



il-6 



ds dt / df 



.-1' 



ha s in, ^ 



."3 • 



whence, ftrom (lO) 



■^S- «in■•^■■-• 



From. (13; the parametrrlc representation' o:f-^ evolute is then given 

V J.X'=;V.aCt ;t^sin:it) ■ ' ' ' vl: 

. In the. acc<%>anyin6 flg^ contimu^tis is the ^yeio^d-, the 

^dotted, trace, its- evolute. ^ . " * . . V / ' ; --^ 




^ prove tie curves are'' the same, introduce the - parameter . x 
Tor 'the evolute. ^ The parametric representation becomes . ■ 



{ 



x^r= -ajr + (t - sin.r) * 
y = -2a.+ (i - cos t). . 



V Tiius^the evolute is»a cycloid, translated from the original curve by the 
vector (-a3r^-2a). j!^^ ' ^ ' 

11* r'Ob-tain a cartesian teiJrSsentation for tiie evolute of an ellipse and 
. sketch the ciirve. ■ . . ' , , ^ 



ERIC 



Use thie parametric representation of the- ellipse in Number 9Cb)' to bbtain 

^ - ^ • -Cb cos e ^ a sin e) 

va- sin 6+b cos 0 

Take the eipressidn. f or the crirvatirre from the same source . and. insert 
(13> to obtain " the evolute: ' . : ^ . " - 




Q9h ■- 

f 4 



X = a coisr 6t -r— (a -sin S ^--b' -cos: '6)003 9 

a •.. ' . : .. .. . -. 



or 



■ . * , 1 by .= -(a^ - t3^)sin^ 

^lye;:?or ■ sin 0 _ and ■ cos 6 , _sguare and .add^. 'to obtaiu' 

an astroid. In the figure tlie cusps 
A*' ,<B* on:"bi^ evolute '(dotrbed) " 
correspond to. the endpoints A , B 
Qt the .axes of the, ellipse "where. \ . - _ 



the. curva 



e lias extrema > 




involutes of a cuinre . can be dretwn" by ,the 

f ollowiiig.-siinple mechanical constiinict ion; . Imagin!e an in^rtensible thread 
'^'^r^EP^d tightly around tlie curve on. the side opposite; the ceiater of 

cmrrature^ Cut the \thread at g ss"* c ( compare Equation (17)) and unvrap 
the thread from the. curve while keeping it taut- The condition of 
tauthess requires that the unwrayyed thread is pulled out sti*aight and 
remains tangent to C> • Under these conditions show that the two ends 
■ of the - thread at- the cut describe th!e involute of * « . ' 



The length, of unwrap|)ed .thread between a cut . end 
tangency "? = 5(a) on -Cly Is ±Ca - c) , 
where the sign is positive for .the end 
of the tlq^^d unwrapped in the direction 
of increasing "a " and negative 'for the 
other end. With this^ -under sttoding 

t '^ t ^ (c - a)t 

where "=? = is the tangent to Cly at 
as 

Y ; but this is Just Equation (17a) . The^ 
figure shows two cusps ^. bne arising at the . 
break in thief thread ( cr c.) and the. other 
corresponding jb.o, the point Y^ ' where C-^' 
has an inflection. The arrows indicate 
the direction of increasing . 



and the point of 




i^-jS- <^l- ':. ■•■ ' ■ . : •. • l-^'^': \v ■ ; . •.^ . ^ -v-^ • 

. . Nate tJhalr.'^this- construction, does- not give all- iQj^rolutes -if itfcte- ■ 

'i p^qramet^r . interval ±& bounded, - since, tlie .constant . 'c . need not. be cii6sen-"' 

: ^ in the ■ d omain ^. of • . . • To obtain an arbitrairy involute by. this : constrjic-. ^ 

• ' *. - "^ion it may; be necessary ^tp add \an 'extra iengtii ;of: tbreiad ^ Thia^is what , 

• -we must do to obtain the ellipse in Humber 11- as the. involute', or the . 

^ . astroid". y ITote .hdv the construction must be modiriecf vhen the point of 

' tangency of -the thread. "reaches cusp ;of: the astrpid^ Suppose the/thread: 

: ■■•;^-ts: being unwrapped until, it " is 'tangenl^ at "a ciJdsp.. . After^ the cusp' ik "; 

-.Jppached the. ^thread ;iiust be." wrapped back onto the • curve tihtil: another" • . ■ 

- ' / . .-^iiusp^ is - reached* After tlie latter cusp th^ thread, is;' uiwrappe^ again; •• " ' 

. -and. so we .proceed y: altern^tej^ wrapping and xmwrapping until ^the entire { 

curve .-is. desc2jibed^,'' - . " ' ■. ...-^ -. ^- v . 

«,'• ■ , ■ " " ' ' ^ , ^ ■ ' . ' - . • • 

•13i . -The, ciirve p ce , .in pol^r^jform, has. the property that the position 
, "^Viectar'of a: 'point on the curve msikes an angle with the tangent to the 
-ctirye -^t -tlie' point which is-^'the . same for .all points ^ ^ ' ^ " - 

■ ..• Ca; .Verify this ; property. ■ . ' " 

\; ■ In" tferms of the'-. paranieter . • 0 , the position vector is " 
■ X = ce ' tcos^a;,.sin 0) - The tangent vector is - 
(a cos G -'sin a sin 0 H- cos 6) 

. / . ; . ' ; ■ . v^- + 1- V : 

; ' From the- f ormula . f or - the dot product, 
^r," it follows for the angle ^ between - 
the two vectors that 

. , cos 0 = ^ 



3 



'a + 1 




(b), Show also that the evolute of the equiangular spiral is again, .the 
equiangular spiral. - _^ . 



From 



.and 



= ce^^ (a cos 9 -.sin. ©., a sin'© + cos e) 



^\.^c^^ (-a ' cos 6. - aa" sin 0 -^ cos G , a^ sin © +2a cos G - sin ©) 
it follows that the radius of ciarvatur^ is.. 



Consequently \RfiVy ( -a ■ si^^ cos a" cos e.>~sin'..e) 
.(13), io; ob,"tjaln. f oi* -bhe evolute 



.= cae. (-sin 6 , cos 9) .. ' ■ ; 



Se-K 9'= iir-+.'2. 'to Ob-tain ■ • ■ ' ' 



Y = ke ^ (cos T|f ,sin _T{r) 
where;'/, t ^^>y^aer^/^ . . ' " . . ' - . 



■ *• 



V,- , ' .. .»ow. we: sliw -1;lmtvth^^ -be a. rotatibn be. broi^ht into 

•■the-.Qrigii34.1 equiaj3^ '.'k and-- ' c "--have -the same sigh> 



-so-/ that/ Le;.; = . Then,, in polar ■ form, the'curve 'is 
.giTTen. by •■ p = ce . ■ ■ - if k and c;, hav:e opposite ' sign then, 
tak-e. if so that ; e; ^ : = - " then - ' ' "■ ■ :' - ' ■ 

^ = .■ ^^os (i|f + jr) sin'Ct + ir)) . 

which a^iia yields the polar form - ^ - ' 

: ♦ V p = ce ^ ■ ■ - . 



^ 1 



. ±h. /what^is the envelope of the . s-traight line solutions of the differential 
equation 



Prom. the result of Ex^le. ll*-6g, the envelope has; the parametric equations 



^ ... 



'• . ■ ■ (y = -Cn - l>t° 

whence, for x < O , in any case. 



n-1- 



i.e., the curve can be represented' "by the' graph of a constant times a power 
function. Note that -.the envelope does satisfy the differential equation 

■ - " ■ ( 

Q ' . ■ . > - . ........ ... 
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• 15- : Show that tKe/evolute of^ .O ilis^f. 

. ^. Let . ..bet , given/ by ^p(a>^^^^ ■ . ^The involute ot Cy /Is "by 

."The evplute .of thTfe curve is given '.by • 



' r . .V. fi and i.'c . aire tangent, noaT^aly.^and' 

*^ -f 'With the^ prime -^indicating differentiation, with respect > 

where IT is the unit upward normal . to the i^lane.^ We^ have^ iii the . " 
' notation of the text^, . ' • 

- 5' = (c - 1^- (c :-.a)rv' : ^ 

' d^ ^ ' - 

and, using ^ = -kt , 

= -(c - a)r ^. + f^Cc - a)r]3v ' 

— Consequently, frok (12)" and ^ = t + "0 , 

■ ■ ■ ' 

^ ^ N > (X' X x'M ^ (c - a)^.r^ ^ sgn r 

it-r^ • Kc - a)r p 1^ -^^1 V 

♦ 

. Wfrom t= ill: % ^ 

hence, • ** ^ 

, • 1= -(c - a)x = -(c -_a.)|| . ; 



. With this, it /follows ilrom (i). and (ii) that Z = y ♦ 

16. When -does an involute of ^ the evolute of a '-curve coljicide with. C^.?, 

If the original curve * has no cusps theJn what 'information does Exanrple /' 
ll-6h give about the involutes of. the evolute?'* 



I-et .. OC^ "be. any point pf ' ^ X J the . corresponding point , of the 

eytilute > _ The point X^. lies on the tangent line '35^ ^ '+ ' 
to the eyoliite at^- YQ,_. ; Froia. (17)' we see. that ' X^ . lies, on the 



^0 



particular- iiiTOlirte of ^5 for wbicli e = x • + cr 

. • . ■ ' ■ 0 ■ 0 



■ *^ • . ;.:Jf has- no^cusps the jLl-6h ve 'see ti'hat. aii involute* 

> - .of^<£!' .-^y: 'hsY!^ a - ciisp^^ if . c- . $s. in the \ 

■ J. ..^^ .dom;^n of' y.t g-— ^ Y . .:):"; . ' . .. J . * . .>.''. ■ 

17. ..In^ the teirt. it^^^ (25) ".of the syst^ of , 

^ differential equations .(20) are all' paraine trie r.epresentation of the* 
; same: geometrical Prove - ^ \'. . »^/^. . -r ■ - " ^ 

'■; ;•• <a->;' /any. mealber of the ^ family' ,-(25) can he obtained from any^ particular 
..solution -by\ rotetion >nd • ' . * : 

' ] Consicier -f irs't the solution given "by xi = x^, =" y^ = 0 y. namely. • ' 

I = j \ cos- ^ do • v. 

sin '0 da' \ . ' , . 



The general solution (25). is given in terms ^ of. this special solutio: 
by 



I - "COS (0 + a)dcr , y = y_ + I ■ sin (0 + a)da , 

J O ^ ■ ■ ^ J.O ^ 

T f X = Xq + I cos a - Tj. sin a n J 

(i) N 



I sin Of + T] cos a. 




Thus the general solution is obtained from the. particular 6n'e by - 
;_^*tat"iQn .throxigji a "followed by -the .translation -(x^iy^) , 

• Since i^se- ti^srormations be inverted^i^f^^ that any/ - ; 

member. -^f the family, can be- obtaine'O* firom'* ar^ by rotations .and 



translations . 



(hY '^Si^n ei spZyxtldn of (^) , any transforma*tton of the solution by 

trauslatipn o^lJjrcrtatibn' also is ar:5plTrtiqn>. . ' 

• . 'Let . *Cs)* = (4^Ti>- i--soiutiori of (ao) Then^:^ = i^^yX ^ 

/ (±); represents aziy^ .ci3zrve Insert 
. . vv- ;^?fCs} . in- (2Q.) jand >vi^rify. -^hat /tlie saLtisfie4* Thiixs, H ' p m 

- ^"^(^^^^.^ = IV cos a^- TjV sin-a -> » sin a +;t)* cob ;a) > ^ 



• ; • >h<mce./ =/-it j- = 1. ^Thus condition' (2CKa).'l^ 
• / ver'iJi^^'rancl / s . <is .arclen^lL-fpf the" trgnsiormed ^cOinrfe.^ ' Similariy ♦ 

set = T'V ^ ^laere^ T. is '-curvQtU3re>||J?^or. the transfomfed. ctjorve, &nd : 
■-observe that^ • ■• • • ^* '1 ■•.^■*VV^- * ^ ^ " :\ , ^'M 

. * ; : • ■ - v 

' ■ " |i. = C6" -coi d -' Ti" sin a ,<i^^^ -: 

.Thus T.v is merely ; the yecto^vfebtained . by' rotatinig \ f<S, -through ^^e ;. 
angle ■ o: .Moreover i " since v is obtained from n by the. same .-^^ 
..^otation^ . T = < -(and also (20e). -is satisj^^ied) • Equation -(20cJ then 
fol^ovs ^by (11).. \ - . " • ' ; ". ' r' : ' ' " - ' 

A sophisticated student may observe at ^once '.that** the statement . 
of the system, of .equations (20) does -not ixivolve the coordinate 
system; hence, a| curve is or is 'not/'a solution independently.' of ^ ^ 
jrot^ ions and transl^itions of the axes* A comparisgn of the two 
** .answers for this exercise; shoulid in^press the class with the value of ".. 
;.\ * the ^concept of invariance. ■ " ' ' 

.The catenary- (from .Latin, catenarius-/ : .chain); 4.s. the cuiHr^- "a'ssiamed 
weighty chain or flexible cable of -uniform density when it is; hung 
'between two support points. This is the shape of the cabi^ Ijetvefe;!' the^.. ^ 
towers of a suspension bridge before ^he deck is laid, ^' The curvature 
- • . • . ' -. • * ^ . . 1 ^ 
function fpr the catenary- is ' k :.s k = ^ , Obtain the equation 

•'of a - ca-fcenary and sketch, the, cui^e^-^-- J' , \\/ - J \ .y- 

• F3JC. ct"=XQ*= y^-'^ ' in X25)-; ^en from (23), ■ " . v ; - .7 ] .. 



■ ■ J Q 1 + 



© ■= : J . . o da = arctan s. 



Consequently, for - |- < 0 < ^ , '. ^. 




Insert .: = sinh x in the expression Toir y -to obtain 

se grapli should i^..ramil£ar . 

. F'®"^ V^;=.fCs) represent' a;^crurye in three-d apace:* '.For a -sifece 

cu^ still tinie ^that. — ^-J^-.-.^*^-..-.^^.-^^ . ^..iCL 

\ >' and. we, define, the principal 

.the :d±rection of The • cnnrvatnre is now" deflned^ l^^^^ 



the principal, normal -3 as the '^tnit /^e< 



dt 
ds 



:ector in 
so 



that Equation (lo) is still satisf iedi 

' Ca) Obtain 'an expression for the cixrvatuire of a -spac^ curve in^jb^rms 
, . of any parameter^ not necessarily ar clength - 

(b) What is the ; curvature of a helix (Exercises 11-5, Wo. 6(f)) at .any 
point ? • . 

(c) ^ Investigate whetjier Equation (ll) must hold f or V space curve. 



Observe that there are infinitely many normal vectors in the plane per- 
pexidicuair to t . In the plane we were able to -define^- a unxque normal 
in terms of t alone ( by . n = N x t where ^ is the unit upward tan- 
.gent to the plane) J: in space we cajrf no longer do so. 



(a) Arguing. as in Example ll-6f, but with . ac 



^1 , instead of 



I"! = If 



obtain instead of ( 12) , 
|X«. X X": I . 



K = 



iYf |3, 



the, result- of (a) • From 
. ■ ^ ■ (a: cos, t > .SL: sixi tr , " ■ . 

* X* = (-a sin. t > a cos t , l)"' , 




^ = ■( -c>s^ V> -a sin t , O) j; * 

"~"~-'* 



whence 



Ce). ^Equaliion /(If^) ciaji' be^sh^ necessary arid siifficlen-b condition.. 

- ;> tlia-b ithe- cu±-v3e .be- plaiiar. J To show tha"b (ll) ;^need- not; be* seTtisf ied- for 
a . space -cxorye, consider -the helix^'^ We have - . ... • 

. - • .' 5 ■= C-cos- t ,'-sin -b , O) 



ds 



XT? 



(sin t , -cos Q) 



/ -which is definitely- not, collinear^ith - /t • 



-J 





/ . 
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(b) 



(a) 



i Solutions Mis eellaneous . Exerdlses 

- ■ . . ■ '. ■ '.■ ■ . ". 

Show -bha-b the field of complex -manbers Is a vector ppace over the - 

- 3seal numbers. ^ •., 

. ' ./ , . . _ ■ , ... 

since the cooiplex numbers ^form a' field (Exercises .Ai-2, No.- IX) they 
automatically satisfy the addition laws Al, 2, 3, k of Sectldn ll-2. ' 
Since the real numbers are a subsej of that -field, the multiplica- 
tion laws Ml, 2. and distributive laws Dl, 2 are also satisfied. 

Show that the set of pb sl-blve/real numbers, 6S7v"is"a vector spei".ce 
over the field ,0o oflfe^ll real numbers where -vector addition is\ " " " 
defined as ordinary multiplication i of real Humbers (for t> ^ 

p2« ^ "the' vector sum Is ^-^2^ and scalar multipllc"atic>n : is 

defined as exponentiation (for a scalar a • and. a vector 

JP ^ fir 9 "the "product of a with p • is ) . • 

For - any p , q , r ^ (fr and cr , p «. (J^ , the vector space postulates 
are satisfied, as follows, • . . . ' ". . 



Al: 


pq = 


qp 






'A2: 


(pq)r = 


p(qr) 






A3:- 


p -1-^= 


P 






- Ak: . 




1. . -. . • / - 






._ Ml: . 


.- 1 
. -» - p ■ = 


P.' ■ ■<'' ■ 


' t r. 




M2: . 




















. -D2:. 




= p . ^- 







.Difa^ *titie s^^en%B '.•rroxd ^he right* BxigX^^d.: ^&ri:^ex/df^ b^^ 
to ^he/. trlsect^on .po of the hypotenuse./ ^PrpVfe -ihalr^ t^^ 
the' 'squares of the s'egmehts ^is propoirbiozi&l to the .square- of ^he 
hypo-tehuse and find the constan-b of propDrtioiiali-ty-.- : * . 



11 -M 



/• Let ■ O .be.;1:he rlgh-t-aagled vertex 
^ and *den6te\^^he - other - two^.vert^es' 

"by A and B* . ' The triBectlon' * - 

points are given by 

.__.and -nr3— . ^ 

Por the sxm ot the ^squares, since 
2 • B = 0 we .have ' 

The constant of p^portionality is" 




V 



(b) : What is the "constant • of proportionaTlty for the sum of the sqxiare's 
• of the Segments to the points of section of the hypotenuse, into n 
^equa'l' parts? • * . • . , 



From* the' result of Example A3-lg ^ 

n-1* '. ■ 



k=l 



.3. Given -that the', sides -of a triangle have lengths • a b ., c \, f iud . the" 
• ■ ' lengths of^ the medicos. ■ " . . ■ 



Let - 0 ' be' the vertex of- the 'triangle 
opposite, the side of" length c and 

^let A . and B be the r.emaining'. 
vertices' with {"A],' t a and iVf"^. b 
(see "figure).' . If -M ie the midpc^nt 

■of '.AB ;,*theii-the JLength of the median 

■ Ofl': is. ■ - . 




+. '■2A • B- 
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" From the law of cosines, (or 2^ . B = \^ \ +; |S | - |"^. - X | )^ 
Hence, 



The. formulas -for "the o-bher. medians are ob-tained by symmetry.. 

(a) Prove tbat the cross product is not associative. 7 ' "^ 

It is sufficient to prove nonassociativity for. a specific tiriple- 
^ - . of vectors. _Let be a fundamental set of coordinate 

'..vectors.-'* Then . " . V. 

*/' : Ci" X j) X 5 = k >< J. = ; - ' .t. ■ 

ancb V " 

J X J ) = T x o = 0". 




C't^ .Under what condl/J^ions is -^he associative lav for; the cross product 
of three vec-tor^^ sa-^sf ied? , ' " 



S&pposeaii- . , , ^ ■ / - s 

■ - ( ■ ' ; A. X X c)- := (A X B) .x*a/*- . • . - 

^ ■ ' , . ^ ' " ^ J - ' ■ " • 

^Expand by Formula (l?)' of Section li-lj- W iobtain • ' , ' ' 

. (A -c)? -;^Ca -5)0 = (A • c)b - Ccjb)a . ' 

^ . .. . ^ / 

- whence, , ; ^ . ... ^ 

-Thus, either .A and C are . cpllinear or A^and C aase both ^ 
perpendicular to "S . . i V . . . 



The epicycloid of xiS cusps is the' curve traced out by. a point "of a'" 
circle" of radius , a as it i-olls in -^r. * • 

contact yitl3-.and' outside a. fixed • * 
. cii^le .witii radius na*^ ^ee figure); 
The hypocycloid of n ^ cusps 
(n > 3) is the curve traced, out - 
if the moving circle rolls on* the . 
inside of the fixed circle. 



;.(aO Obtain parametric- equations 
for the epicycloid and the . 
• /*\hyppcycloid. * 




Consider the epicycloid first. Let the radius of^ the rolling circle ^ 



be a , its. center, 
initial position 



and locate the* origin at 0 . . Take the 



_^ of the point ^. at the iiftersectioh' of the 

fixed circle with the positive x -axis as indicated in the figure. . 
•When the line of "centers OC hfes rotated through an angle 0 the;,, 
moving- circle has rolled out the arclengtli^- i:ia0 :» ' If 6 "is -the 
'angle between . CX and CCS^then naj^.^ a5. , '.whence 6 = n^ Take/ 
0 as^^jaarameter . Obseirve that C = Cn.+ l)a(cos 0ysin (fj . and-'- 
X = .C +-aC'"COs(0^+ e) , -si^0 -K.^S)). ^ conseguentlyi. the parametric 
■equations of the epjtpXp"loid*:are . ^ 

.aSf^a'^-*:*"l)):;os cos^-B + l)^ 

cyclc&d (see accompanying . figure)', ' observe "that 




It ^ a ( cos C 0 (ZQ 



l^±i,e&ce 





( xy = -a r (n ♦l^^ cos 0 . + cos C n . 
■ V^ -'t 9;[-(.n ^•l)'sxn 0^ sin(n 



1)0] : 





^Ild*™! -P,^=^=^°^^: -^ ^^oc^ of^n clasps ■.a:re si»pxe. 
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First we observe ■ for .5 = $(0) ; * that ' r(2ir) = r(o) , thus' the • . 
crurves "are closed* Now consider the polar coordinates (p^) for 
a point Qit; the epicycloid* From = arctan ^ + C • ^ 



^. . ' ^r- -duf ^ xa» - yx' ^. (n l) (n:+ 2)a^(l - cos nCf) ^- 

p. • . ■ p- 



jand 'the zeros of -the derivative are^. isolated. Thus the .polar angle 
is an incree^sing\f]Lmtftioh. of ' 0 • Furthermore, under the stated. 
■ 'dfonditions ^ na > O so 'that the cxirve clanhot'interfeect^^itself at 
; - -£he origin/ and cJ -^0 for Gf = 0 , = 2jr for ^ = 2iz * so that no 
.V point of the curve except^ ?(o) = ?(23t) oefrresponds to two distinct 
rvalues' of a> ' . " • * " " . ^ \, ■ • 

A similar ^gument holds f or -the- hypocyclbid ' 

■■\ ■ " / \ . ^ ^' " ' • , : ' ' ■ ^ 

(c)' Determine the areas enclosed hy'^th^epicycloid and . hypocycloid of, 
n cusps . . '■ - * • . - ' 

.- ^ •:. . . ;. ■ ; ; ■ ' - ■ 

From the calculation in. Part (h) we have for the epicycloid " 

.\ * xy^ - yx» = (n + l)(n + 2)a (l - cos- n^)' • - 

Apply Formula (5) ' of Section -11-6 with the integral taken over the 
. /.interval [p,2jt] / to"' obtain the area. //; 

. . .. ^ A = "Cn 4- 1) (n +-^)a^3r ; ■ , 

Similarly,* for th^ hypocycloid, ' - ■ ■ " ' "* . 

xy« yx\= (n - iKn* -.^ n0) ^ ' . . * 

• and . . \, ■ ■ ' ' ' 

' rA.= .(ii - - 2)a^^r 

k ... • ^ . 

i\; Consider a- transformation .of the plane in which/the yscales along .the 
• ' coordinates 'axes are, -changed independently: - 

' ' V : - ^ ■ U>y) — C5,Ti) // . : r^v ^ ^ ^ 

• . where |,= ajq t) = by. . Show, that If K is" the . curvature and 9 
a^ngie of inclinatiorr curve at a point then , the trans fdiTiiedSscurve/ 

at the corresponding .poiSt, has the curvatiire * » . . 



. 7. 



if tiie" cv^rve is, •given' by* J = (x^y) then the transformed curves is 

^ (axiby) , From t ' = ( x ' ,y Q = , ] X ^ | (cos 6 , sin 0) , = (axSbyO 

,we have " = |i4^ cos^. + b^ ^in^ 0 . Use this with Y"' = (ax", by") 

to qbtjain the result from Equatioja .(I2b) of Section" 11-6 • ^ 

Determine . the radius of curvature of the e^l^i^e of ' C^', in . teiiis of '^the 
radius of . cuirvature of O • ■ 



In the* notation' o:? the^ text we have ^ = YCT ^ X vhefe, Q - is the radius 
•of curvarture of the evoluH^e. From Section 11 -to, (15) and the following ^ - 
equation, • 

• - §JL ^ ^ _ f ' dKy ds dn 



dcr 
✓ 



How let R ' be the radius of curvatTyre of and observe that 



V = (sgn ^)t to obtain 




-7 

V 7I dR " dRv- ■ 1h> 



dR 
ds 



\ '8. Find: the envelope of the family *of straight lines given by each criterion: 
. (a) -. The product of the^ x- and y- intercepts is cons,t^nt. 



The. family -is given by . 



where 



= ,k • In the slopt^rifitercept- f^orm of the line 



5^ = - -p ;7 = + V|laii| sgn • 



a 



k 




where^ m- .= . - "o * -^^^n^^^® discussion of Example 11 -6g, the . 
envelop.^ can ye given in teams of the parameter *a , . a«^ follows 
t fCm) ^'^/Jlmf ^e^^'^ "^^^^ ' ^ ■ . 
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= Wo^ sgn a / 



. ■ \ 



Hence^ ■ * ' . ^ ' . ' 

!x = -f '(m) = a 

• Thus., -the envelope is the hyperbola * - * ■ 

xy = 2k\. ■ ■ . 

This corresponds to the vell-knovn result that the tangent to a 
rectangular hyperbola , intercepts with the asymptotes a triangle ' * 
of -constant area, . - 

% • : 

(h) The sum of the Xt and y-intercepts is "constant c , where c > 0 * 
^ The family is given by (.i^ with a + =^ c ^. In the.s^lpptf-ixitercept 



form. 



where m ^ 



a - c - ■ . . m 
y = — — — X +.,c - a = mx +. c 



a 



m - 1 



g - c 
a 



X* =. ' 



Hence- ■ - 



.y ,= 



(m - 1)' 

. ' mc 



r (m-. l) 
(c - a)' 



2 m - 1 



■ i 



. • r ■ 

-O 



parabola . 
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As' can be seen by employing a- ii5 ■ rotation of. axes, this ciii:ve is a ^ 
bola. 
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9-. -Obtain a -paraietric representat^fin- of the f olium pf. Descartes -given.' in 
Exercises\5-7,. Number 13. Repeat that ..exer.cise in' *terin& "of ' the new 
, representation. . ' v,. ■ " ' ' ' - " 

' ' - ■ - " *• , . ' ■ ' * * ' 

■ ^ ^ If . the. piarameter . <t 'is. introduced ""by' y = xt then x can be factored 
- . /• ■ out and . x solved for as follows, ' -"^ 

r/ .v * x^ + - 3axy = x^(.l--*- t^) = 3ax^t '= 0 , 

■ * " * • " ■ • ' ■ . ' . ■■ ■" 

where 



^ 3at 
■1 + t-^ 



y =-22^ 



2 



1 + t" 



i 



Note that the origin' appears as a point on the curve for. t"^ = O atfd also 
in the limit as t apprapches 00 , also .that - t =^-V represents a'^^^p 
in the domain of ''the parameter. The domain of tbe parameter is made into 



an interval by usi]:ig- the parameter ' u = 
obtain • ^ 



1 - t 
1 + t 



Set t = 



1 --u 
1 + u 



above to 



/lO. 



(1-.- u)XX + u)' 
2(3u^ + 1) 

y ^ u) (l - uV 

2C3u^ + 1.) ' 



origin is a point Q^Ahe graph ^of" u'= 1^ where the tangent is 
horizontal, and u = -1 , where the tangent is vertical. Elsewhere th^ 
slope of the_ tangent is given . by 

-h. ^ Cl + u-)(l - 9u + 3u^ +. 3u?) 



dx 



Cl" - u)(l + 9u + 3t;l^ - 3u^) 



(a) 



be >^^> 



Proife the . following generalization of the Law of the Mean. \Let (ly 

>lane .cmrve given 
on the closed interval 



lane .curve given by X = ^(u) 

[a,b] -y if r' 



on [a,b] . If r is Continuous 

.» ■ - 

^ - , . , — exists on the open interval 

Ca,b) and is nowhere null, and if r(a) ^ rCJs) * then there exists a 
tangent t^ = t^W^^ \t^{-\x^\ for some- 'in -fc^ open interval ' 

which is parallel. to the chord Joining the . endpoints: of the curve. - 
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As for thjp prdinary Law^f 'the Mean it is 



Set. A = 5(9). , 5 = ?{b) . 
, convenJTent tof introduce the: 
(signed) distance of. the point, 
X from the* iine* AB (&e^ f igax'e) . . 
^ .iniis- distafice 'is ' = |X S jVsin .©^ 
vhere 0 .is . counted positive if^; /X , 
Is on the left of AB and negative 
f X is on the right, dbbfs eqiSllintly 

M > [ (B ^ 1) V (X ^>A)J * ^1 

vhere N is the unit upward normal to the plane. Since. J? ^= O 
for both t - a and. t = b jjb . follows by Rolle * s Theorem- 'that for 





some point of the c^pen interval (a^b) , 



d£ 



. N • [(B - 5) X 



dX 



du 



=,0 . 



B - A 



Since the cross product must be collinear with N , it must be null. 
It follows that (b - X) X ^Q = 0 , hence that t^ is parallel to^ 
the chord AB as claimed.* 

( b) Express the Generalized Lav of >the Mean in termis of a coordinate 
representation of 



Let be given by '"the ' coordinate representation x = 52f(u) , 

y. = T|f(u)^ . - There exists a point u^ in (a,b) such that 

, ^Hu^)) = xCjZrC-b') - {Zf(a). , t(b) tCa)) . 

Since at least one component of the vector on the right side of ' 
this equation* is non-zero/ say 'the first, -then X njay. be elia^nated 
to give . ■. • * ■ V - . 

■ •■ ■. ^:^(h) -M^) ^^^^6^' ■ - ■ ■ - ■ 



{Zi(.b) --{Zj(a) 




r some., u- .-^n (a^b). . Tiiis . l'ast statement is the express ioru' of 
:he Gteneralized Law of the Mean^oiind in most, texts. 
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( c)^ '."'Prove or disprove the Generalized Lav. of the Mean for curves In * 'E^ " 

The theorem f alls for space curves. Consider tlie""^ar|fc of thj^ h^llx , 
; (Exercises 11-5, No- 6f) for -O' ^ t < jt- . We have/^(o)'= :(a,0,0) , 
&-a,bi^.jO • " Thus the chord has thiaf .'direction of the vector 
, - ^ (-28l,(>,j0 Aiy the sanie time for * : in ' (O^ir) the tangent vector 

3?' = (-a- sln'.u^a cos u / l) * 

has a zero y-coD^'iaaSrt^ oh^ for t^ this is the only place ' 

where the ^ tangent can be parallel to the.-fehordi* But then 
X^* = (-a^O^l)-. , so parallelism can onijr occur, if ' irV 
. Vv is knovn to be false* -.^ % - 

(a) In Ebcerclses 11-6, Nuinber 13 we ^ gave definitions for the' prj^juai^e 
normal n and cxxryature k for a space curve rCs) . The 

. vector — - is perpendicular to S , hut it; need not be parallel to 
t . • We Introduce the blnormal vector. Ijj^- t;x n • Recall that 

as - V , 

and prove that there exists a scalar t such that ' 

(11) ' V * ' g = -/ct.+ Th'-; 

and - ^ ' ' . . ' ' • 

(lii; = -Tn . A - 

as ■ • ts ■ ' 

The scalar t is called the torsion of th^'curve^ S^Aations (i), 

(fi), (iii) which generald^ Forimilas' (lo)^^^^^ of^ection 11-6 ' 
. are the Frenet-Serret equat^sns for. the curve. 



\ 




dn ' . .- n ^ ^ 

Since ^ lies in the plaije of t -and b we have 



for some scalars a and t; . Sim^Llarly 



d b . * 

— = Xt + 



Now^ ALftFereiftikte ,' t = ^ >: b to olD-bain ' 



;^Te*%_the do*'pj^^ and -to ••obtain' cf.= ^and v 

Thus ^ ^ ' ' J J - ' ' 

V TD 



ds 



^4 . . ^ 



To prove ^ = -t , differentiate • b ='t'5< n to obtain 



1 



db 



ft. ... dm 



.= T(t j< b) ■ = '-Tia 



. .which proves "the resxilt. 




I 



b) We have seen that If the cuarve is plane then t = 0 • ^^Prove, con- 
versely;^' that if , T = 0 - then the cnxrve is plane.. (H3^t: ^ -Shower 
given Sanctions ' < = k(s).'^, t = Z{s)^ that the splutidns of the 

Frenet-Sertet equations ' subject '^o tne initial conditions 

. (iv) ' ' ^^(O) = 5q ?'<0) tQ. 

ia unique.) 



Proceed as in the unicpieness proof in Section ll-6(i.y) • Let smd 
' be two such solutions, then r " s^t^j^fies the Frenet- . 

Serret equations together with tb&^homogeneous . initial ^conditions 




vhere X 



= ^ ^2 " ^1 ^tc. Nov observe that. 





• V 



and add, to;'obta.in 



/ Prom thid^ and the .initial'condL-bions, it follows that 




Oi-M 



♦ • 



+ tS"* + iS^^ =^ ; whence , t 



"n = t ^;©.;. : since. ^ , 
it fdllpws T^^^'- f ::Cons-taiit; he.nce, by: the^ initial, condition. 



^(s3/= O i' andVuniqueness is.-.proved. ' - • . :■■ ■ .. ^ 

■ '"J > l^y^ already •s:een that there exists^ ' plane .c^^ 
^^"t^l^&^s .the: ef:so^Xiggsi^ arid-. the initial -conditions :• 

^"='^^0^11^ y -n.^.n^j- ;^'^*t ■ 6;. (the; last ^condition -mereiy; ^ - ^ 

fixes the plane con1^ining,.th6 curve), Tor we ■ have characterised 
such a.-plaiie curve by the* ctLrvature- function alone ^ It follows, 
from the u^queness ..theorem that any-" solution of the eqj^tlons with" 
. T =0 must be plane. s _ - ' h 
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■ ^ ~ ■ ■ .'' . Teacher's Commen-tary • . ■• • \ '' ■ 

• * Chapter 12 ." ' 

V'-. • >' ■•; ■■..•• • i^EXSiMacs] . ' .\ ^ ; ' . -. .■ . v. . •' 

TC ;L2-1; Introduction , « \ *^ 

■ ' ' . "■"■■''^^ -^f: : ■■ . 

In this^cliapter-and^ln*' Chapter 'X5* we examine the uses of the calcniLxis' In 

. . . - . . , . . . ■ ^- . . ^ . ' \ 

a. physical science ♦ • The objectives of the . tvo chapters aire not th^, same— ^. In 

. • ■ . ^ ' I. • . v.. ■ • ■ .. . '. 

; Ctopter 15, pu±* -purpose is to^ show the hreadth of /applicaJtdLon of * mathematics' 

,.by';6^owlng"hoW 'it^ eirt stage 'in tja^' development of sT science. In" 

• this ;cnapter we examine • a ; veiy limited se'gment of the science of mechanics^ 

essentially ohlo^ '^sua . introSuji^i to the dynami cs of a partic3.e, in order to, 



exhibit some of the more significant yis^s of the^methods we , have developed 
in Sections. 10-T,'--8,.. 9,- and the Vectpr approach of Chapter^, The mathe- ^ ■ 
matlcal^ content of this , chapter -is; primarily ,the solutioiil;^ dr^lirieax differen- 
tial equations, hut with enough, indication a (the: pendulum problem) that non- 
linear problems aare also important. 



. The historical material in this chapter is concerned witlg^ the evolution 
of ideas rather tl^an names, dates, and anecdotes. Its purpose is to provide - 
-an- opportunity to learja how to^ask and analyze questions" about the real world 
with the help of mathematics. For this purpose, it is hard to better the . w : 
illustra-lion ^f ' the 'creatidH of .inechahics'. in the hands "of 'Galileo,. Kepler, 
8Lnd-i!le>rton*-\^ ' J . r T:. ' / . ' ' ./.W 

liisofar as. methanics; is qondemed- with the- physical world the' studjent must 
make JUdgnw'hts- afo Of *math«natlc^Ll descriptions for the ' 

•int^rpretation^^f the physical world* ' Tiiis is not^an actiyity- foa? the -superior 
student" "aiojo^ the middling, studeiit with the fbaclcground of the' fir&t eleven 
chapters will also find .the interplay of mathematical and physic^" iijeas 
il3^uminating\ ■ Questions wiH natvtrally arise which fp f sir ^beyond the material 
of the text. . Such prbbings shotid be ^coursiged, but it is lisioally necefesstry 

• - . ■ , .... ■ . . \.. ' ■ . , . ■ - 

to make ^ an effort to overcome a . certain anxiety to achieve the. freedom to 

. . ■ . - . . " ■ - / , " : ■ ■■ ■ ■ /. -. ■■ ■ ; • ■ ' 

explore and become 'ex^cited about questions for yhich it is not clear whether 

- • \ "■ .■ ■■ • > ■> - • - ■* • . - ^ • ■ . ■ ' . \^ ■ . ■ 

tjie stufien* and the teacher have the resources to find ana^lfers. Bvery 

scientist, has ■ felt the ' same trepidl^ion' wlien he' dared to piish .beyond the ; . . 

•7 1,mi tationjs of -his "knowledge . . ' " . ' 



^^^^.•^^-P^o^ is-hot primaiily to teach. pl^rsics It ^will\rbbabl3^;be^^^^ 
- necessary -to -puli ^bounds on ther clas^^^sm cJiscussion .o/ .physicai -q-uestiona. :.' 
Although wfe wish to aarpid 'a superficial Approach to sci^nce^J^t ^^^much as 
we yish to.avoid -sup^rf a^iaOitj^/in^mathiJbi^^^ the text- a^o ca^mot develop the' 
• i<5e^s of. mecftanitis in the detail necessaiAr f or ^a physic^ :ouxse,. and- it gives 
. .Joniy- t'hfe -briefest accotint, of .the - f^_^atiins of mechan&s-. . ■ You macr -Wi-sh to '-• 
. refer stvadents to Kijrsl^vPhysical: Sciences^^ -Bosten ; ;• • 

^. ■. I960)- or a text in-: use iii yobir school/ Without sacrificing our" ^kasis-^ the ' 
: .inathematicsy^e hope ; tha^ • the student" vill iferceive ^the ckLculus^sS^chanics • 
as. subjects, .which were, hcrrn: and sre^ together, &nd "will maintain a sense of ' 
.. the "unity .of knowledge., .■■''■*'• ^ . - ^ 

• ■ _ _ .-^n contrast to^^ptfer 9> the 'prohlems' are not ineeuit to, illustrate a r 
iiaxjrow rajige .T5# t^chnlqueW stem, from a s ingle -^equently occurring 

.I>attem.^n a broad spectrum- of sciences. Rather the problems come but of the- 
development of one science 'and .the s'tudent -is placed . in i|e positioh'of a 
creator of mechanics. He does not know beforehand what analysis will be. . " 

■fruitfully He^must be ,ingenioais iij drawing idpon 6is knowle^'e, with ^kll its . 
llittitatlons, and perhaps invent/^lnalysis if necessary . C.altlMugh no basically 
new ideas are really needed here) . To a large degree/, the sciWc^ ^oses. the- 

•questions-,, and we have foiiow^^ lines sugg^^ed by the science in. SeJUscting 
problems,, subject. to the restriction tpt the). be approachable by techniques 

■ vithin. the con^jrehension of the studenL ' In- attempting "solutions ■ he can expetjt 

■ to fail- as. n^eh as to succeed. The exploratory activity can be instructive' , ^ 
and jrewarding^ even , if it does not solve the . specif Ic . problem posed. . Tlgare-is 

no reason ..tlss^ discouraged by the inevitable - false trails. Even Newt^ - 

• stoombled. Kepler is" said .td have .wi-ltten • c?n the title page* of one of his- " 

lesser, works,, "Even. a blind chicken occasionally finds a!iemel of com" - 

not self -depreciation, "but pleasure at coming -through at last. Jf Kepler 
could feel like a^-blipd chicken \n search of a grain of truth, no student need 
te ashamed to lo^e his way In attenrpting the solution of a slgnif ica^it problem. 

- With this Tonti'erstanding of th€>", nature of the problems, the class can' be 
excited simply by s^|(rpening their thoughts' ^condeming a challenging problem 
in open classroom discussion where conjecture and speculktion based on physic^|[ 

■ .^"'^■^^^^ can and. should play -as\ important a role as the mathematical '-argument 
'^whi^' finally clinches matt^. \phe suggested time of one month for coverage. - 

of t;his chapter is meant to allow Sor such classroom exploration axwS for 
.detailed general , disxsuss ion of several .of the more demanding -problems . Time 
is not expected^'- be adequate to cover all \of i:hese in depth. We re-cognl^e^ - . 
tte-in^ssibility of programnJIfe eruph activity with any precision. It "is . • 



bound to produce luian-blclpa^ed,* reactions from the ^students mostly In, t^e 
form of half -"baked * ideas, yet we 'confidently expect that a fev students will 
produce - ^lorpler emd more insightful a-^tacks on some of the problems than we ^ .. 
have provided in. this commi^ntary . -» ^ 

\. " Solutions *Exerc is es 12-1 

1.- • (a) Consider all inert ial coordinate ^system, that is, a system in which 
. , - ■• Newton's laws. hold. Let "rCt) be the path of a particle in the 

■ " given system aAd take new coordinates ^or which the particle path .J 

^ ^ becomes "pCt,) =.r(t) + tv. where "v is a constant Vector. Describe 

■ - what 'tiie change of coordinates means. Show that Newton's laws still 
hold provided forces are the same in both s:?^tems. " This result is 

V the Galilean 'Principle of Relativity." - - ' . • 

.. .. '. ■ " ■ ^ ' ' 

, ^- Observe' that the velli(iitir_dBwBS*^particle with respe^ to the -new 
, ' . ' coordinate frame di^^^s ^from'^^t he velocity iiix^^l^ original' coot'diV ■ 
' . nate frame by the const&nt vector "v : • ; . ^ • * 

It follows ^ that, the -^'ew/.cobrdi^ frame is moving with the strans- 
lately*- velocity -v with^ respect to the original frame • . Hbte . 
' particularly that the new .frame may have any f ^ed orientation with 
^ 'respect to the old frame; -that 'is,, there ie no ' relative rotatory^ . 
motion of the two' frames. " - " 

Newton's First Law is immediate, sin£^ if the particle is^ ! 
' ' - " ' . ' * •* * 

moving with constant, velocity in the original frame 

" : • " ' --^ ' '. - ' * ' 

- for all- -t , then it is moving with constant- velocity 

' " ' ' \p*Ct) .= Vq*4-^v in, the new f^rajne. ^ Since the acceleration 

• *isame in both 'frames, 'Newton's Second Law Cl)'^is 'the same in 
frames. C^Tote., however^ that^ if m is not constant, say 

• : then Newton'' s Second Law in ^ the Torm*"{2) appears to fail. In order , 
to preserve Newton's Second Law, and consezvation of momentum as . 

' » - - * ■ ' ■ * . i. * 

• well^ >/e must consider a closed sySteft for which ^tter .is -neither 
entering; nor leaving. Thus to t2;eat the 'flight ^f a rocket ii the 
second coordinate' f2rame' we mus't add the term »^iJL*(t).v , to the force 
exerted "by tlie. ejected ^matter . -This issue is. not relevant foiv'the 
wi;>rk of; this* chapter since we ha^e* no -need to change coordinate 
firames. ) Newton' a 'TSltrd Law remains valid 'kihce it. is a statement 

^ v about forcas'.oijly, Arid forpes* are the samgjin both coordinate t 

frames.' - . ' * 
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Let r(t) . be- the particl^^th in' an Inertlal system, as 4n'^art^^ 
Consider^a nev^system in vtilch. the path of tTie particle is given. by. 
«t) « r(t; + q(t) . Show that the- laws motion in thfe new 
cA9rdinate system are Newton »s laws provided, we add the inertial - . 
fdrce mq 'Ct)- to the total of the forfres acti^hg on each particle' •'■ 
in\the system ; j . . 

systeim the acceleration of the particle 'is . " 

* - \ ■ •. ' P":(t) - r".(t) +.q"Ct) ; . • • 

thus ir . mr"(t) -is the force attiife on the particle in the original 
.system, in order to satisfy Newton/s Secofid Lav (l) in the new 
system we must postulate a force Lp^^ = n^?"(t) mq"(t) . If a 
particle^ is moving witl^^.constant yelocity in the -rTew system, then " • 
p"(t)'= 0 for,all t/" and ; .mp"(t> .= 0 so^that the f,orce acting 
pn the particle is zero by, Newton's Second Law; hence, the first 
law also -is satisfied* Newtod^s Third Law is imaffected since *the- -^^ 
forces of , interaction betweeiT^bJ ect« , as .indicatedc^; their rela- ' 
. tive m9tion,>are.not affected by any change in the coor^nate frame 
^(unless mass is transferred between "objects"; see *the solutign to . 
Part :(a)). - , : ; 

'. ' " ■ ■ - 

Whatsis the force experienced by an astJ*oiiaut of mass m yif ^ the :. 
sole- external force exerted upon him is the gravitational^ attraction 
mg ^ of ttie earth , and his arpcket is - accelerating upward with accelera- 
•tion equal to ^ 6g' ? ' ; ' 



The force ^^gxperienced by the astronaut* is the force in a* frame , ' ' ' 
attached to" him,., n^ely the sum of the in^^tiai,. force and the 
external gravitational^ fojrce. ' 

In a frame moVing with the rocket, :wit|5 respect "to whipK. he i-s 



'at rest. 



where .z is the upward* vertical coordinate 'fixed with'^'respectMbo 



the earth, and. ^ , with respect to the ro eke tr. ' Thus, in addition 

5 J. 



to gravity, he is^ experiencliag, a force equal to- -6mg (that, is, 
6mg 'downward); hence, a total force of "Tmg 
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. ■ 12-2 

~ . 1 *• 

: / 

T.C. 12-2, Elementary, Mechanical Problems > ■ 

In this section we see how mechanics coitfd have served as a potent 
stinnilus to the deireiopment pf calculus and analysis • Here we have a wealth 
of signif ica^^gprohlems which make extensive use of the mathematical back- 
grourld of th^retecedins text; the reflective student will perceive many more, 
some within his powers, most not yet. The search, for answers to problems 
related . to the ones treated here still motiva-ces much of thQ current research 
in analysis . 

In the development;' of the* text we have adhered to invariant vector methods 
in preference ^to coordinate techniques. In some places sifch as the solution 
to Equation (30)*'the coordinate technique may seem more straightf orvard (see 
the solution to No. 19), but we have kept^ to the vector approach because the 
solution enlarges the student's insights while the 'coordinate solution is 
relatively mechanical. In any case, the/vectojr representation 5>f the problem 
suggests suitable' choices of coordinate frames. Anyone who was^ forced to 
learn mechanics in the old style which preferred three component equations 
to a single vector -equat:^on will appreciate the general gain in brevity and 
clarity. Coordinates are usefx:LL for obtaining some kinds' of numerical results, 
of course, and *are not to he avoided when they make -for simplicity. 

. Numerical problems connected with the choice of units and changes from 
one system --of tmits to another may be of great practical concern but they are 
not relevant to the calculus and any numerical problems* we may give avoid such 
•questions. • ^ * * 

The shock absorber of a car is, supposed to con5)letely damp out all 

oscillations of the siispension. . Thus it corresponds to the damped case 

> of Equation (l6) . To test whether a shock absorbeS^ is working pro- 
m . ' ^ - ^ 

perly we need only hop on the bumper- and see whether it recovers "^^rom the 
displacement monotonically . 



Solutions Exercises 12-2 

1. Show how to choose a fundamental set'' ri,j",kj for the derivation of (2) 
>with the ' additional stipulation that / v^^ ^ 0 ♦ 

• - . 

. We assume an underlying right-handed frame of reference. Set k = . 

Suppose first that v and 'k. are not> collinear. We must choose^ 
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. perpendicxilar to ,k so that C^,T,k) is a : right-hand fed triple. 

Conseqiiently, tike j" = ^ 2. and t = "j x t . Compare the 'solution 

[k X vl 

of Exercises 11-4, No. 8.) ■ . . .• 

« * 

2.- Show that -Equation (6). yields the Solution (l) of Equation (3). 

• , I ■ ^ ■ 

For this puipose, solve for ||- in (6) to obtain the separable e^juation 

(Section 10-9) 



- , ■ . • dt ^ ""3 ■ 

Ehus, obtain for z , * 

* I V2gz + = t + cj^'; 

whence, * 

CD . . ^ z=|t2-^ C5t-.'cg . ^ 

Set t = 0 in Ci) to obtain* = and set t = O in 

^ dz ' • . , , 

^ dt = 

to obtain c^ = v^^ . Enter these values in -Ti) to obtain, finally, _ . 

as in (2), where the origin was chosen so that = 0 . We -d6,,.not h^ve • 

to work through the steps of tife argument to obtain the consfants in ('ii), ' 
but we must verify^directly that (ii) is a solution of (6) with 



1 , , ^2 ^- • i^k - 



To con^jlete the solution, note that we hare already shown in the te:!Pt 
that the coinponent of v perpend iciolar to g" is constant. -'We have only 
to take the x-axi^. in the direction < of the perpendicular component and ' 
'integrate to obtain . ' - 
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3. (a^ Show that in tlie limit*" of, small air resistance (k approaches .zerb) 
. that the Solution (8). of (7). approaches the Solution (a) of (3)*' 



Ohserve that 



>V7 



From the resnjit of Exercises 8-6,-N\amher 1 ve have for ',t > 0 

■ ■ ' ^ ""^^ • ^233 22 
1 kt + — ^ g — < e < 1 - kt + 2 - 



Apply the Squeeze Theorem to ohtain the result' 
.. ' ,X._^= g + t -H . : . . 



(b) Shbot a, particle vpvard; will it retumvto ground Taster if 
encoTonters . air resistance or no? 



^In- the Solutions (l) and (8), set =^Oj^-take v^^ - 

c > O .is the same iir both cas^,* and determine t > 0 
again zero* Without air resistance. 



'where 

'^-en z is 



I t^ . ct = 0 



yields the positive ^lution 



t = 



2c 



With air resistance >4 observe that^ 



1 ■-. £ 



-kt 



i 



and for t = — ; , "in particular 
g ' > 



g 



= g(l + e-2°^/e)[^ - 



g(l^e-2-^/S)[f 



1 - .e 



-2ck/g 



S " 1 + e^^/S 



-] 
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In this expression, all but the last factor are clearly positive. 

The last factor has the fomi X - tanh X where X =^ — > 0- . But 

. . • S ■ 

, X - tanh X is increasing since it has the positive derivative . 

,.9^ (Eqiiation. C^) of _Seatlon3.rLp., _an<3 thexef ore_is-positi:v^^ 

for X > 0 , since its value at .X = O is zero. Consequently z 

2c 

• is positive for t = — and k > 0 • 

6 

(ii) z = |(1 e-2^/S) + J^i - e-2=k/S) . 

Since e > 2 , for > 1 we have e"^°^/ ^ <i ^'^^ 

^ . "* . 

thus z > 0 for k • .Wow, from (ii), z can be eqiiai to zero 

if and only if 

' ' ~ g e^/® + e"^^/S ' ' 

' ■ = ?v. -' tanh \ 

clc ^ 
where X = — > 0 . > But X -\tanh X l^s the derivative tanh X 

from Equation (6) of Section 8-7; hence it is"" increasing and since 

the z-axi-s is directed vertically dowrward this implies that the 

■ ■> ■ , . ' p 

particle has already returned to ground level when t = — . Thus 

S 

, • the particle returns to grotind faster if it encounters air resistance. 

For velocitiesNjaigher than those for which the derivation of (8) is valid,; 
but lower^^-fefeadfiT^the speed of sound , it is found experimentally that the 
retarding force of the atmosphere is -proportional to the square of the 
velocity, ^ , » 

^ret -^I^^I"^ • . . ^ - 

(a) Detexmine. the motion of a particle which moves in a vertical line 
under the influence oray of gravity and air frictions 

From lTewton*s Second Law the equations of .motion can be written in 
the form ■. , . • 
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(li) 



■dv ,2 

^ = g - kv sgn V . 



The' tvo cases, v ciireci^ed dt^>wvard (v > o) , and v idrected^up- 

ward (v-<-0) — ^—must '-be- treated separately. For algebraic simpIVicity 

2 k 

introduce the constant X = — . We then have for v > 0 

g 



(iiia) 



— = SCI - X V ) , 



a separable -equation which has the solution (see Section lQ-1, 
Formula (lO)) 

r- tanh-AgCt + c^) , for^ 0'<Xv <1 ^ 

(iiib) ^ V = ^ 

i coth Xg(lv + c^) y for \v > 1 . - 



sd\€ 



I^Thus, if the body i^ falling with a speed less than ^ it. picks up 
speed and approaches the apymptotic speed i ; if it is" falling with 



1 " '1 

a speed greater than — it slows to -the asymptotic speed r- 
the displacement we have on integrating with respect to t , 



For 



c 



(iiic) z = ^• 



. -i— log cosh Xg(t-tc ) y for 0 < \v < 1 , 
.X g ' 

c log sinh Xg(t + c ) , for Kv > 1 , 



•For V < O , we have 
(iva), 
when.ce. 



/- _^ ^2 2v 
' dt =^ ^ ^- ^ 



( ivb) 



V = — tan Xg(t ^ c, ) * 



Thus if the body is asc&nding with speed -v-, it loses -spfeed xmtil 
the speed reaches zero,. From that time on, the body falls*' and the 
motion is governed by Equation (iii3) with 0 < v < i- . For the 
displacement,' we have on ^integrating (ivb) "with respect -to^ t , 



(ivc) 



1 - 



^ g 



'log cos Xg(t, + c,) . 
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(b) Re-examine que.stion 3(b) f or -fchls form ot-Blx resis-bance. 

-V ^As in Number '3\b) . Xe-b : c be 'the initial speed. ' In Wumbet 3(b) we 
V* have -fbtmd. the time of ; flight without , air resistance to be — For 
. the motion with &ir res i^^nce take *t = O as the instant when the 
particle reacheB maximum height, i.e.^ when v = O . Then in the 
first equ£^tion of* (iiib) we have -c^ = O , an<^ in (ivb), c^^ - O *• 
At the initial instanf t^ of flight we have z = O , 

Consequently in (ivc)-, = -~ lojg cos Xg t^ and. 

(va) z = iog(cos Xgt)(cos Xgt ) 



and in (ivb) 



whence 



-c = ^ tan Xgt_ ; 



(vb) t-. = - arctan Xc 

1 Xg 



At the final instant t of flight, we have z = O , hence, from the 
^rst equation in (iiic), c^ = log cosh Xg tg and 



g 

. ..; - "... 

To determine t^ , note that' the^ endpoint of the upward leg of the 
trajectory given by (va) at t =" 0 must be the beginning point 
the downward' leg given by (vib) at t = O •• Thus - . ' i- 



Lenc 



cos Xg t^ =' ?- \ = A + X^c^ 

■ 2 cos Xg ^ 



lence 

(yib) ^ ' ..sinh Xg tg = Xc . . 

From (vb) and (vib) we obtain for the - total .time of flight 

- t^ - t = arctan Xc + arg sinfi Xc) • 

^ X ^ Ag • - . ^ 

ITow, observe for Xc > O that arctm Xc < Xc and argsinh Xc < Xc 
since X - arctan x and x- - argsinh x are bcSh increasing 
functions of x . We conclude that 

92ih 
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4 

vhlcb is the same as the result of Niomber 3(b)/ 

5. (a) Solve the equation of motion (lO) for a particle moving under the 

influence of a linear restoring force without restricting the motion 
to' one 'dimension. 

«- 

The Eqxiation (lO) may be solved component -by-component to yield 

(i) X = (cos /| t)x: + (/f sin t)v^ . * ' ^ 

m p K m 0 

, Cb) Show m this case that the path of the particle is an ellipse. 

* \ " This result is. strictly valid only if **Xq and v^^ are non-collinear , 
From (i) the , trajectoi^ lies in the plane through the origin parallel 
^ to- the vectors and v^ . For simplicity fix the x-axis so that< 



= (x^^O^O) and the y-axis^ so that vj^ = (^Q^JiQ^O) • Then^ 
from (i) - c . ^ 

X = Xq cos omC^ '*^^o ^"^^ - - 

y^cuHn sin cu-t . V 

where cu = v ^ ♦ Insert sin cu t = ,,7^ in the equation for x 
to obtain ' 



X . ^0 y . 
— - — ^ =^ cos ait 

O ^0 0 ' - 



Now ^uare the expressions for sin ct't and cos t ai|d sum to 
obtain - * 



t ai^d^s 




(ii) ax^ + 2bxy + cy^ = 1 

■ where a = , b = — ^ — , c = — 5 — 5- + : — 



_2''~ .2 2 2 2 2 



The discriminant; is - ac = g ^ g < O ; hence Equation (ii) 

describes an ellipse. 



6, Find the Solution (12) of Equation (ll) from the first integpral -of the 
motion (13) . . 

Prom (13), ' - , . -■ ■ - 
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a seljarab^je equfeition. « The solution ot (1) is 



vhere A = v + 

X 

Consequently, 



/f arcsin ^ = t a 

^ ^ , ■ 

2 

and a is the constant of integratiorr. 



X = A sin (t + a) , 



m ^ 

which we -recognize to have the same form as (12) with a chosen so that 

sin o: = -J- , cos a = — / - .. 

7. Solve Equation (il) when the. force kx is a disturbing force (k < O) 
rather than a restoring force. , 

. . 

k 2 " 

■ Set ~ • Eqioation (ll) then becomes 

• 

2 • * 

d X 2 - 
— - o X = O , 

and has the solution 



X = X- cosh ct + — sinh ct . 



If/ _,.^0\ ct . , - "Cu:^ 

Thus the displacement is unhounded for t > O unless it should happen 
that Vq = -cXq ; in that case lim x = O . (Kote that the bounded 

t— CO 

solution is phy&ically imrealistic, since the slightest pei-turhation in 
velocity or displa'cem^at^tirij : -"ke the solution unhounded.) . 
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8. Use the Green's fxinction technique of Section 10-8(ii) to obtain a 
particular solution of Eqxiation (l?) • 

From the solution to Exercises 10-8 , Number 6, the Green's ftinction 
for the operator L\ in (l?) is 



p ±n (IT) is 

(t,T) = ^ e-^^'^--^^ sin b(t - t) , 



where a and b are defined as for (15) by 



^ ^ 7k r^ 



Now apply Formula (28a) of Section 10-8 to^ obtain the particular solution 

t 



F ^-a(t-T) 

— t>iij. uv^ - cos aj T QT 

f * 



^2 = J ^ e 1.-1/ sin - ^) COS a;T dx 



Observe that ^ 



sin b(t - t)cos cu t = i sln[uj t -f- b(t - ] - sinToi t - bCt - t) ] 
Now use. the result of Example 10— Ue, page 558^ to obtain, 
_ F e r a sin p(t) - Xuj - b)cos pCt) 



a sin q(T) - (cu + b) cos^t^x) 



I 

2^ / 72 ^ 

a + (a; -h b) ' . lo 

where p(t) = oj't + b(t - t) and qCx) = cut -^b(t - t) . The contri- 

bu^o^f rom the lower end of integration consists ~6f term# of the form 

-at • • ^ ^ 

c^e cos bt which can be ignored since they satisfy the reduced 

equation. From the tjpper end of integration" we find the particular 
solution- ' - ' 

^ _ F r a sin wb - ( gj - b)eps w t 
a + (w - b) 



a sm a>t - -tybjcog a;t T 

, p . .0 -I • 



a + (tai + b) 



ITow let a be the coefficient of. sin ojt . and p the coefficient of 
cos wt in this fomnjla. Verify that 



+■ = A and ^ = tan 52$ ^ 
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where A and are defined by (21). Thus, apart from an- added 

trans ien-^ solution of the reduced equation, the Green's function 
technique yields the particvilar ^olution (l8). 

9. (a) Find the general solution of (l?) when r^ > 4 — , the c^k^ corres- 



ponding to the nonop cilia tory damped solution (16) the reduced 
eqxiation. . 

By the same argument used to derive (18) there particular 
solutioioAof the form cos t , and since the cons-S^nts K 

and (f> are determined precisely , as in ifhe text case we see that 
they are given by (19) as before'* Thus the general, solution is 



X = A cos (wt - <f) -4- 6-j^e +.c2e" 



- -crt. ^ -3t 
c-j^e c^e 

where a "and v ^ are given as for Equation (16). Note that the 

2 l4 

regime r ^ ^ ^ corresponds to c > 2 in Figure 12-3c, and lie 
within the domain where no resonant frequency occurs • 



2 k ^ 

(b) Find the general solution of (l?) when r = — , the so-called 
critically damped case, " ^ 



The solution of the reduced equation is 

V 

* 

and is transient. The particular solution, given by (I8) and (I9) 
as before, is the asymptotic solution- -r 

{ ' ^ " ' - 

10. (a) Which is nearer to the natural 'frequency of the undamped system 
(r = O) governed by (17)> the natural frequency or the resonant 
frequency of the damped system? 

We have ^0 ^ m "^^^ circular frequency of the undamped' 



1, = AT^ 



2. 

sys-fcem, "b" = -/ — -.^^ as that of the damped system, 'and 
" m " ~ "^^^ resonant frequency, ^hus 



and 



^ <-b < <*^^ 

r ' 0 
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(b) The "wid^h" of the ttiriing curve A = £(a>) given by Cl9b) is a 

concept^in- broadcasting* If a receiver tuned to a station 
bi«oadoasting at-a gi-ven-f ^^ e \ j ueucy -has" a~shgrp-Iy ye ayiK3 tun ing curve ^ 
there will be no significant, interference frorji citations broadcasting 
at nearby frequenciea. A convenient measure of the width is 



uir , * 

where w and ^ are respectively the frequencies below and 

a 

above <jj where the amplitude falls to value — , where v > i 

T^res,s this measure in terms o;p^:he constants of the system (l?) . 
-^In an approximate representation for small c . 

* 

Observe that the. given ratio is equal to ( 



\i2r 

Where iZ " = -^^jj — The condition on and *^ is that CC 



Ci) 

\i2r 



0 



"aS^ given by (22)' satisfies cr = . In order to simplify the 

computation use 12^, as "Uhe parameter instead of c . From (24) 

= 2 - 2^2.2 . • ■ 
r 

* 'Insert this in (22) and (23) to obtain 

1 , / 



r 

and 



/i f2 ^ 

r 



a 



The condition a = yields the condition (quadratic in i2 ) , 

(ii) - 2 a^a^ + 1 - v^ci - n^) = 0 

r ■ r 

which has tvo positive roots 



ERJC ; , , ; . \^ ^ 



provided / \^ < — — j- . Thp desired resull; is ob-tained "by sub- 

stituting these roots in (i). ^-^^-^ -^-^ - * 

For Ismail c , Xl^ is close to 1 , and for fixed V. , the 

quantity l) (l - ^ ^) is small. ^ Use the tangent approxi- 

♦ r 

mation (Section 5-7) 

yi .+ X = 1 + |- 
to obtain 2^-^ 



n [i t ^ /<y2 - iHi - a'')] 

*■ r 



Fxirther, use 



2 ■ 



C 



2 2 

and = A- -%r-s5l--2r-s;l,tc5 obta-in 

r 2 U 



a* - 'g- , /2 — - 



^ ^ Designers of - communications* equipment refer -to Q = — as the 
'Equality factor" or simply the "Q" of a timing ^circuit. Thus the 
quality factor j[es approximately; the reciprocal of the vidth of the 
tuning cuxve when 

Obtain Foimila (19^) with the aid-of Cl9a) -'to complete the worlc indicated 
in the text. 



Require O < 0 < so that 0 > 0 tod thS- phase does represent a. la^ 
rather than an advance. Then, sin ^ > 0 , -and" . 

sxn ^ = - y cos 0 = 



/k 2x2 ^ ' 2 2 : r ' 2x2 2712' 



(Observe "tha-b co^JgJ may be^nega-blvj^^so tiha-t we do Qot use= Cretan '-bp 
inve^ -Cl9a),)'' '^Enter -tSiese Tesul^k^^J^ the equation for A p2^ecediIlg 
(^9a) to' Ob-bain (l9b). a- * -'^ / ^3 • ' 



What happens vhen you attempt to -^^.a. first integral of (ih) by the 



method of multiplying by v .t* Cbiisi^er the .variation jCn time of the 

' _ . - ' V* -■ ^ ' • . ' * 

energy E = — ? energy conserved? ^ ^ _ * 

^ * • ■ - ^ 

We find - • ^ . / i 
xdx>>d x\ ^ , - dx d rmv ^ kx -i ^2 

I2 dx * -'^ 

Since v = {-rr) ' is not in the' form of a derivative we do not find a 

■ ' " * dE A 

constant of the 'motion. Since ;^^<0 is decreasing in time (weakly 

decreasing -if ' V is '0 d^or all t , but then there is no motion). In 

a system with friction- it is customary to retain 'the definition of ^ 

potential^ energy for the ''ideal .systenT without friction. T2te frictional 

system is said to be dissipative in contrast t£) the conservative system 

withoirt friction. ^ ' 

Obtain the general solution for (l?) when, the applied frequency is equal 
to the resonant frequency for r = O . , 

' - s 

In -this case Equation (17) "becomes ' - 



2*2 

L[x] = (D h- oi ^ )x = F cos o^^t 



Since P cos cj^ t is itself a solution of-' the reduced equation the 
method used to obtain a particular solution for r >.0 does not work. 
The Greenes function technique does work, but the method of variation of 
parsLm*eters is computationally simpler. The reducipd equation hsas the 
general^ solution a *cos oj^t + b sin cjQt . Attempt a particulat \. 
solution of the fofez 

r ^ 

^ / x^ = I COS w^t + Ti sin oj^t . . ? 

Note tha'fe-^ , 

(i) L[x^3 = (I" + 2cuQTit)cos .cu^t +. (t)" - 2a>^l0sin w^t 
= F cos oi^t ' . / ^ 

o ■ . ° . iLi^ - . 

lie ' -531 



and equate, cpefficien-ts of -the s^.pe and cosine -terms on -the -fcwo sides oz 
"Che equation ko obtain 



I" -h 2<jj n* =F cos cj '% Ti" *2 w^l » = O . . 



Elimina-be % rrom tliis pair of^equations to 



In-begra-te to ; obtain 



f 



(ii) 



Since, any partict£Lar solution vill do, .take cT = O . Observe also, by 
the method of the text, that a partictilSr solution for (ii) of the form 
Ort; + p can be found. ' In this case, r\ = — whence E = 6 above. • 

- ' ■ O , ' 

Thus the s^nei^l solution of Xi) is ' - 



* Ft 

(a cos + b sin Q"t) + 2a7~ ^o"^ 



Tims the general solution is the sxim or a sinusoidal oscillation and an 

oscillation vhich grovp without bound. 

V / ' 

Observe for thfe undamped spring th^t. the displacement x is an extremuin 
when -the velocity v = 0 and that the velocity v is an extremum when 
X 1= O Which of these, statements is the more surprising? , 

dx * ' ■ ^' . 

Since v = — an extremum when v = 0 is usual. On the other hand it : 

usually false that a zero of"" x and an extremum of its derivatiJve occur- 

at ^he same point* ' ^ 

In the text it is asserted as "geometrically evident" from (30) that if 
q > O' the^ rotation of 'the direction of "u is in the negative (clock- 
wise) sense with^ resp^^^ to B 1 - If it is not evident to you, make it s- 



Consider the rotation which o<?curs in a short time interval At . From 

(30) ^ ^ ^ ^u X B)At > thus the ' ' . 

m- * .« ■ ' 

sense of rotation is clockwise as 
: seen from the half space into which 
B points, as the figure indicates. 
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^16. For the ^derivation; af Ci^l) , let ^ V^5e^^i positively in 

the counterclockwi'se sense of r^tatioS^Ti^fm^^ direction to" the 

■direction, of u, as seen from the ha3uK^ space^ into which B Eoints . VShow' 
that may be taken as tiie angle jj/ the /definitions of dot produce t] 



"uL -u an^ cross product ^ u-, x u 3^h' (D ' aiifi 090 of' Section IX-^h. 



I© the" definitions of dot and cross product the- aiiRle bei^tyeen "u and 
u ^ was taken without orientation apd'\the measiffte restricted by 

.0 < e < Tt . We niay' set ' 0 = ■4f_+ 2njr -wfiere . '0. < aIt'' <c Stt 1 ' If O < tIt < jr' ■ 
rthen \lr = e and the'^defini^tions agre^.\Vif .^^<:;iti^< Sij •■ then 8 ?= 23r - >lr 
and the rotation from vthe'v direct ion from ^/u^ ^ti^^ '"^^ tfiroi^ the angle 
^ is clockwise as seen from B . Thus if ^ ' is/ the. normal in the direc- 
iiion ^ B to the plane .:of .rotation of .u ^ since \ s^n 0 = -sin ^Jr = -sin 0 

• . = I j sin ^ n J 



For the dot product", similarly- " - ' - \' - ^- 




|uq! jujcos 0 



= u. 



IT- Verify Equation (32) by obtaining the resiilt k = — given in the .. 



preceding text. 

Since, 'v^ and are perpendicular to "b for the particular solution 

(32), the conditions B =. -E^ and v"^ = k(E^ X B)* ^ where ^k > O ; 



J 



yield immediately 



.Bj ^ J£L_ k|E^I |b| 



|B| ;. - 



from which the 3;esxilt is immediate. * ' , ' ^ * . ^ ^t^'^ ' 



18. In the text we have merely solv^ (29) for the component of the velocity 
of the motion^ perpendicular to "B ./ Obtain the corresponding component ' 
of the -displacement vector and gi^~ the complete solution of (26) . 

' .. ' - 

. Ill ■ " ■ . 

O •• . 933 • 

ERJC 



.12^2^ V 

. Add -the general solu-bion (33^) of -the reduced Equa-tion .(30) . and -tlie 
. parliicxilar solu-tion (32) (29) to obtain ° • • . .' 

' . ' I . ' ^. ■ " /- 




Integrate with respect to . t to obtain , 

cujBi ° -B^ . 

*,To obtain the comiplete des'fe^iption of" tiie motion, add the conrponent (28b) 



3^ 

in the direction of* ^to obtain wi-th ^ = - IbI 



m 



• Y ^ J- -I- ^ ^ ^ ^ 5. +2 „ sin cut ^ cos' oj t/ >^ J 
X = + t(v^^^ + + J t Eg ^ X B) . 

19 • Solve (29) "by introducing an appropriate c(j)ordinate rrame. ' 

Take a co^tdinate frame so that ^ . v ' 

■ . ■ b" = (0,0,B) 'and = Co,E^,,0) 



vherg^ B > O and IT > O , and set v = (v ,v ,v ) . Then (29) yields 



wherg^ 

' tiie system of equations fo^ and v^' 



(i) 



mv^' =* gBvy 



mv * = -qBv + q 



where the prime denotes differentiation witTi >respept to t . Differentia, 
in the second equation and eliminate^ means of the first to obtain. 

The s63iG;tion for v may then be purb in' - the form . ^ ' 
(ii) V = c sinCort - ^)^' , 

where a = The second equation in (i) yields immediately 



^ (iii) =.c cosCot - {2f) - 

Er|c ' " . , ' ^tl2 



* ' ' ^ 12-2 

Irrtegrate (ii) axi<Kj(iii) and use (28b) to obtain the parametric '^equations 
of the motion: ' 



Clv) 



20. 



<=1 * ■ 

X = -rr- sinCort: - 0) - -=- t + a 



B 



y = - — CQsCcsrt - 0) + 



where c^^ Cg , -0 , , a^ , a^ are constants of integration. . 

Show that the component of particle motion perpendicular to the^ magnetic ^ 
field B is'^'^the sum bf'a*uniform straight line motion and. a uniform 
circular motion. " • , i * * * • 



,Use either the expre_ssion far- X given in Number l8 or thi& .coord Siate 
representation given, in Number I9' From the result, of Nunfcer .1^, 



\ 



example , write 



wtiere 



and 



It -1c ^ + t ^ ^ ^ 



V 



^2 



{(sin t)i + (cos a> t) j]. 



where x .= — — — and j = — X - are perpend iciilar unit vectors , 



u. 



u. 



21. SIk^w that the motion of a particle in a constant electromagnetic field 



wi 



^e E =' O is a helix (ignore degenerate casee) * 



Use-ei-^er the results of Number lo or Number 19* From Noimber 19^ for 
example, .^if 'E =^ 6 , then ^ • . 

x - a = c_ siz^ (ort - 0) 
X 1 ^ 

y - a " =^c- cos (ort - 0) ^ 
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. "X " * ■ ' ■ ■ ■ 

Change parameters by substituting - ^ - (orb - ^) and apply the 

translation (a -a^^ ^^a + TZ^^ ^ 5")) to obtain, in esseqtial 1y • the form . 
of Sbtercises 11-5, Number . 6( r) , \ . ^ . ^ 

' " - * ' ■ ^ • *^ * * 

} = COS T , y = Q^. sin t , z 

Discuss "the mo-t.ion of a .particXe tinder "the influence of TDpth" a cons-bant 
electromagnetic field and a constant gravitational field.- 

lTewton*s "Second Lav "takes the' f oim ' 

°0 . " • ^-i^. 

m ^ = lat + q(E -b ^ x B).' . 

- dt^, - . dt 

This -equation can be written in the form of (26) with the introduction o 
the constant vector. = E + g-^ ; namely ' ^ , ' 

• ■ ■ ■ i^ = ,(r >iB) " - ^, 

^ - ." * ' • ^ 

and t^e solutioji' is given by that of (26) with . E replaced by E . 

■ - ■ ^ • 

-(a) Solve' the equation of rocket" motion (35) ixi one dimension under the 

dM 

assurrption that the rate of fuel consumptioxif - -tt- and exhaust 
speed ,v = jv | are^pnstant^ . . 



1 * 



Let the :x-axis be briented in the direction opposite to v ^' ^so^tha 
^ > ^ e ' 

V = (v>d',0) and , v = X -v ^O^O) . ; Since" - = 'where the con- 

stant k is positive^ we have M = -kt + . "Enter 'this -in (35) 

to obtain the* di,fferential equation ^ . " ^ 

dv 



a separable differential equation which has the solution • 

- kt . • ■ 

- V = V^ - V *l0g 77 - r * 

For the displacement x , we obtain with one further integration 

Mij . — kt ^ ' , 
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(l^) . For some purposes iti is xarpo2rban"b "blia-t "biie accelem-tion not exceed 
- .some' definite bound, for exaiiipj^|, to limit the stress 'on an astro- 
''^ naut.. Suppose the acceleration is selT^at this bound; repia'ce the 
* .. assTJnrption in :Part '(a) by the assumption ^that the acceleration and 

V ^ are, constant and determine the way in which fuel should -b^ 

e ^ < ■ . . 

consumed ta^-achieve this result. 



to-acnieve tnis r 



With a constemt acceleration a (35) yields the condition on fuel 
consumption ^ ' - 

- . • * ^ - dM . " ■ • 

V e dt ^ . 

Hence fo2? the expended fuel m = - M , we have 

which yields with the initial condition m = 0 at, "^t = O , 

-at/v_ 



m 



= M^(l - e n 



as the fuel "expended • 

2h. (a) Solve Equation (3^) for "the vertical ascent of a rocket in the- 

gravitational field near ^ the surface of the earth '(s" constant). 

W3?-th the same' conventions as. the sdlution of Niamber 23, 
S = (-g^O^P) 9 and (3^) becomes I . . &- 



■25. 

'■ : or 



, kv 

f ■\ ^ • e 



^ .Thus the solution for the velocity is 

M' 1-kt 

. ■. • (ii) v = V- - gt -v^ log ^ ' 



^6 



and for the displacement 

> 



' - kt' 



^ = ^.^O v^) t - f ^2 .H- v^(^ -1 t)iog "° 



r "■ 
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* . ■ - s 

v".^ (^) Consider the. motion of Part (a) for a rocket at rest on the grormd 
vhen t = O . Find^'the* rglation "^letween" the fuel bonsumed to the — 
y velocity v . Estimate the fuel required to reach a given velocity 

assuming that it is by far the larger' -part of the initial mass M . 

► - * . 0 

Thd 'initial condition is = 0 in (i±). Use - let = M in 

> (ii) to obtain -* , _ 

v = .f(M^-M).-v^logj^° ^ ^ • ; 

or, in terms of fuel consximed, 

^hich is the desired relation. Ifow suppose for a given velocity 

that m = M-(l - e) where e -is small. Then in (i) we have ' 

;■ ^ \ 



V = 



kv 

e 



:i - €) = logCl . ^) ; 



liifence. 



• gM " 

Cii) m ^ M^Cl - exp{-v -j^l - ^) )] • 

e^ * ^ , ^ ^ - 

We may' ignore e in (ii) ^s a first approximation (this yields an 

upper estimate for m) . gjote from ( i) that the rocket -will not even ■ 

lif^ off the_„groiincf at t = 0 xanless 

. . . 

lev - ' .. 

' > V 

and this condition is assumed in the Jjr^c^ding'* solution. 



(c) Determine the fuel consumption as a function pf time under thte same 
:-assumptions as Part (b) of Humber 23. 



In the notation of Number 23, ^the^equation of motion becomes 

Thus if. is'^ecessaxy only to replace a "by. a + g in the solution 
o^^iimber 23f (b) to obtain v - . 

-(a + g)t/v 
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TCI2-3. Cons-braints . • Use of Energy Conserva-tionT ' 

The-'Sxibjec-b of the cjtcloidal pendultim deserves more ^attention than it has 
received in" "the text ."(jj^irrple 12-3) . Huyghens developed the concept 



3ts of 




evblute and of envelope for a family of straight lines in xhe courses of his 



esearches on the -pendul-um. The practical prohlem in the construction of a 
cycloideil. pendulum is to constrain the particle to a cycloidal path witn a 
Iminimum of friction- H^lyghens- produced the ingenious solution shown in the 
accoinpanying figure in which a curve C is used as a guide upon which the 
pendu3!\am wraj5S its supporting .wire in its upward motion (we used a rod in the 
text to constrain the motion to two dimensions and also to avoid questions 
ahbut^the straightness of the suppoaft 'c^re which require a discussion of the 
ideal string and the concept of t.en&ion) . The cuorve t is tjieref ore the 
evolute of the curve O to which the motion is constrained. For a cycloidal 
path £ is. merely the same cycloid ti^anslated (Eijcercises 11-6, Ho. I'p) . For 
the cycloic^the length of the supporting wire is £ = i+a and hy (28) , the 



' period is 2ir v — , which is the same as that of the circular pendulum of 
small amplitude* - ' 

The actual design of pendulum clocks ha^ develop'ed^ along the line of 
,-^ontrolling the energy of a circular pendjLi3Eum,\ hut *we cannot help hut he 
impressed by Huyghens ^s elegant theoretical solution, especially when it is 
realized that his work preceded the development of the systematic calculus. 
Huyghens was Leibniz *-s teacher. . • 
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^ Solui:lons Exercises 12-3 

K ' 

Ob-bain -the Hewtonlan • eqiiations of mo-bion for a 'particle moving on an 
inclined plane siibjec-b to gravity and f^-ictional forces of tlie f'orm ^3) 
Do not assiime the z-conrponent of velocity is zero as in the text." 

■C ^ '-^ ■ . ' ' . 

Since the motion is entirely within ttje plane we may set 

^=X» =(x',0,z«) , where the primes indicate derivatives with respect 

to t • The Uevtonian 'equations of motion are 

mx'' = -mg sin © + T 



mz" = T 



From (3) we have 



,p ^ -(umg cos e)x^ ^ ^ -(^ung cos e)z>. - 

Thus the equations of motion take the f om 



Ci) 



x" = .g sin e - (ks <^o^ eUj_ ^ 

2" _ "(Ug cos g),z' 
/(x^)^ + (zO^ 



The s-^dent has *not heen asked to solve these equations, but the 
equations ca^ be solved for the velocity by techniques already developed 
in^the ^ext' and exercises.^ Set X» = (u,0,w) . Then (i) can be written 



in the form 



(u) 



/2~T 2 

VU + V 



= -g sin e . (hs e)u 
v» = _ Cug cos e)w 

V u + w 



Cons e quent ly , 



du*_ 
dw w* 



/'2 2" 
u' -avu + w H- u 



w 



• tan 0 u 

where oc = — — . Now, take \ = — and replace u by - as in 

Exercises 10-9, Kumber 3. Then, 



4 



9k0 

lis 

• 



1/ ^-^ 




Thus -bfie pro'blem is reduced to*' "the solu'tion of -the jsepaxabXe eqtxa"bion 

dX gy^ ^ \^ 
dw . w ^ ^ , 

vhicb liajs the solution 

arg sinh \ = log cjvl , 

where the constant of integration is incorporated in the logarithm. 
Solve for X €o oh tain 

X = sinh log c|w| , 

and, since' u = Xw , 
(iii) u w sinh log c|w]^ » 

To complete the. .solution^ e?ij:er this expression for u in the. second 
equation of (ii) to ottain • 

■ - . ^ ■ . ^ ■ - . ug cos .6 sgn.v 

cosh log c I w I 
_ 2tJLg cos 9 agn V 

^ c|wl ^ * 

This equation is also separable and has the solution 

rl+or t il-a 



(3jv) t = - 



2p.g cos 6 



£lSiJ + i2iJ ^ 

1 + a (1 - aj( 



for a ^ 1 ^ (we assume 0 < 0 < |- so that a > O) . ■ Obsearve if a < 1 , 
that is tail 9 < p. , then the z-con^onent of velocity w reaches zero 
.. in a finite time and the motion stops. If a > 1 , then iim t = » 

and the motion asymptotically "approaches a. direct descent down the plane 
with the constant acceleration 

x" = -g(sin e + cos e) . 

2. Obtain the complete- equations of motion for the system consisting of a 
particle constrained to move on a frictionless wedge which slides on 
a horizontal plane. Verify that the .'motion is two-dimensional if the . 
initial velocity is peirpendicular to the edge of the wedge • 
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Use the coordinate frame of _ the text. Since neither gravity or the force 
of constraint has a component the z-direction, Newton's Second Law 
gives in addition to Equa'tions (5a) and (5b) the condition on the " _ 
z'- c omp onent 

2 

d 2 - 
m — = 0 ; 

Jdt 
'^0,z^ ° ' '^^^ z-cGinponent of velocity is 
zero -throughout the motion eoid the motion is therefore two-dJjaensional. 

What is- the normal force N exerted by the particle on the frictionless 
wedge? y ' 

From Eq-uations (5a) and (7) 

- . ' N = M gig cos g , . . ' 

2 ' 

M + m sin 6 ' - 

thus If = mg when © = 0 and W = 0 when ^ = % ^ which is as it 
should be. 

Consider the motion of a particle sliding without friction on a wedge 
when the wedge slides with the coefficient of friction \i against the 
horizontal plane. 

(a) Obtain the equations of motion corresponding to (?) and (8) unsJer 

the assumption that > 0 . (Hint: Consider the equation of 

motion for the y-component of position for the" wedge so that the 
normal force exerted by the plane on the wedge may be taiten into 
account. 

- I . , ■ , 

Following the hint, indicate the position of the edge of .the wedge 
in the xy -plane by (.i,n) . To the Conditions (k) .and (5) of 'the 
text, add the constraint \^ 

Ci)* Ti = o .\ : ; 

^e components of the forces' apting on. the wedge in the y-direction 
are^^that of "gravity, -Mg , the push of " the particle cos d , 

and \ the supporting force IT* of the horizontal plane.'. FriDm 
ifewion^s Second Law, then, -3" ' ( 

Cii) . — ^ = N - Mg - N cos e . 

dt ' 



942 



120 



/ 



ERIC 



Insert -the cons-fcraint (i) in (ii) to obtain 
Ciii) ^ = Mg + IT cos 6 . 

Corresponding to the normal force on the horizontal face of the 
vedge there is a tangential friction force 

d6 

^ff dt ^ - ' • ■ 

which must "be added to the other horizontal forces on wedge* Under 
the' assumption that^ > 0 Equation (6) is then replaced by 

(iv) M |. = ^ sin 9 - viCMg + cos 9) . 

dt 

Klf^inate y and N from Equations (h) , (5) and (iv) to obtain- the 

ft • 

equations ^ . , ' 

d X _ *Mg sin 9 cos 0 (1 4- ;j. tan 0) ■ 
dt M +'m sin . 9 iJtm sin 0 cos 9 ^ ^ , 



(v) 



^ if 

d § _ mg sin 0 cos 0 (1 -h g. tan 0)(l - p. cot 0) 
dt M = m sdJi 0 - [im sin 0 cos 0 



which reduce to (?) and (8) when p. = 0 . Although the terms on the 
• right in (v) are complicated in form, they are still constant. Thus 
the particle still has a constant acceleration to the left and the' 
wedge to the right • . ' ( 

Given that the system is initially at rest, ^lnder what conditions 
will the wedge be set into motion? (Ignore the difference between 
static and sliding friction) . ^ % ' 

If the wedge is not set in motion then the forces' exerted on the 
- .wedge are siniply those of a .particle sliding on a frictionless 
inclined plane and a friction force which counterbalances the 
horizontal thrust of the particle. From Number 2Cb) the normal- 



force IT on the static incline is given by 

• » ^ s 

(vi) = mg cos 0 ■ ' 

*"•«,. 

and the horizontal thrust by N sin 0 . From (iii) wi*th 'N = N , 

s - ■ s 

the vertical force on the base of the wedge is 

, Mg + N cos 0 . . * 
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The vedse will not ber set in-to motion xrnless the horijontal thrust -. 
exceeds the frictional resistance; *that is- 

Xvii) IT sin O > ^(Mq + Iff t!os 6) . 

. S : 

(Actually the .coefficient in this equation shoiild be . Combine 

(vi) and (.vii) to obtain the ; necessary coiidition for motion 



(viii) ^ < 



m sin 6 cos 6 ^ 
2 

M + m cos & 



As a suppl«Bentary exercise,^ the student may be asked to show 

' . - 2 

that the Ck>nd±tic^^ (viii) is also sufficient; namely that > O 

^under Condition (viii). This result is not obvious since the normal 

force, hence also the horizontal thrust, on the inclinib is ndt the 

same, for both the static plane and the moving plane as 'is shown in 

(c). To prove the result, note first, that the denominator D 
— jr ' - • ^2 

in/Jthe first term of the expression (v) for is positive. Prom 

(vflLi) • > 

J.' tan e ^V... ^ 

< ■ Z7 < tan 0 , 

' : . - ^ ^ - — V- 

m cos 6 * . 
consequently ' . , 

2 

D = M + m sin 6 - jjon. sin 9 cos 6 ' - 

2 * ^ 
> M + m sin 6 - m. tan 6 sin B cos 9 > M ■ , ■ 

* 

j2g^ K" ' 

It follows that the sign^ of — ^ = d " same sign as 

J (Jt . ^ 

N - \xsD , but, by (viii) ^ 

IT - [xgX> = g[m cos 9 sin 0 - VCM m cos^ a)] • 

Determine the order by size of the normal forces exerted by the 
particle sliding frictionlessly on a wedge for the three cases, 
stationary wedge, wedge s If ding frictionlessly on %he horizontal 
plane, wedge sliding wit^g^^ctioh. • 
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LeV Iff ■ , , N -y respectively,- "be the normal forces, in the three 



S ' "O ' 
cases. From- (2b) we have - 



N = mg cos ^ 



and- from the solution o^Numher 3 * - 
(ix) I, M mff cos S ^ . 



s 



M + m sin G 



o — < W 



Since .the frictional case may plausibly "be expected to lie between 
the other two we anticipate 



0 p. • s. 



r 



and* this is .the result we prove. From (5a) we have ^ = ^ — ^ 



Insert this result in (v) "to oijtain 



dt 



(x) 



M mg'cos ^(l + \i tan 0) 
2 

M + m sin 0 - gjn sin. -+1 cos vi 



If the terms in \i' are dropped the numerator ^in (x) decreases, the , 
denominatoar increases. Consequently, ■by'(ix), ^m'-^^q * 

To obtain "^the Jjjequality IT .< N observe .that* with D 
deflied as in the solution of Part- (bO , j 



J 



B . K = SS-^f^fu : M(l * n tan e): 

= mg cos 0 =r , . 



^ hence the sign of N - IT is. the sign ^f K * ^Explicity, K .is 

. given by ^ ' 

K = m sin 6 ^ yjm sin 0 cos 0 - ^iM tan 0. 

o * 2* ' 

= m sin 6 ^ [X tan 0(M + m cos 0) • 

Consequently, from (viii)', K > O , as we sought to prove. 
• - ' . It 

5. '.Obtain the energy conservation principle for the sysjbem consisting of 
the particle sliding on- a frictionless wedge. Equations (50 - (6), 
(Hint: Take as thcfe kinetic energy of the^ system the sum -of the kinetic 
energies for particle and wedge.) 
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Tiie total kinetic energy is 

where the dots indicate differentiation with respect^ to t . From 
(5a,-b) and (6) - . , 

T = mCi X + y ^ + MS t . * ' " 

= -"N sin e X + (n cos 6 ing)y + If'sin 6 i . 

•Eliminate g ' with the aid of (h) Tsy g = x - y cot, 6 to obtain . 

- ■ ■ . .T^ = -mgy ; . . . ^ . 

whence obtain the energy conser^tion equation ' 

■• , ' T + m$y = k . ' ' . ^ - 

.^Thios the potential mgy is simply Yhe-* gravitational potential .of the 
unconstrained psCrticle. : . V- 

What is .tKe magnitude 2^ of the^ force of constraint for the pendulim? ^ " 

the problem is to determine the component of force -on the particle normal 
to the path. Note^that the unit tangent to . the circle in the direction 
of increasing 6 is 4; ~ (cos 9 , sin 0) , and the normal -directed toward 
the center is", n = (-sin 0^ cos 6) . The position vectoii of the particle 
is X ^ £(a±xi 9 J -cos 9) ; . whence^ on differentiating twice with respect 
to . t , and applying Newton'* s Second Law, ' , - ^ 



F = mix - (m£e cos 0 , mf© sin 6) V (-m^©^ sin , m£G^ cofe .©) 



Consequently the normal for<?e is directed ^toward the center; i^e*, the 
rod piills- the lx5b toward the pi^t . For the magnitude of the force we 



have with ai = a and v = Ixl = £9 



2 



2 



= ^ = - z) 



where at the last step we have used the energy principle to* give v in 
terms of >z and the elevation z^ of th^stationary polmts. ^ 



?• The 1;ext ^s-ba-b^s- tlia-t is .no^ Immediately obvious how -tcJ.'oise -the con- . 
strain-b "bo elimina-be the -constraint force X from the' equations of motion 
(15a, h) i Show hov to do it# _ - .. ^ 

■ :- .. : 7^ • ■ ' - ■ • ■■ 

Replace x*" and z "by the peEI-ameter 6 ; i.e., set x = ^ sin 9 , 
"y =^ cpp © in the equations of motion'*, to ohtain (fis in No. 6) . 

( miCe* co's e - sin e) = -X s^ ^ . 

. " itiX(© sin 9 + 0^ cos e) - mg ^ X'cos 6 . 

.Multiply the first of these equations by cos 9 the" second *by sin 9 

: and add to get 
"J - • . 

»• " ■ 

m/© - flig sin e 0 

which is essentially the same as. (21), . - . 

Q. . Describe- the motion of the pendulum when 0 = jt is a. ^ationary point, 
that is, when S 1 in (I8) . 

** » . . ^ * •, . 

Since 1 + cos \lr =;2 cos ^ we obtain in (18) ' \ 

S ■ - ' ^ 



cos- 1 



By -fche solu-fcion of Exercises 10-3, Numbrer XlCb) , 



-b ■= /- log -ban ^-J-^ ^ XO <e < , 



where - = 0 , oi = ■/ ^ ^^t t = O . ■ Insert this relation ^o obtain 

e = -« + 4 arc-tan e^"^^^^ . 

From -fchis rela-bion we see -bha-b i-b -bsdces i.nf ircL-be -bime -bo reach 0 = at 

from 0 = 0 under -bhe given condi-tions. - ' 

J - ' ■ 
9» Estimate, the difference between the error of approximation to the 

. amplitude of the exact Solution (20a) of the pendulum problem by that 

of the approximate Solution (24a)* . . / ' 

' • * ■ ' ' " ." ^' 

Choose the initial condition' 0 = 6 , <i; = a 0 s't t = O where we 

* 2 2ff ^' ' ' 

require q ^ i' ^ order to get the* periodic Solution (20a)* Prom 

Equation (16) with a> = O we obtain tl^p amp^-itude a given by 



cos a = 1 — of which the estimates., are to .be given. The exact 
solution for -the first quarter cycle is given- by,^ 



= AT r- 



/cos iJr'Y cos a 
and "bhe approxlma-te solution by 



Thus cos a- = 1 - ^where ^ is _ the ajnplitude- dt the- approximate 
solution. .From Example 7-5^ we have-, from the estimates for the cosine 

' 2 . A2 '-2 4 

2 ^ - ^ ^ V"- "2" ^ .2¥ V 
From these inequalities we obtain 

/ ? A 

• • , ocVl - _ < a < a . - -»s.^ 

Next we use the inequality 1- x < VI - x for O < x < 1 ' to obtain 
2 2 : " ■ <^ 

^with X = — < ^ < 1 , 



(•a) Show that the' period "of the' pendulum as given.- hy (20) is an 



Jjacreasing functiour of 9^ 



Let f : 9^ t be given by 
(i) ' T = f(0^) = 2/11/^° _ ^ 



0 -/cos T{f - COS 



Consider .f(X.0Q) where 7^ >J. . With the change ..of variables 
T{r Xi(r - obtain . ' ' . " - ' 



e 0- 



g(i|f,X)dilr 



vhere g(>lf,X) = \ v We have = J_ g(\k,l)d\lf • 

Vcos Xi|r - cos X 0 

, Consequeni:ly we have only .tfo prove that gC^kA) gC^^l) \^ ^ 

. - and apply the r^si^t of !Bxerclses 6~h, Number l8('b)* which extends a 
' strong inequriity betveen continuous functions to their integrals. 
Obtain the derivative of g with respect to \ , - 

cos - cos + ^\Tjr sin XtJt sin 
3i g(t A) = — — oTp^ • • 

^ (cos - COS xe^l^^^ / ■ 

Since 21 g is continuous in X< we need only establish that the 
derivative Is positive when X = 1 to show that it is positive in 



a neighborhood ox^^ = 1 • Thus we have reduced the problem to 
showing that the numerator is positive when X = 1 , that is 

h(Tlr) = cos" i|f + I" -sin tJt > cos 6^ + sin 6^ 
- . * 

. ^ -\ when y < • For the proof we need only establish that h is 

a decreasing function.- To this end, observe that 

h»(iir) = |- cos t -'^ sin t , ... 

It'- ■ ' ■ ■ . 

' "I =^2" cos - tan t) < Q i . . ■ - 

. . : where f pr Cy^< .\(f < the ' resiilt fol4-ow4 f rora the inewguality ^ ' 

Tjf < tan ^ (see ExercUses 5-3^^, No. 'Lh(lS) , also the' geometrical -argja- 
^ \^ ment in Section 4-4) , and for < 'ilr < the resxilt is linmediate ftom 

the negative sign of both, teims in the first expression for' h*C*)* . 

In summary, we haye proved , that- the period t is an increasing 
function ot O^ in some neighborhood of 6^ • (i.e., for. X in some 
neighborhood of 1 ) - But this result is independent of the choice 
of 0^ . Hence by the solution of Exercises 'A.4-1, Ntmiber 11, t is * 
' ' 1^ increstsing function of 0q on the entire interval (0,3rJ . 

11. Show for a paxtide oscillating in a potential . well that, the motion is 

periodic. ' Show fiirttier that the time to traverse the well from one side v: 
to the other is^equal rbo the time to come back. 

■." • , ' ■ ■■■■■ ' • ■ ■■ ■ ■ ■ ' - . ■•• - 



The laroblem. Is^ to sh'ow tinder the conditions of the text the integral- 

r ^ da ' 

: - converges. IT the integral does converge then so does the . integral ' 

r ^- * d a 



which, correspo^s to tfiW. time of the "hack sving,^ and since. uCa)' .= U(b) =.k 
the two - integ^ls -are equal.- .Since U(cT)<k f or a < a < b ^ the dis- • 
continuities of the izi^egrand occur only at the endpoints • 

> La,bJ . of the interval. 13 the neighborhoods of these points apply. 
• Theorfei 10-6a with a test function of the. form ■ — ' 



example, at = a- , we imist have U»(a) <'o since •U*(a) ^ O 'and - 

• -uCtT) < U(a) for 0 >.a . . From- the definition of derivative, ,• 

. ' U(c) = uCsO + (ff.- a).[U»(a) + e] 

■ . • . ."^ ■ ■. 

^ yhere lim e = 0 Take a neighborhood of a in which . | € | - ^ U» (a) . 

Then • ' . ^ . . 

k - U(cr) =uCa) .,U(0) >^|u»(a)(*Ca - a) ' 
hence^ . • 

Similarly in some" neighlDorhood- of b ^ ' ' * / • " " 

Prom Theorem ''lO-6b and Theorem 10-6a it follows 'tha1;^;:^ie^-inte^^ " 
.converges. • . ^"'^^ 

12. Let s = 0 Kiorrespond to a • maximum ^^of the potential U , with U:(o) = k 

U»CO) = 0 , and U"(0) <0 where U" is continuous in a" neighborhood. ' 
, of O . Show that a particle in the neighborlaood with total energy k ' 
. • 'and- -velocity directed toward 0 takes- Infinite time to reach' - 6 
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The problem is to prove the divergence of the Integral (30) in this case 

A 

(a = O) « To pr<^v'e this we obtain a test jfunction of the -form — and 
apply Theorem lO-^a and 10-6b. - We use the tangent approximation to 
k* - U(a) J this time obtaining a' lower boiind for the error term in the 



fo'rii Cc7 



Apply the Law' of the Mean twice to 



U(ct) - k = U(a) - [k - U»'(^0)cr] to obtain 

'(i) U(cy) . k = ctCu^Col) - U»(0)] 



where 



lies between c and O and 



6^ between 



Oj^ ' and 



From the contintlity of U" we* can choose a neighborhood of 0 where 
0 >U-"(a) >|'U"(0) (Corollary 3- to Cemma 3-^)* Insert this in (i) 
to olstain . " ■ " 



. k - y(a) <|lu"(0) ja^ 1 



whence, . 



- U(a) ^ / iTf'i 




A - U(a) ^ y lTJ"(0)l . J : 
which provea' the (divergence . of < the integral. ^ . 

Consider a particle of mass " m which slides fricti^nlessly on a vertical 
circular hoop;, wheore the hoop itself is spinning about its vertical \iia- 
meter with, constant angular, speed tu , . Descrtribe the motion* (Hint: 
Use' the, /energy conservation laT*' in':the\5'orm (-251 where s is, arclengtb ' 
on the hoop)-, . • 



Choose coordinates as shown in- the 
figure, whexe ^ is the^ angle the ^ 
hoop mak^s with the xz -plane and^ 9 . ** 
the angle made by the position 
vector X -of the particle -with the 
downward, vertical. For !^ , obtain 

= (a cos 5^ sin 0,a sin 0 :sin .0,-a cos 9^ 

where a is the radius of the hoop. 
Since - |x) is tKe constant a we 
dX 



V = — is perpendicular 



know that 

to X (Example. ll-5a) * The constant 
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force N can only act normally -bo the Sioop. To describe N Introduce 
the unit tangent vector to the hoop 

t ^ (cos 0 COS e , sin ^. cos '0 , sin ©) . • . 

aj;id the unit hormal vector pointing avay from the centWr of the hoop 

n = (cos 0 sin*0 , sin 0 sin 0 , -cos 9) • 
For the -third reference vector take the binormal ■ b = t x n given by 

■ b = .(-sin ^ , cos 52f , 0) 

Th\is X = a^t . . ^ 

The constraint force on the particle can only be exerted nojmally 
to the hoop; therefore it can be written in the. form W = pn + qb . ■ The 
external force is that of gravity, m& = (0,0, -mg) . 'm order to cal- 
d^ 

culate — ^^nd apply Newton's Second Law, derive the ^relat ions ■ 

■: d% . ' ' ■ , 

t ' = oj cos 0 h^ - ■ 0 'n , 

n^ =^ sin ,0 b + ©'t' 

b* = - cu cos ^ - cu sin 0 n 

where the prime denotes differentiation, with respect to t ., arid we have 
used 0' = oJ - From x" = an , then - / " • 

X* = a0^t + a cj sin 0b / 
snd ' * ' ' \ V / ^ ' ' ' ■ '. ■ ? 

\X^^^;<a0^ ^y^^ sin 0 cos; 0)t - Ca0»^ -h Wo;'^: sln^ 0)n\ - * : 
From New^^onVs Seco Law, however, " '■ - ; - , ^ , * ■ . 

mX*' = aig + N ' * ' - ' . ' 

= (-mg sin 0t + mg cos 0n) '+ (pl^ + q^) . . ■ 

Since X" has no coincponent in th^fe direction of ^ , it follows ,^;iiat ' 

= P . Consequently, on taking the dot product with X» we obtain for 
the kinetic energy T . 6f the particle., ' . 

. T* = inX» •X" = -mg a sin 0 ; 
whence, ' • ^ . , ^ 



^ -T.^ ~IX»|^ = mg:a cos 0 K V" ' 

■ ; ■ ' ■ - ' / ' ■■ ' ■ ; .• ' 

Thcus energy .conservation holds, and the potential is exactly what it w^^ 
be f 6r the stationary hoop* ' . . 



Finally, .frbm- t^e expression 'f.or X* abovte^ we iksrvr^ - 

whioh yleids the. differential' equation for 6 

•• ■ » ♦ ■ ' 

> •. 2 ■ ■ ' ■ ■ • 

* . ■ • ■ 

witU a-ney constant H • For |k| < 1 this motion is "bi early th^ 
/ eq^La^tion of a. periodic oscillation which can T:;e analyzed like tha't 
the circular 'pendulum. . * - : . 

student who wishes -to analyze the possible motions of ^^^tem 
may "be given the following hint. There is.a^..value k f oa: wtxi^h ^ 
constant, provided ai is. large enough. 'There exist small aJO:^li-bu^^ 
oscillations about this constant value. of 0 . 

±h» Consider a particle moving on a cxirve^ X = r(s) . si&bject "to ti^^ oo^^^^^ 
vation law (25). with 'a potential of the form. 

' * UCs) = A + Bs^ + s^(s) 

where B > 0 and •i:he derivative P' exists and is "boimded. ^^ake 

■ . r^>^(s) = A +=^Bs as an approximation to U(s) near s = O . th^ 
;\^^?'''''arclen^h for the motion under the potential U be given by ^ = 

■ . Sunder the potential W by a = ^^Ct) . Show for- small anipli'*^Me ^ 

oscillations that a and s eire close together for the lialf -"'^ycl^ 
beginning with the initial, states 0(o) = ilr(O) # a > 0 ; 5^'(o) , = ^\(^) 

- The initiSl condition prescribes equal amplitudes for the two .^otJ^^/. 
■ -assuming . U-(s7 symmetric about s = Q • - ' ' 

^Yifom, (25) have* for/ the-" twoA 'motions. . / 
(i) : (f|) ;= b(a^ s^) + a3f(a) - s3f(s) 

where b — and -f(s) = F(s) . • The motion (ii) is ti^at Cft a .^?4i^le 
harmonic oscillator . ^ 

. / V V ' iJ cr = ct cos t . 

. * JPo show that the 'motion (i) is approximately the . same as Cii) t ^^se 
Law of the VLbbji to es1:imate the exSca term, as follows. 
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where 
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g(s) = 



1 oPfCa) - s^fCsr^l^^^^^^^W 



bCo: +• s) o: - s ' " bta + s; 

where ^ Is some niamber be-tveen a and s • Specifically, • ' 

' . g(s) 3i^f(i) iffni) 

where 0 < a < | < a . To make ig(s)| less'-fchan some positive e , 
phserve that f» and f are both bounded " (f is continuous), hence 

■ ; <«^(3|f(l)I + a|f.(0!) ^ 
< 

where M. is a positive constant independent of E . Consequently 



S(s) < 



b(a + s) — ba — 



provided we ta^e a < 



eb. 



^ = IT • t^^^ I ^ < 1 . ve liave 



to, *an«i fix 



'ally we -bake, a no smaller than we have- 



• ■ -/l + gCsJ < 



and 




VI + g(s) > A - |g(s) I > VI - 6 >.l .- € .** 

In either case, [vi + g(s) - if < e . "It follows tli^t ' ' ' 

ClV e)^(a2 - s2) Aca^ . s^) [i + g(s)] .fi ^J^{^~7) 

where the central quantity in the inequality is - f|- from (i).'^ 
^ , dt ' 

Ltegrate and invert the relation between t and s . to get 



(ill) 



a cos (1 + e^vS" t < s < a cos (i - e)y^ t ,. 



Since -cos is a continuous function it is clear that a wlJLl approxi- 
mate s within any given tolerance provided e is small enough. An 

95^ oo \ 
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estimate "of the dif f erence ' is easily obtained by the Law of the Mean: - 

a[cos(l + 6)V^ t - cos i/b t] < s - cr < a[cos(l - €)V^ t - cos t] 
vhence ' 

-ae -/b t sin ^2 < - cr < occ t sin 6^ 
where |^ and |, define the appropriate means. It follows at once that 




Solutions. Bxercises 12-^ 



Show that if K = "o in C2) then the trajectoiy is a straight line* 
information can you o*btain J5*^di*(7) ia this case? • 



What 



Prom X X X» » 0 ve conclude that X and ~ are collinear. Thus aH 

at 

tangent lines, to the 't«^ect6ry pass through the origin* Prom the- resxilt 
of Kxample ll-5fi) it follows that the trajectory is a straight line 
through the origin. In this case the potential take's the simple form 

|p'^ + V(p) = E . 

Consequently, if V is continuous, a particle in tliis case may reach the 
origin if its energy is great enough, unlike a particle subject, to (7) 
with K / O • 



Use (7) \or (8) to integrate the equations of motion for an inverse square 



force. /(Hint: Replace p by R 



Take 0(p) in (6) to obtain 



V.(p) = - — -»> constant 



How, with R' = — , (8) becomes" 
P 



2 Vde 



whence. 



where 

the solution 



2E a 



and we.msiy suppose' C > D 

e - 0Q = t arcsin ^ (R -'^) 



This equation has- 



or 



R * -r^ ± :C_3±il-.(0--- -0-.')' . 

. ■ ■ ■ . . ■ xhsar , - - 

This solution can be put in the' Pom (IS-) by taking p ^ mK^C , .an(3 rixing 



as TT^OT 



^ *or ^ according to vhether the sign is plus or minus, 



^ . Verify that the semi -minor axis b or the KLlipse (12) is given by 
b =5 . 

Put (12) in the Torm • -V 

Osp mK^ - cos 9 ^ . ' ' 

• to ob-tain the cartesian equation 

• ^whence, * - ■ ■. ^ ' ^ 
In\^anonical f orm -this "beconies : ♦ * 

from which the result follows • - 

v; ^ . , . : ^ ■ 

. Alternatively^ maximize, y p sin 0 Observe that 

dy d r mK^ si n e 1 - * ' ^ ^ 

• " = de l a + p cos- e J '^^^^^shes if and only if the numerator of the . 

\. derivative vanishes; . that isy 

(a + 3 cos e)cos e •+ p sin^ 6=0 
or V / " 

a cos e. + p = 0 * 
Set cos © = - ^ in the expression for y to obtain 



from vhlch the resxilt follows- 



At what height wlH a satellite of the earth have the same period as the- 
period of rotation of the earth about its axis? A synchronous satellite, 
would be placed at this hei'ght. For the acceleration of gravity- at the 

surface of the' fearth take g = 980 and/If oir the radius Of the earth, 

Q -sec * « • 

/^•37 X 10 cm . . • ^ • ^ ' 



It is implicit in the problem ^that the iieight is constant: hence the 
orbit is circular arid tHe ' Equation; < 12) of the orbit reduces to p = a". 
The speed of motion v = ai9* is then given by (15)*:, 

* - . ma * ■ A • 

To determine • a uee (17) to 'obtain " i 

<lli) -q. = GMm ; ' 

where m is the mass of the earth, glnce the. acceleiTation of gravity g> 
is known at the surface -of the earth. use Newt^*a Second Law to get ; 



mg - —Q 



, ma 

2 



where' c is the. radilt^ of the earth- Thus; GM = e g .. . Use -this resiilt- 
in (iii) ,and->4ii) to ohtain /" ' 



2 



3 . /* 



0' 

Since 2jt radians ' are/ covered at constant .angular, speed 0' in 2h hr. or 

' 2jr ■-• . 

r psr sec- Prom the given data 

S,6h X lO 



2jr 

8.6J 

then, 7 • . 

a as X 10^ cm. , 

and the he?ight 'feibove the isurface^of the earth is 

■ ' ; • ' ' • a - c s 3*58 X 10^ *cm. , 

or Approximately 22,000 *mil^s . 



5. 




12-h 



6: 



What- is -the. ea^pe^nrelocity "from'the earth's sij^ace? 

2S 



Prom the teact, -^ij^-escaipe velocity is ; / — vber e c is the radius of 



^the. earth. ' Proni the ^^plution oT the precediiig problem ~ = c^g . Con- 

. v - in ^ . 



.^equently the :escape vj^locity is 

■ > . .. 



2cg » 1 • 12. X 10 



6 cm 
sec 



r 



from .the data given in Uumber a spe^d of ahou^25,00O miles per hour, 

^Consider 'a. satellite in a . circula^^ orbit about the eeirth. Its retro- " 
rockets are ^ired briefly so that its speed is reduced but its direction 
of motion and position are changed -negligibly. Su]pgpose the change of 
speed is Just enough to 't?ring the .satellite to the earth's surface; 

. Without^ air ;^ resistance^ what niust the change in speed be and" how long 
does^ it* take, the satellite, tO; reach the earth after the»^etrorockets are 
fired? • • / 



At ^he moment the satellite begins its . . 
- descent ii;s velocity is j^zpendicular 

to its position vector referred to the 
. center of the ea^^th ^(see figure) . 

Therefore ^ O and th,e satellite 

must be at. one end of tl^ major axis 

of its elliptical \raject03nr. Under 
V the condition of. "the probleri^the other 

end* o^ the major axis, the poknt of the / . • 

orbit closest to the qenter oS the earth," must be at the earth's surfaced 

Tbjis -th4. time of descent^s >lalf the ^period for the eOJLip^ical trajectory 

.3/2 




ahd is given by (l6) as . IT = 5- = 
the" earth is h -and 

-From (15) the" velocity' in t^ie circular orbit' is- givezi. by^ 



2 2^ ' 'a • the height of the circular 

'orbit above the" earth is h -and the radius of - the earth is o , then 
a = I -K c 



a 



Ibc^jt^' 



m(h + -c) "^^^ initiation of the elliptical trajectory by 

2 2a a acre ' • - 



v_ = 



m(h +. c) 



ni(| + c) 



m(h + cj{h + 2c) 



From tlie solution to Number h take 
descent 



or = - c (gm 



to obtain for- the time of 



T. = - ^ 



3/2 
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and -the change In /speed 




If ,li is small rjelative -to the radius c of -the earth.- as ±t ±8 • 
'for inaimed. orbital fligh^ at $his writing, then to a first approjcimation. 



*^ ^ r %y ^ ^ " ^O-^^ c • Thus, vith-ra slight correction for 

altitude, T « 21 min*^ , ^ 

■ \ ■ " ■' . • ■ ^ ■ ' ' ■ •■ . " ^ 

* 7*, Prove if |x = O in (27) the motion of the spherical pendulum reduces to ^ 

that, of the circular pendul-cm of Section 12-3* 

^ » ■ . <t . . . 

* . . ■ . ■ ■ .. . ■ • ' 

■ ' ' . : - ^ ' ' : ^ •■ * . 

If ii = O , then (27). implies 6' = 0 'unless' r = O f or ali t . V 

: Consegu€ntly> the motion is •confined .to a vertickl plane - B • 

. , 8..; "Pnder what conditions is the mair^m7m value : equal to. the mlnimuia 
. 'yalii^ 2^ ^of z jPor the motion of " a spherical pendulum? Discuss the 
- motion in this case. < ' * / 

111 this case 2 is constant and the motion corresponds to a stable • 
• . ] _2 - ^V-:^- -'^: ; ^.;":V 

, equilibrium fojr (29). .This will otcur when - - ^ .is the. mininnimi valu^ • 

of toe potential," . \In this case. x. = ."z - X is. abnstant . . Hence/ V.^ ^^^^^^^ 
' \ * from. ( 27) > ® * = V pairbicie irifaves arcnima^vt^ circle in, the .horir ' • 

. _ :/ zontal plane 2 ^2- at constant speed J • / . :/ 

■ . ^ -r"'*" n--*- ^ ■■*•, ■ . -^"^^ - ; . - . • / . ■■ 

I ' ' ' '■' ■ .\ , . , ■ . .'■ - ' '. ■ -.^ ■ • - ""^ ' r ~ 

. . " 9- Whatsis the motion of the pendulimi when. 2 = 0 ? (Hintr^ •Ekjxxation (29) : 
is -not convenient for the study of this motion) . 

' ' ' ' -"^ ■ ' ■ ' ' ■ -. ■ . : v-^ 

. Prom (24), apgular moment^um is conserved and the motion is planar... . Set 

• ' Xx^X* and put K = (0,0,k) , X = (i cos 0 , i sin 0 ,£>); Then 

j^s©' = K • .Thus S' is constant and the particle moves on a great cipcle;-. 
wi-^h constant speed. , . * " 

- ^ • , ■ ■ . * V * ■ 

-i. ■ / . ■ ' . ' . . ' 

^ iO* Determine the magnitude of >the force of constraint XX in (22) J ; 

■ • • y -'. ■ ■ ' ' . ■■ ' ■' ' ■ "' ' ---^ ■ • 



^'-iFrom Bewton*-s egua-tion of motion (22) 
^. whence, ^ ■ [ ' ■ 

1^5-1 2 



Since Ix J . is. constanl;, x" • x"* = O and. this, equation hecome^ 



2 2 



where ^v.!=^ |x«'} .. ' Consequently, for the constraint force "n =,\X , 



'2- ' ■ b ■ 

Also,; -v - ■ may be taken from (23) , * v = -2gz + 2k to give • 



-V* .';'-^ - ' " Sol,utions Miscellaneous • Exercises " . ' 

1^ .-.-Show that an.; object thrown with an -upward '.cbmponen-^ into a .ypfgi R-h iT>g ; 
\ ^a.-laiiosphere;"iiiust^^ come" d.own • to the "same level at .a speed -less- tlgian its: ' ' 
.initial speecT. ■ '/^ * ' : . ■ - '. ■ / ■ 

. A., force of resistance, .oppose^, the motion. ' Therefore it ha:s" the-^f orm' 

where R >. O . The particular form of the resistance coefficient as a 
function of t X , X', or .whatever, 'does not. matter. From Newton* s 
-'Second Law • " ^. 

(i) . .. n^' = mt - IK**. 

^ Choose coordinates so -that = (0,Ow-g) • Take the dot product with X» 
^in (i> and integrate from t^ to , where t^ - is time of retxim, to 



. . " t^' » ' ■ ■ * ■ 



where- Vq and .v^ are the initial and te;j^naIL speeds, -respectively. - 
Since = '^o ' "^^^ integrand is positive^- the result follows at once. '* 



2^* (a). '::Ero3re if* -the angular momeirfcum ot par^-cles ,is- TOiiserved -lihen the 
." force is a central*^ force. ."^" ••'^ * ■ \ 

By hypo-thesis^ ■ ^ " 

. * .'■*.' ' " • ■ . . ' ■ " - . * 

" vhere K . is a . cons-tant vector^ Diff eren-tia-te with 'Tre'spect to' t 

to obtain " - n : . 

■| ■ ■ . . ■ ^ - ■ . ■ * ^ - . 

' from which it follows that X*' is collinear with X . Hence the 
' i;et force F.= naX" is a central fo?Pce/ . .. /- ' .- - " 

~(b^ Prove that a parti cite, obeying Kepler's f is subjerrt 

.. ."^ to an inverse, square force*.".' ^ • 



-. . . From. the. law; that equal aoreas are swept out in equkl tiines we know . 

} ^ . that angular.: moment-urn ia conserved'^aad- by PArt (a)* the force' is^a - 

.- central force." Since the .path -is ellipse with^ a focus, at- 
' ^ ■ ;..\'o.rigin we hiave; f or the equation of - i;he -oi<Bit in'polar form- \ 



Ci). . 



p. = 



A B- cos: e ■ . • ; . 

.; -:■ ■- ■ :■ : ■ . ■ - / ■'■ • \ ' ■ ' 

J^.- Si^ce the, motion is plane > talce • - X = pCcqs-S ,sin 0) and ot-fcain 

■ = p«(cos e , sin' e) +- 0e^C-s±xv e , cos e) . ■ ■ ■ •, 

Since consejrvation of momentum :halds,. liquation (5) of ^^^^ 

may be applied; thus take ' • ' , 



(iiV " '©'.^ 4r 

and ob-bain ' 



2 * 



X» = p»(cos e , sin e) ^^-slii 6 y cos e) ^. 
Hpw djgf e±*entiatet again to get"^^ 



^' = (p" - ^ eOCcos ©, sin 0) + (ptet..,^)(Ls±n 0 , cosS) . • ; . •• 
-Apply -'(ii) again" to find' x .; ■ ' 

. .•; • X*'. •=- (p" - ~)(cos 0 sin 0)".. . ■ , . 



o 
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I"t follows 1:Tia1r' the -cerrbral "i'brce • • T is de-teimined -"by x[ where 
XX. 

|x| 



• P = ^ n^' , so -fchat 



(ill) . . . X = mCp" . . ■ 

■ •. ".• ••' ~ . - P \ ' • • 

In order, -bo calculate lF\ r f^rom (i) we mus-fc cliaage the time derivative 

- ■ ■ " » , * * 

in (2) 1;o a deriva'-tive wi-th respect to 9 . From (ii) 



Difrerentiate • again and apply (ii), as follows, 

ptt _ -KO* ^ C"^) = - ^ ( ^) 

. '. . .'^ . ." : ds^ P ' ^ * ■ ■ . 

V . Enter.. this i-es^ 

Formula .(v.) may also be obtained by putting the. expression*, (i^) .for . -.p* • 
;^ in "Equation (?) of Section 12-11. and differentiating with -respect to p • 
From jFormula (5) we. can. calculate the .central force given any* orbit. In 
particulari^^ f or. the orb it (i) 

... A- — "* 



2 ' • ' ■ 

^ .' \ ■■ >■. -:■ ■.■- .■■> 



which is the inverse, square law^ 



Show how the electric and magnetic field vectors E and • B of Section 
12-2Ciii) must be modified to. Account for the motion of a charged piarticle 
:;.in a coordinate frame which moves in translation ^th respect to the 
inertial frame with constatnt velocity u . ■ . - ' \ . . . 

■■ ' - " . ' '...'5 , ■ . ■ 

Le,t the position vector of the particle in the. moving' frame be " X • 

Then ^ ^- , • ■ - . . ' ' ^ . ■ ' " 

/ . \ ■ - dX dX ^ . . . ^ 

■ • • ■•. dt- = dt->^ 

•and, .hence > • ' . '. '. " '. - 

/. .. ' d^ d^ . •• . . . 

-.2. - ..2 • ■ ■. , ■ ■• • ■ ' .■ 



Kewtbn*s Second Law in -the movi ng tranie ,is^ -tl^ the 
form ^ 



■■((ii):.;.;; . ••■ 

.^Further, from (i) 



. ,dX 

m = qEE.rf-. (— - u) X B] . 



.dt*" 



Where the initial position of the particle (t = o) is talcen at the 
/ origin in hoth the moving,, and- the inertlal frames . From (iii). we see 
that the motion may. still "bev resolved into straight .line and circular 
comgponenxs with the vector -tu added to the linear component . Since 
the circular ccxi^jonent of tlje motion ' is unaffected the magnitude and 
direction of the. magnetic vector B- shoxild h^. the same in the moving, 
frame as in the inertial firame, C3onsequently, the Lorentz force.in\the 
moving frame is. expressed in the form of Ci) hy 



dX 



d-b 



where the electric vector E : and magnetic- vector ■ B- . 
,.the moving frame. "by 

E -= E - ^u X B , B =.B 



are defined -in 



ERLC 



The path of an ..object attracted, hy a central- force is a circle and .the^ ^ 
.center of force is on tke circle. Show that the force law is an inverse' 

\ f^th power la-sfpl'^ ^ "5" show that *fche spee?d is proportional" to ■ 

'1 ■ ^ ■ - . ' ■ ■ - ■ ■ 

'Choose coordinates as indicated in 
the accompanying, figur^.. If the". 
radiu-&--<>r§kthe circle is a , then 
" .p = a sin , and 

. .^X .= p(cos 0 , sin 0) ^ 

= a(sin 3 cos 9 , sin G) ^ 

. = J(3irk2e ,1. ^ cos.2©) / 

Now differentiate twice to ohtain ' 




Ti42 



- yr = a(e" COS 20 - 2e«^ ai^ Ze , e" sin 2e + 2e'2 cos 26) . 
^- \ ^ - "^>^^J7 then 



ma 



sin e 



{0" sin 25*% 2e«^(cos 20 - 1)1 



or 



i 

(ii) P 2nia[e" COS 0 - 2e»' sin ©] . 
. Frcsa (5) of Section 12-lt, . 

' ■* 

(iii) 0f = i|. - ^ 

whence 

Since ,p = a s?n G , and; with the lise of C±ii) ,. get 



■p5 



cos 9 . 



Enter, (ill) and (iv) in (ii) to get 



Sin e - 



Siflce cos^ 0 = a^ - a^ sin^ 0 = a^ - p-- and a sin 0 = p , this 

■jrields -- ■ ■ ... . . . ■ . , 

Ikna^ 



M. = - 



p5 



Alternatively, user. (v) from the- solution, of Kuniber 2(b) to get 
directly ^aiKj so. obtain the inverse .fiftlKpower force* . 

?or.tlie speed observe from (i) and (iii) that , 



P 



Which is the desired result. _ • ' ^ • 



5- (a) Let -the path of-^^-^paxticle given lay* X = ?Cs) where s ia.. 

arclength> Define the tangent /t and principal- normal ' n hy 

■ t =a r*(s) and ^r-- Kfi where the sign of the curvature is 

;• . — ■■•^ ' ds " 

nonnegative (as in Exercises il-6, No. 19.) . r Let- v = — and 



•dv 



a = be respectively, .the speed and acceleration along the curve. 

Show thaf^the force ph the particle is -E mdt m<v^ n . ^^""""^ 



For the velocity and acceleration vectors we have 

■ ■ diX ' ds dX 



dt 



dt ds 



= vt 



and 



.d^ 



dt 



dv ^ ^ ds d^ ^ — 2 

dt dt ds ^ 



from which the xesrilt is immediate , 



(b) Use the result of Part (a) to. derive the inverse fifth power law 
in Nimber 4, 



Introduce the central angle 0 
as a parameter • Thus 0 = 26 
where ' 6 is the paranfeter = in 
Number 4. We have from s = a0 

^ =- ^ dt = 2^ dt - 

'2 • 2 ' 

a = a ^ = 2a ^ . Use (5) 
- d-t ■ dt 

of Section 12-1^: -to ot-bain, as 

in Nutaber ^, ■ ' 




Then 



d£_'_K_ d^e 



cos 9 



V = 



2aK: 



cos e * 



Since ' K = — and t 
a - 



n = O , we have f rom*^ - [Fj = ImX*' f 
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. ^ I6m^a^^ r 2 ■ 2 2 ^ t 
- — : [p a cos e] 

• ' lorn, a K : 



10 

P 



/ 



o p ' P • ^ 

^ where a-t -tlie last: step ipixt p = a sin 0' in the br^cke't>% 



•7 



result agrees with Number h 

/consider a rocket which is to lift a payload of mass M- • De-fc^^Uti^^^ ^tie 
y amount of fuel relative to payload necessary" to reach escape veloci**^ 

^ one minute from the, earth given an ^xhaiist velocity v = 2 x* 3**^ 

and- a constant rate of fuel coii sumption* Ueglect air res istan<^^» 

In the noiSation of Section 12-.2(iv), the time, to reach escstje veloel-^i^ 

is t = =^0 sec. wherie m^ 4- 14^ 5^ • Prom the soluti.<Dn 
Exercises . 12-2, Wumher 2(l^>, Equation (i), -when the fuel is'to-t^^ily 
sumed the velocity is • 

\ \ ■ ' ". '. ■. c ■ . ■ ■ * m., ■ ■ ■■ 

CD- V = -gt -+ V log (1 + ri) . 

..... ^ . ■■ ^ ■■■ ^ ' 

Take -the escape velocity v = VZcg ~ I.I6 x 10^ -2L from t-le spiii-fci-Oii 

sec ^ 

of Exercises Ifumber 5 to obtain ^ ^ ■ 

The da-ta given ai-e approxima-bely thbse of the German V-2" ro<d:e-b^ of 
World War XI. 'The "best that can heT done to 'reduce the ratio of ^\iei 
to payload by shortening the time (take t = O) yields a ra-fcio <='^.ab^1: * 
3'3^ • dearly, the way to great ' improvement is to increase* tke ^xha'^^l: 
velocity. For- this the combustion chemistry of the propellent t^^cora^s" 
an important factor* ■ Z 



Teacher* 6. Commen-bary 
Chapter 13 

Mui4iiM:cAL 'ahalysis 



TCl3-li Introduction, 



The purpose of this chapter is not numerical computation as such^ hut 
analysis of algorithms or methods of coniputation,. The ability to compose 
algorithms for electronic computation is a skill in great deinand nowadays • 
As the mathematical,, scientific, and -eechnological questions ve ask* of com- - . 
puters prohe more deeply, the standard routines of the . programmer hecbme less ' 
adequate ani^ analytical &kill plays a much 'larger role • In sparing us the 
niental ^effort of mechanical arithmetic electronic computation has .given -us. ^ - 
more -time to devote -tip non-routine analytical (questions, hut it has also 
given rise ;tb a^ wealth of new arwl srtical problem^.. ' . 

^ ■ Time- sharing systems make computers available to a growing number of . 
students (sometinfes as early as si^cth grade) for their lengthy 'calculations - 
^ writing their own programs, these students are' developing analytical "in- 
sights formerly undeveloped until the undergraduate -years.* •* 

.The central section of this chapter is Section 13-3, Taylor^ s" Theorem 
' with Remainder. It shar|)ens ideas developed earlier' in ^he text and it is 
invaluahle for future applications.^ Taylor's Theorem is undoubtedly the 
s ing le most important method of error estimations . ^ ^ ■ 

Many of the numerical examples and exercises analyzed in this chapter 
stem- from earlier discussions (e.g., compare Section 8-6 C^lS) vith Section 
13-^. (l6), or Ebcercises .6-M, No.' 11 with^ Section 13-4 (9))v 



Solutions Exercises I3-I . 

(a) Obtain -a method for computing the square root of ;a positive mmiber 
tCL within: any prescribed tol^ e . -Obtain "estimates to 

detejrmine at what .stage the process may be brought to an end. 

Cb) Us^^the given method to obtain -/f accura-fe to 5 significant 
figures-. , . " . ... 
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There is no end of possible answers- to this question^ Here we give 
two sophisticated methods, first the scheme commonly tatight in arithmetic 
coxLTses, next an "original" scheme. This problem illustrates what may he 
involved in calculating values of the square roots , for the evaluation of 
the integral. I. in Equation (l) . . . ' ■ 



Let s 



" he the "best" lower -estimate .to to' j + 



significant 



figiires; that is, :s . . has the decimal representation 



vhere O , and mis-t sa-bisfy -fctie condition 



Now suppose we" wish to detiermine. the hes'^fe^-ldwer estimate to one more -place* 
We regaire .1 . ' 



Hence for r. = x - s^ 



we must have 



(i)L 



Thus . a 



2a. 



j+1 J 
must satisfy 



or 



(ii) 



- 2s 



In the - light of . (ii) we- try lo 



as a candidate for' a 



J+1 • 



If this "figure is too large to satisfy (i) we try 'the digits in descending 
order from until we react one which ^satisfies -,C3L) • 



. The error Vx 



i^igh stms 



is les s • than ; 10* 



and we need only take 



enqjigh^t^s to make 10^ "'^ <e^or j<k + ^^^^.qC^) • 
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■ . • 13-1 

• '. • • • . ' * 

" Wb exhibit the . usual way of ' layliig out^th^. ccanputation for -i/f ^ 
Heduiidaiit ^ero digits are omitted. If is easily verified \f x * is ' " 
written ill "base^loo that repreisents the hest lower decimal approxi- 

mation to Vx^ wherie - x^ . is taken as x to five significant figxires in 
base 100 • Thus tiie computation Us arranged by groul)lng' the digits of x 
in pairs as though x . were ws^itten to . ^base 100 : In^ the following 
labeled computation , the symbol C®o^l^2 represents decimal place 

nvuneration^ not a product*. • . ' 



a^ = 6 



. a3 = 5 • 



7 
h 

3 , 00 ■ 

-3 00/ 
2 76 



OO OO 00 00 



■ <r 
2i<- OO 



- . I20a^^ + b^lb^ ' ""^i > ®i ''^^ again 




^0 ' ^1., = ^ 



[20a, 



[20{aQa^a2 3 + ^3 3^33 
^3->.-V=M=T 
[20CaQa^a2a3) + b^]t^ 



Si. 



This yields = 2.6^57 ' . - >: ' ,- :• 

For -bhe second me-thod, let be the first signigicant digit of 

for 



^ < 1 ■+■ a^-". ', Set A = — 



10 



2151 



as above. Then 1 < a^ < 

-VT 10' 

simplicity. It is /elearly sufficient for the approximation to -VS" / 
since we need only multiply by 10^^ approximate" vSc to the same 
number of significant figxires. Take whichever integer" a or 1 + a- 

"C/hi^h'has the closer, square to ' A and denote it by. z- ' . Set 

' . * • " ' ' ■.' 1 ■ 



where for the absolute error -we have 



oc^ < 1 • Now form' the k-th power 




' ='j- ^ 2 ^ J ' Now • set = ~ . -We have^ . 



Note tlia-b under the. conditions on A and z-, , vS^ > 1. knd : > l..' v 
Since -tjie bino m ial coef f Icien-ts are* natural ntaabers; , bentfe no less than • 
U , i-b fellows tha-t q > 1 - Since oij^ '< 1 It rollown from (i) that 
the earror can^Jbe'^^^ade li?ss "bh^ aiiy giyen tolerance >y taking -li siiffi-' 
ciently large * . . / -i^-; , ^ ^ - 

We would like a. rougji estljna-te r<>r; t^ so. that 

. /We may determine k . It is ^pbrtant' to reeJ-ize that" the^ effort of ^ ^ 
•justifiying -an . error ^tlinate rigorously may he disproportionate to the^ / 
end achieved. Here we: use a nonrigorous ^appi^ a rigorous esti- 

mate c^'he ohtain^ so . the initial lack of rigq^ will not weaken the 
'^cqnclusi^n. Suppose z- 'is a reasonahly good approximaUlon i;o so * 



that 



7t . . 



The sum in this expression is" the sum of every- other hinomial coefficient 
so ve guess that it is eEproximately half the total of fTi -the hinomial 

• ;■ • . • -■" ■ ■■ -•• • ,. .gk • ■■ ■ - - ; V ■■ : - . ■ 

coefficients, that is, ahout (this is aetiially the exact value of 

the sum). Thus ve ohtain q. ^ (-Sv^^""^ and hence from (i), . 



149 \ 



Now let- lis' applyj;tlie , method to* calculate, -/f . Take = 3 . From 



2. 
"1 



tJonsequently, . cSl = 3 - /f = ^ and since -/f > 2 ' .• . 

(iii) ■ . - . . " a, i^ . . > ■. - \ 

Note also from -/t ='3 - <\ that ^ - ' . ' . ** • . 

^^p^GTt thB.'j^ Clii), and (iv) in (ii) -bo get the conjectjui-ed - ^ 

ihequality , " \. , 

•" ■ ■ "■ ' . ■ , ' ' ■ ■ ''".iif." ' ' ■■' " ■' ' - ■ ■ - . 

• We wish vtG. malce;_- Q^ .less than . 10 . * and ^6m our. conjecture- this will - : 

■ ■ ' :•■ - . : \ ■ -p^ T .■ . , . 

- occur if k" is sufficiently large to make ., < . This last 

. -•■ : • ■ ■ 5 T lo 

inequality holds first for k = 5 .Now, we ohtain p^^ and q^^ from 



namely^ 



^5 



3^- + 10 X 7 X 3^ + 5 X 7^. X 3 = 2868 ; 

>>x 3^ + 10 X 7 X 3^ + 7^ = 1C584 . 
• ' ■ * ■ m , 

From this i-esult and (iii) we obtain for the ahsolute error in (i). 



It follows that . ■■ - 



5 ^5 



approximates . ^ aScurately^to five s^piificant figures. 



2. The i.dea^ of using iUemann sums ,.tp approximate ' the, integx-aX, I giveli hy 
^ Equation (l) has ied us into-rormal complications. In such an approxi- 
mation, the integrant is approximated t>y piecewise constant functions*. 
. Use a- little more ingenuity in approximating the integrsind and ohtain 
upper* and- lover estimates for * I (Hint: note that 

I ' — "" - = I and use estimates for cos and* sin 

J X 7cos ^ . J P VsinT^F^ 
obtained from Example 7-5 ("b) .) 

a - ^ _ ^ ^ . 

Observe that " • ' 



Jo*: •VCOS ^ J O 



d\|; 



Vsin^F 



and estimate, the two integ;rals separately. Since 0<\|;<^<l've hAve 
from the results of Example T-^h^ - - - " ^ r 



2 ii- 2 2 

cos <i - :!L. + |jj.<i - + |. <i . ij^' 




Coupling 1}his with the lower estimate for cos a|f .we have second degree 
estimates for cos ^ , t ' 

(ii) 

Similarly J, with ' _ .. \ 

ft » - . ■ ' 

' /. 3 - ■ . ■ . 

sin > )jr - ^ ^ y : ' ■ - * ■ " 

' ■ V ■ ^ ■ .. ■ ■ " • ' "■ - ^- 

-^we obtain first degree estimates ■ for sin ilr ? ^ . 

(iii).:, ■ - -g- r < sin ^ .< Tjf . - 

' ■ ' ■ ~ ' ■ ■" '/ 

IJext, -integrate, from ^ 0 tc^ -jj ^n (ii) to obtain tlievestimates /Tor the 



iMex-G, ^n?G,egra-Qe. xrom ^ u -jjt ^n {:l±} to obtain the>estimates /for " 

secbxjid integral in y ~ . ' . , ^ ' ^ C--*^ 

/ 11 -it/ 25: < ^ -^== < ^ 

• s . . ^ - -J 0 VCOS Tlr ' - 



arcsin 



Sacrificed a' /little in this inequality ^by ..using the; inequality for' arcsih 
derived from /iii)- - ' " * 'y- \ \ - 



Vcos T|r 



For the second integral in (i) obtain on integrating rrom 0 to ^ in 

•(.iii), *■ ■' ; . ^ 

". * * f 



Jo -/sin t ^ :? P 



' Add ( iv) and ( v) to get 



4' 
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.TCi3-2. T-tera-tion . 

^ ' , ' A gedmei^rical picture -.of an liberation scheme may' help make th4 id^ more. 
- intxiitl ve ♦ ^ . \ 



y - 




Jigjure TC13-^a 



Draw; the y = 0(x) sgid y/^^ x Ct'igi^ TC13i2a') V ^ 

^ ^^0>®1^ '^^''^^^ r^l " 5^^^o^ -proceed^ horizontally' to the graph = 'x . i:heiiQe 
. /-yerti dally to. tl^e -^graph, y- = 0(x) and repeat the . procedTire a^ in ' - 

figure. 'For an ^ItezrnatoJis' sch«^e (Sxercls^^ IIbV'2) the .geomet2ricai- 

^' ' jpro.cedure follows a splrarlT (Figure TG3:3-^"y) ' " : ' ^ * 



(a-L^Qg) -'V • — 



> eric;:? 




^^^^^^i^y^-V- V - - - - 



. 'The proof of .Theorem 13-2 reqdires the Least Upper Bound Principle .(Appendix 



Solai-blong Exercises 13-2 



Devise, an * 1^ approximate VK tor emy positive. A • . 

Show iiow to cTitrose an ini"iial estimate for so -tha-t the scheme con- 

verges sSod verif^t^^fcfaat theV error can "be "broiogh-t.belo-w any given. -toleraiice, 




. 2 
TJse lfewton*s Metljod Jt or "the solution of f(x) = x - = O , namely 

^ 2a^ ^ 
1/ A V 

, ' . = .. . . . . 

If = - Vk then . ' 



2 



If > 0 it f ollovs that 0 < ^^j^ < ~ > thus the error is cut 

leasts in half at each stage.. To/guarantee convergenfce it is there; 




siaff icient to talce a„ The scheme is then monotone, that Is, the 

'.dfeecessive iterant? decrease. Now, for a more accxirate idea of tab rate 
of converggace, suppose 'that .a, is an upper estimate for t/a ,acctarate i 
to n . decimal places and < A /.remelaber that a^hift in decimal point 
in . vS" amounts to the rgpjLacQmegjg • of A toy lOO'^A so th^ inequality 

^A > 1 is not an important restrietioh^. ' Ua that ease. O < e^^ < — ^ . 

'Consequently, V : . 

. • ■ ■ * . ■ . • . ■; . ■ ' . • ' ' • • • ^ ■ 

■-*..'•■•■• ••. -'^ .. '■■ ■ ,.. ' . ■." a .' ■ - :. 

- .Thus 'thie-. nimiber of accurate decimal places is at least double^ at each. 

',- i-teration* ■.' •. •■' ■'' •-' 'v'; ■ ' ' -■. ■' _ ;. 



i54 



13-2 • ^ 

^2. . (a) An i-beratlon, scheme is called alternating if the error phaxx^s sign 
each it«fation»' Since any two consecutive iterants (approximate 
the solution from above and below, the value of an alternating 
scheme is that it permits an estimate of the error without a separate 
error analysis- Find a sixfficiTent condition that' a convergent itera- 
tion scheme be alternating. 

Let a = ^(a) be the solution of (3) to be approximated. - If the 

iteration scheme C^) is alternating then f^ii < o . But 

• " . - ' . . ■ .^^ ■ ' • -. • • 

where lies between a and a^ . Thas if ^ has a negative - 

- derivative in some neighborhood of a the schemes alternating if 
the iterants. lie in the given neighborhood. 

(b) Construct a 'convergent alternating scheme for calculating Va , 

Consider" f :in (3) of the form f :x->x^-.A to- obtain 

• ■ 5zj(x) iv + ctx^ - A) . - ; 

In order to guarantee convergence, in a nei^borhood . of -/K require 
-1 < 0^(t/a) < 1 , and jfco make the scheme alternating, require 
0*(vS) < o . . From the two. conditions , on 0'(i/a) obtain 

■ . ' ." -1 <1 + '2cv^A ■< 0 ■ • ■ 

or" _ ■ ' " . ' ■" ■■ • ^ . 5^ • 

. Cc) Use the alternating scheme .obtained in'.Parli' Cb) to calculate 
^ accurately to two decdbial places - 

From ti; ve wish- to .choose ;, c sQ as to: satis^ , *-.r 

■" . ■■■■■■ -'1 2- l". ^ 

. ^- For 'rapidity of convergence we would like to be as close to the 

lower value as convenient. Thus. we*-choose ' c^^= ^ and . c- - — . 
For in (5) given, by .. . f :- x r-» x^ - 3' / and . gCx).- = c , the . . ^ ■ 

. iteration scheme is then ' - -. .-' ^ . > • " - 



'-.V^-. ' • -.. ^ " ' \ , ■ ■ ^ . 

: : Obiseirve 1:ha1; 0^(x) =1 - 3^ - ^ ^ \^ 2 • Take -the iio^L-bial 

approxlma-blon as . = 2 * From ^^j^ ~ ^ 3" '^^ ^ ob-tain 

successively a^ = |- = 1-5 > ^1 = f ="1.75 = |j = 1.729 ..... / 

a|^ - 1.732 ... . Since lies "bei^ween and a^^ we conclude 

that, -/s » 1.73 accura-fcely -bo 'two decimal places . 

Ob-bain an i-bera-bion scheme for ^^i/K , demonsi^ra-be convergence^ and 
es-blma-te -the error in the lc--bh i1;eran-b. 



Use Wewtorfe Method ?pr f(x) = x^ - A = O • Then 



n- 

nx 



l^ A 



= (1 - i)x + =- . 



nx- 



Se-t a = . Then 



• ■- ' ■ (a^ - a ) • • • . 

-.- : ^ - - ^ n-l - - 

■ - :■: ■ " .'■ ■ 

Now^-Vfi-om the :tangent approxima-tion. Section 5-7, -"we hstve 

(i±) : . -. -a - 

■ : ■ '•■ ^- ■■ ■ -■ ^ ^ 

where < W^(a - a^) , 1^ "being an upper TDound on — ^x ) for :^ 

<sc 'betwe'en a suad aj^ . Enter (ii) in (i) to ohtain . ' • ' ^ - 

1. 1 ^ — ^<n(n > 1)§^-^ , 2>^ Cn - Di^i -2 • V . . 

> 'nc+a' n-l V : - n-l — n-l \ 

' ^ ■ na" na 'a. ■ ■ 

for = maxCa^^a} ^ (we may assume '^^^ O ^ince^all iterants will be 
jhpsi-bive if - a^ > O ) . Since we expect t ^ a the bound on I ^3^+1 -I 

-givjen^^by .C^ii) should be" apprbx irna tely -e, and this is usually ' 

■ ■ ■. - ' ' * ■ ■ " ■ . * 1/ ' ' - ' . a , . .K . ^ 

good enoiigji for practical ;*purposes . ' 



(a) Prove the following theorem. Suppose f(a) = 0 ? If f .has two 
continuous derivatives on a neighborhood of a and if f *Ca) 4 O 
then Newt on »s Method. (1^*-) converges if the initial estimate is ' 
sufficiently cloee -to a . (Hifat: use the Law of ' the Mean;' twice 
to approximate f(a^) as for the tangent approximatioti. Section 5-7) 

(h) Show that ITewton»s Method is monotone (the error has consfaiit sign) 
if in addi-flion to the conditions of Part (a); f'fa)' 4 o 



/ 



■ Since fCa) = 0 , it follows from the Law of the Mean that 
. * • . f(aj^> .= fCa^) - fCa) = f»(u)(a^ - a) ' 

- , =. ^'f^^f^ - ^) + Cf'Cu) - f»(a^)](aj^ - .a) . • ; . 

where • u . lies between a and a^^ and v lies between u and a 
Consequently, from (lU), 

^k+l = °k+l - a = a,. - a - 



hei;ice 



Now, since f» (a) ^ O. there is a neighborhood of a where ' 

^. 2 • -^rthermore, since _f" is continuouj^n-'a heighbor- 
.la&3d of a r, there is a neighborhood where f" ' Is TiouiiJ'edi. !f"(x)I <.M .- 
Pun^rmore - < je^l . Let 5 be the f-adius of tie 'smaller of 

these neigHborhoods. " It follows, for a^ within the 5 -neighborhood oi"-*. .* 
a , that ■ V. * - ■ • . • . '■ 

where K - ^f^^y . For ■ convergence we need only' guarantee that 1- 



■ ■ • . ^ - ■ ■ ■ - ^ 

• *^ ^ < ^' ^OT- same- constajat" r . ' For this it'is sufficient to 



choose a^ so tbat |e^| <-Mln{^'75} 



. ' . ■ • 

To proW Pax^ ^V5v P^sex-re^ that, sgn^fa^ • u) = sgnCa^ - a) = sgn 

• f"fv) f** (a) * - - 

Consequently, *sgn ej^_^-j^ = sgn ( = ^gn ^, ) ( 3ror * sufTiclently 

* ■ . . ' * ' jt 

close to^-- a • Thixs the sign of 'the error is constant o^e it Tails ' » 

' " ■ ■ ~ ■ " " j - . ^ 

helow sozzie sufTiciently small hound* . 

Af^er ve have proved Taylor's Theorem (Section IS-S)* i^ will he 
possible to relax the conditions V 0 snd r"(ay V O employed 

in this exercise • ' , ^ 

-Ohtain the greatest zero of. f to 3 decimal ^places, ^fhere 

(a) ^f(x) = x^ + 6x - 9; 

* ^ - . • ' - 

. Since f(l) =" -2 , .f(2), = 51 .there is a root a in the open ♦ 
interval (1,2) * Furthermore, since . f is increasing to^ x > O. 
the root is .unique . and* it is the largest root iJse 

/f«(a) = 6a^ + 6.=^6(— =L) 

■ a ■ 

■ ::>t^^ v^"^::.-:^ ■ ^^ -v'.:' "..^L 

Since we esqpec-t -a «» 1 we suppose f*(a) ~ 24 and "balce c = - 




Take ®q = ^ and oht a in^ . successively, a^ » I.08 ... , a^ ^ 1«12 , 
a^ ^ 1*13 • At this point it may be worthwhile" to re-estimate 
f*(a) using • a' « 1.13 • With this apjproximation/ ohtain. 



fV(a) -f<9''- 5a) m l8 



and c = - ^ • Then use 



- ; Tb , cohclude -the cdarputation try ain expedient ..^4bhe sub cess ive 
. ^ Iterants are^lncreasing. We expect that I.138 is close to the 
• desired accxiracy. • To check this, on the- a8s\iunptlon that the . ' 
. iteraticm scheiae is monotone .for a^^ < a , try a^ = I.1385 
Then a^ w I.1380 < a^ .• Thus * 2..I385 is presumably an over-, 
estimate and, to threes decimal places, a' = I.I38 . The assumptions 
made above can be verified , . as some students may wish to do. ' The ■ 
point, however, is that in any practical situdfcion a balance has" to 
be established between the need for confidence in a resxat and the 
•. ^ effort required for proof. Empirically obtainec^ answers should not 
• ■ be Si^ained in appropriate- situations. ' ' 

,(b) . f (x)_ = x^ - 4x^ + 4x - 2' ; . 

Since f(2) = -2 , f(3) = 1 and f is increaslns for x >'2. (from 
f*(x).= C3x. T 2)(x - 2)) it follows that the largest root a is 
. the one root in the open interval (2,3) , -probably with a closer 
to 3 than to 2 . Use* Wewton*s Method,.' ' . 

_ a^3 - 4^^-.!^ -2 

^ . , 2 Q ' . 7 



with Sq = 3 . The^i. -a^ = 3 - i s, 2.86 , a^ « 2.81^ , a^ »,2-839i5 , 
% - 2.8392* .. To conclude the ^process as 'in Part (a) try " . ' ~ 

• -^5 = 2/^39 and obtain . a^ = 2.8392 > 35 . To - three decimal places 
■• * ■ we. have a^ = 2-. 839 . " 

- . ■ ' , . ■ ^ 

(c). f(x) •= ^ x'^-= ka : ' ■ '.: 

n=<) " - • '■ ■ ■. ■ ' .. ' ■ ■ ■ ■ 

Follow the method of Ebcamijle' 13^b?* The desired root lies in (l,2) , 
.. presumably ciloser to , 1 . . With . x = "1 + u obtain ■ for small z . ' 

• -Ci) ti^ ^^^-z^^ ^"^^^ - "- zie ^ 120U i->6ou^ 

r ..: ^ Thus as an ini-fcial estimate for the solution take u satisfying ' 
- 16 + 120u + 560u^ + ... =-l;8 . Ignore terms higher than second 

degree <to obtain as a first estimate i < u < i . Take ' u - i 

■ ; • . . ' 7 0 6 , : "0 ~ 7 



.' .13-2 



r 



suod «» . . Mul-tiply In.' f (x) = 0 . "by. x - 1 to ob-bain 




-and 




He) = l6a^^ - U8 . ^ 

16 

= 16CV - 3) . 
^ , For ttie i-fcera-fcion scheme* "bake 

Oto-bain successively, = l.lJi > Sj^. =^ 1.13^ , a^ = 1.134 so 1;t«t 

no fuirbher Improvenien-fc is ob-tained at; this level of accuracy. 

Show iT 1ihe i-bera-bion scheme.. (4) converges to'a niimher a' in "bhe domain 
of 0 , and if a is a pdinii. of , con-bimil-by ""of 0 , "thai; a is a solu- 
•tion of (3); -bha-b is, ^C^k)\.=^ a. . ; \^ 

Prom -fch^e con"tinui"by of 0 we Tmow ."tha-fc fdr'-any'errbr -bolerance € , 
we may ensure I0(x) - 0(a) < € .ty ' reqtiiring [x - aj < S for some 
posi-tive 6 . Since -bhe i-beratiion scheme converges we also have 
|a^ - a I < for all suf ficien-tly large k , say k > M . Choose 

,€ Min{€,5) . Then " ^ whence, hy -bhe con^binuiliy 

condi"bion, I^C^) - 0(a) 1 < ^ bu-t, by -bhe convergence condi'tlon, \ ' 

I-b follows* -bha-b 

' ■ ^ 10(a) . a| SvIJZ^Ca). - 0(aj^) I > |0(aj^) - a] . " 

< 2€ • 

Thus [.0Ca) - a I" ±s less "bban ary-positiive n^miber, Jience mus-b he .zero. 

Vf^T^ -py -hin^ pV-rr^T^ • ^esj-.-TTna-K^ -^^"^ T) in' "bhe Picard i-bera-bion scheme for. a 
separable equa-tion under "bhe. conditiions of Theorem 13-2. 



^ : ICO 



13-2 



For simplicl-ty, fioc r = |. .in (ItK Let Q te an upper bound for' , 
g'(y)' on a n^i^borhood of- ^y^ , say Iig»(y)| <Q for- [y - y^lO . 
Caioose^ o: iso -thifirtj -the- solution u ,^ Cwhich is continuous since ft is - 
differentiaijle) differs from y^. by less than - p for . [x - x^I < o: 
and let;^ P- be the maximum of Uf (x) |' when |^ - x^] <a . ^ 'Set M = EQ 
Then, for \x - < a we have^-fb^) - y^J o and "we may take . e = 3 

Por the first iterant we have . . ...... j 

e^Cj?) = u^Cx) - u(x) = r ' f(e)[s.(ytp) - s(uCg))]de 



= P ■ f (x)lf*^)[y. --niXiO ]dr 



•Hence," f ijr - fx - 'x^ | < a 



|x - xjMp . 



:, Now we may replace a above by aW smaller positive number without 
* violating any condition already r^iredf"'^ particular, we may suppose 
< ^ • le^Cx) i < I a^we may take = | - Observe that for 

\x' - <a we have * " 



l^a^Cx) -.yo[j< l^i^Cx) - u(x) j + ju<'i) - y^f. 



<|-|o 



so that u^(x) and uCx) are both in the -neighborhood of. " y 
• Consequently, we may still use the upper bound Q for IgVCTj^") | in 



e^Cx) 



"tO' Ob-fcaln . > 
Again, we have 



For. the k-th ite: 



FRir 



le^Cx) I <C3!Me^ < |. . 



Ob-tain, inductively , , / 





- . _.|u^(x) -YqI < IxOi^Cx) -^u(x)I + |u(x) - VqI - 

^ ■ ■ • 

t ' ■ , . ' ■ . " ■ ■ ' 

' Thus ■blie'>condi:i:lons for ob-taining the necessary bounds ar^^^^^-tisf led Tor 
eacli i-teration^ \^ •> , 

Consider -the difreren-bial equdtlon y';' = 4x^-^^ which has more than one 
' solution ":u. t x;-» y satlsfyiiig the.. Initial condition u(x)' = 0 . at 

. * ' - - . . If . ■ 
X. - O , for example, u T x x^ at^d" u : x -> 0 . In view of Theorem 
13-2, how can. this "be possible?', . , . - 

The conditions of the theorem are not satisfied. With f : x 2x ^ " 
S : y 2v^ , observe that is not bounded in any neighborhood of 

X = O . Consequently, there is np reason to expect t)3sa53pl^"tion to be 
unique. Compare TCio-9> P- TTS* . * 
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. TC13-3. Taylor* s Theorem , 

The, 1;ext -uses the simplest possihle approach^, for us, to .1?he^ Taylor . ' 
approxlmatii^n. theorem • The estimate of the rTaylar remainder is the one most 

^commonly tised. in practical problems and is 'easily ohtained by the device of " 
repeated Integration which the student has already. seen in Chapter. 8. Among 

. the import afit theorems covered in the exercises, we have given for proof ^fehe 
•••^?cact forms of the remainder, the Cauchy, Lagrang? , ' and integral remainders 
of ITumbers 8. and 9- The integral remainder is the only explicit, one, since 

.the others involvearguments of f .known only to exist by the Law of the , ■ 
Mean or the Mean Vmjjixg Theorem. These exact' forms are ^quite usefiil in 
theoretical ii^stigations , the I»agrange form being the one most often en- 
cotintered.^ In establishing error estimates for the integration formulas* of 
Section I3-U (Solution to Exercises 13--^, No. 5) we have used\the integral 
form of the remainder. In N\amber'9(c) the Cauch^ remainder waffe used to 

. establish the coiavergence of -the power series for' arc sin x , when |x| .<,1 , 
. It is . a jconventipna;L text problem .tcuse. the Caiichy remainder to p±*ove con- - 

•vergence for the' general bjLnpmial/expans ion of (l + x)*^- to Cl>. x)^ wiien 
|x 1 ^1 and this would seem to be its most . significant usei however, the 

rapidity of .convergence and radius of convergence (but not convergence to the 

function) for the binomial series ar^* most ^easily found by the Ratio Test of 

Chapter so it does not seem wortlywhl 1 e to stres s the Cauchy remainder. 

CSee, Exercises iV-M, No. I3.) . . ^ - ' 



Solu-tlons Exercises .' 13-3 ' , 

Hov many -terms of the Taylor expansion of VI - x. in "the neighborhood 

°A ^ = ° should "be used to give Vf = j -A - accurately to five 

decimal places? 



For • X t/1 - ,x obtain 

, f»(x) = - 

. f»«(x) 



V2. - jc 

- 1 



2<1 - x) 



2^(1 - X35/2 



9' 



ERIC 



_ 1-3 '3 (2k. - 3) :- 

• 1B2 
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Since t^^\x) *±e a negative decreesijag ftmc-tion we liave for 0 < x <^ 



It^'^hyrU ^ 1-3 ' 5 "• (2k ^ 3) . 



Consequently, the ert-or in taking "i"^^^) "for fC^) '^tlsfies 

(k = n + i)^. ■ ' . ; . ' • ; ; 



(1) 



■ • . * 

\J . . .' - 



. v(2n - ±) ,61^ 



>n+X 



n+l 



Ignore the coefficient of • ^ for. a first eetim&te/ Since we want 

an\.error. less than. r^. c^'dbs^je rc ' so"^*tha1i; - - . ■ 



n+l' 



> 2^^ ■> lO^ > 2 X 10^ - 



10 

where we use 2 = 102^ > .10 

Tor -the upper* es-tima-te- In <l) 



Thus, "tiy n = 3 • . For- n 3^ ^. ob-tain 



1 

2 



Jl'hlch yields seven decimal place accriracy. 
' . 'for rofund-off eirror. 

"2. , Obtain to three decimal place^^accuracy 




Use 9=8+1 to ohtain 

• : ' ■ / : • ^ 3^ = 2 - ^v^TT 



and escpand.' 2(1 + x)^^^. ±n, the neighborhood of x = 0 to enough terms •.. 



to obtain the desired accuracy- For f : 




(i + x) 



1/3 



3(1 + x)2/3 



5;^ 



3 • (1 + xK« 

20 



3^(1 + x> 



573 



. .f fit is* decreasing on CO , ^] 

erIc / V ' • 



Therefore take 
98? 



.. y •■; . :. ••- .-.V . .• , 
. • ■-. . ;^l5o , 33.; 




Thiis -fctie d^ired acciiracy Is obtained for n t= 2 ; 

» 2.080 

3•'^T.G:ive. -ban accurately to 5 decimal places. 

Fpr f : X tan x obtaJja the successive derivatives ( 

\ ' ■ 1- .. .. . \ 

... - - - . f*(x) \ ' 

, ■ . ' . ...... ^ . . 

. ^ - ^ • COS^ X 

^ :^''^^^>- . ^ 1*- ^ 2 2 

f^ln^x) = 2 COS X " 6 sin X cos x . 

■ ' ' " ■ :COS^ X 

^ \. - ' = S -|— . - • - ^ ^ / 

— V- " . '.cos X " ^ 



Consequential^, 

\' ' - - . . . - ■ ■ - ^- ' ■ 

* . ^ ^ ' X = X -^-/iE^Cx) 

where, Tor cos^ x > , ]f^'(x)[.<2 



" ^ "-^ ' " 988 .. 

ERJC ' ^ ^ ,^ \ 

7 • ; • ■ ' 165 



1 



For ^^^.jpj •* ^he .'error .li^- tj^VI ng = - ■tan x = xr' is at most '* =2— . Thus, 
to the ^esixed acctaracy - . ' I , ' ' ' *-* . 



..01000 . . 



•Gi.ve the third order Taylor polynomial at x ^ a in each r-oilowing case. 
Obtain a Toifeula for ^the general . te.rm if you perceive the pattern I ' ' • 

(a) iCL + X , a- =? O ' ^ . ! ^ 



2V 



^wiiere 



k > O . Consequently, 



= 1 + 



= 1 + 



k. 2^^"f Cki-)-^ 





Replace,; X by x in the solution of P^ftrt (-a), ^^t^ 
y = 1 + C.^^ 



To Justify this , procedure see ^Nxaiiiber -7. ' ... ■ . — • - 
(c^ tan X , a .= O ^ . , - \ 

.. .Talce the derivatives from- the^ solution of Number 3' to obtain 




. . COS X ' . ^ . " ■«-.•■■■*.*' ' - ' • . . ^ ». ■ 

• . ^ ■ • * * - • r . . '" ' • ^ • ■ • • ■. 

■■ ' • , . - ■ . . - ^ - , . * ' • . ■ , 

■ ' _li_"-.-vt -'iS^S^ .-. .-^ - ^- ^^. 6- sln:x -- sin 

■ ■ ■ ■■- ■ - ■ COsf j.X.-Sv^,, . , , CO&f X .... . , .. ^ -.y-: C.Ote -X COS 

^cos X ■ . : X ■ - - • - ^ ■. ^ 

' * ■ * ' " ■ . . ' ' ■ *' - 

Observe tlaa-t sin x =^cos(^'^- x) and uSe -bhe solulbion of Part (d) 
■ ' to ob-fca.in ' . ..^ . . .. " . . . 

eosC|. x) ■ 2 2 ^ ^ ^ 

.- . For Jusi;if ication,'. see ZSuBibey 7- ,. 

(f) iog x ;> a =1. . - ■ ■" ■ * ■ •.- : ■ ^ 

' ■ .[ ^ ■ ■ . . ■ " * " . - . . . "■ 

;.. y = log X , = ~ = - -5" > y"*" =^"~3" > ^ ■ 

' - ■'. . ■- . X v • XT ^ . " 



- ■ . . ■ X ■. . 



vliere k >-0 Consequently, 



9- 



f log X = tpc - -i; r " ■ :2 . , 3-. ■ : rv- .r«'- ]j — ■ ^ - 

■.Ccairpare -fciiis i^siQrtr TJ^tlij.tlaat^^ . Exercises ■ 8-2, Number 6(a) . 
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Cg)' —i— ,a=0 , • • , • - 

vT + x . " . ' • ■ . ■ '. 

Take -fclie ■ deriva-bives from tlie solu-bion of Part (a) to o"btaln for . 

■ y = ? 2D(ia + xj,- _ . ■ 

. ■ - ■ i.' ■ ' . ' " ■ .' 

■ ■ ■ - i ■ ■ , . 990 ■ . . • ^ ■ v; ■ .i .. ... .. 



y> ^ -. q^ x^: +■,... . ■■•-. , .■ - 



•(h) sirOa log x a .= 1 . 
- : Obserye tlvat for • x > 0 



sliili log: X = i(x , - ;^)" ■ . 



.Proia J) '= obtain 



x^-^1- 



Ci)" + ax: H-;i5; - a = -1 ' v' V '."*>' "•^ ^i. ^ 

ITocte tliat Bj^(x) = O for all: x / Consequ€ntly--1;he 
' -Tayaor ' polynomial is "exact represerrtation. : " V . * ' ' V* 

V ^ V' + 2x> 5 = ^ r.5(oc + l)^ + l|.(x + xy^- • ; " ^ ^ " 

(j) ' riog . COS. X -a = 0 . v V ^ 

, ObseWe that D log jitfg^x = -tan x and tisfe Cc). to obtain' 



log COS X =: - ^ + 



(a) tonxple-fce the proof of aaieoreni\13-3 by . induction, for b > a V ' The 
case .b =a is trivial... :^ / ■-. 

Pot n 0 . the theorem -state's 

■where ■■ ■ \ ■ '..-'-^ .' -V 



• ■ ' * 



1 "33^3 



.: !./^ ' ^if:^ : Tv>FmT-h jq>TT* f>Bf^y "hf^ia-n parovea, ln "Ulie 1;ext as (6) when ".li ^^ O . 

■ • ■■■ca,-b] pf' 



As a cojasequence," ftor any. -t 



vhere - 
(ii) • 



. . f (-b) = f(a) + R;;(t) , -. 



. since, the seune Jbound iiolds for jf (x) [ on : [a,tj ;as on ;-taiev ' '.' 

larger, in-terval . . [a^t] . . Now suppose the .theoran holds ' for- the 
: k-th Tiaylor polynomial (k .< n) r . ' . - • 



^ (iii) If(t) -fj^(t) l. = |f(tl - ^_i«l(t-a) 



- J=0 



where note ^Ln this case that Jt - k\ . C-t r a)- ; . . Since . 
k < n. , the funotion. .f also has . k + 2J continiiOTis iieriTPatiyesj 
and . f *may he' teplaced "by- '*f *-. ' to yield . - ' ' 



■ k+1 



.Ci) 



•;|f ^(ty - :f^(t) I If » (t) ' - ^ i C-b - a)^-^ 



i=l 



k+1 



. '■ ■ • ' ^ (k + 1J!> 
.Consequently, 'for " x [a>"b] , Ccorapare .Exercises 6-5, No. * 6) 

^f"- Ip [f»Cty - f3^*(t)3dtl <.. f'' lf*Ct)'- fj^'(t)!dt 



k+1 



dt 



Since 
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Thus ; (iii)-. lipids when ■ • k . is replaceJ^ hy k + 1 ; . We conclude thai: 
^ipi.±X .holds for '. 'K- ^-n , • ;, ' Since ve- ma^r -take. . t. =• h in' (iii) the 
theoreni.^follpws." for the case a < 'h - *. 

; -Giye the-^proof-^^ . ■ 

' ' . " ] ' - , . . . ■ 

■■^'3:f a;:> .^^^ a Tor t e.' f-^'^a] .in 

to. oiirtain v\ ■ *, ' V ' v,-/'"-/ ' ■■ . ' ^ 

V - ^ . ■ -Mj;C^i-.Vt>-<f <^Ca - t> : . 

Thcus ( iii) holds, for k .= 0 . Now suppose' . (iii) holds for some, k 
r^h K <n • Observe in this case that |t Vaj^!*"-'- = (a - t)^"*""^ • 
Proceed as in Part Ca), now with x [b,al , and integrate from x 



-tZ^o a to find 



^->-2 rt. ..^k+2 _ .^4-2' : ,k+2 



• 'viiich. compie-beis -the inductive argument for (iii) -It follovs that -. 



. - which immediately yields the result to. be proved* 

.•6. . Show if f - (x) / has constant si'gn i^ of Theorem 

13^3 -^then ithe* rpmalnrler ^ '^xi^^^ ■ '^^^ same sign as 





i- ^-:r^.^ supgsose a: < "o and , 0 < f^^^^^^Cx) '<: m_^_.' o . Then,- ifb^ ' 



whence 




Tfias, -the f irsjt order: remainder. ;f or i*^. ■ • is -poBi-fciye . Repeated Int^jaT- 
. --ti^Mas .yi-eid^/ /^^ . ' ,. ■ " - , , '-.^ 

•■'- ■ '"'•■;":•■■ ■■■■-■.*".•..• .'"■^■"■r . ...V ' .' ■-■ ■■ ■ "■• . ■ . : ' ••-.'•,■//*' 

\ If - <T& , ;i7ut' -^^^ <:0' ,ihen'(i) is replaced lay V '.' 



and the argument goes -as . "before . " . ' 

.Suppose now tloat Td <.a and f^"*"^ . is ndnnega^ive, 
0<f(ii+l)^^j < m :^-*. . Then for t i-, [-b^a]. \ 



f^;^^:Cx)dx < M^(a' -. t^ 



vhence. 



■^^^ f^^'^fa) - f^°^ 



(a) - f^^^Ct) < M^^3_(a - t) 



"h+l^^ -■ «^ < ^^""^Ct) - f (a)- < "0 



Again', the result is ohtained hy repeated integrations. Siiaiiar argu- 
ments yield the result . yhen M^_^^ v is-"-'nbpposit.iye;^ - . 

_ . Al-termt;ively> }is^.the La6rabge\fQm-:of."the Numbisr 8. -'^ 



In* Example 13 ve found approximating polooioni^ls f arc siirV / ,We^did 
•not acutally prove tha-b/these arg^ TayT r^-r'pf^lyr^rjTrilM^' "y^rtfyjiie that*%he 
;coefficien-ts satisfy (11:)) . . Show tlaat these are-Tayloi' polynomials -by ^ 
provingr:t3^e fo3JLoyizig:gen If f ^ has n + 1 ' • 

contiiiaous^ derivatiy^es anid ' ther^^^^^ ■ i»ighl5brb<x^ -a / where • ' 

: f (x) = > c- (x . a), --t .... f c^Cx -.a)^. + "^^^f^V ^ V /. ; 

- ■ • , • ■ ' • ^ . ■ - " .- ■■ ., • > • ^ ■ ^ .. '■ ' 

where' <f^(x) [• < Kj_ ]x - -eJ^^ , then / v . \ v : ' V " v 

' ; ; ' ' . • kl : ; • Xl = p,i,^,.r;,n) / 

- ~ . ."■ ^ L * - ' • ■ . ■ ■ . . . . ■ -. ■ 

Le* ' -f^ix) - tj^Cx - a) +; . . . :+ . V<x v -a)? . Tje the . n--eH" o^der Taylor . 

polynomial; i.e*^ let h^' = ^^^/ ^ Then hy Theorem .'13 -3 

. •' .', " . • ■ •f.C'x)- = f (-x); -h R (x) • - \ : - ■ \ ' 

. Where (R^Cx) ( < Jx - a \^^^ , (here . = * taking: i^^^ ; 

difference in. the two representations for -f- we' ohtain • . - ^ 

(i) 0 ='(cQ--bQ) + Cc^-\)(x - a) + ... + (c^ -b^O(x^a)'' + P Jx) ^ . 
where [P^Cx) | = |Q^(x) - R^Cx) | < (K^ + " ^l"^"^^ - Thus ^ ^ 

p^(x) ' ' " v • ■ ' 

lim — = 0 for n : Now, take x = a in (i) to obtain.'^ ' " 

x-a .(x - a) , . . 

.■ ■ 

Cq = b^ . Next^ divide in (i) by x - a and take the limit a;5 x 
approaches a to obtain c^ = b^ . Repeat, dividing by the" consecu- . \. / 
tive powers of x - & to obtain ^ " ^^^^ ^or. k=0,1^2, ..,, n* . 

Lagrange obtained a form of the remainder ;R (b) - irr (3) 'which genera- • 

lizes th€ Law^of the Mean. For this, apply the Law of the Mean to the * 
function \ 

ci)\^ g(x) = ^ i^^^.ff^^cx) +A(b . x)^-^^ ' . 

' ■ " ' . ■ ■ 

on the. interval [a,b] with -^e constant . A. chosen so that 

' ' ' ^ - ■ : " ^(n+l*)>p. 

g(a) .= gCb) = fCb) a^d verify that A = (n + 1)! 5 - lies ' - 

between" a and b . Thus the Lagrange form of the reifeinder is 

.R^(x) = ^ {ri 1) ' ^^ " a)^"*""^ . What conditions : mist f ' and' its 
derivatives satisfy for tnis result? 

Differentiate in * (i) . to obtain ^ * 



k=0 



•or 



f ^ (x).'^ -,ACn + xyX^ ■x)= 



Biy -the Lav- of" ttte- ttean '-there, nu.s.1; eacL.st^ | Taetveeri .a and.; 
."b 'suck "tiiaij-V' .' 

Enter. "I in ( ii^ to obtain.:- ; ■ ■ ' ' ' ' ■ ■ ' ' ' . 

In the course of the ^rpof we- have assimed- only -that • f ■ is 'coinliinuous 
on [a^b] and has deprtvatives of orders up to \n . . <^ . 



A9* (a) Shov tha-t the remainder in Taylor. ^s',!l3ieorem -can Ve written in the 
'f orti ■ " ■-■ . ■ \ ■ ./ 

'•v^dr^'it is assttmed tliat *f has. . ^ + 1 Ajcontinuoiis 'derivatives , 
(Hin t^c " use induction and integration by parts. Compare Chapter 
I?^cellaneous Exercises, No. 2C>,)^, 





■ Observe^ |f irst that 



V^Integrate/by' pa;irt using* (x) V = x- - b ^o -^obtaiirt . . 



IIqCTdO = f '.(•x}.|x 



. ■^ ^-.k J a.: ; .->■ ^_ v" ^ ■ ,- 



whence^ 



- O 
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= (a>(-b a) +1 • (b- - x)X"(x)clx ; 

J.a - ■ 



4.- 



.ITow, suppose 



. Integralie.ljjr^ p^ts using, » ^- . 



'to "ob-tain 



13-3 



Consequently (±y holds vitH^. k replaced by k.+ 1. 



(b) From -the integral form of -the renuaindfer ob-bain Cauchy's r^nstlnder 



.n^ ni 
where u lies between a *tnd b * 



Use theMea^Value Theorem of Integf^l Calculus (Exercises 6-4^ 
No* 2Qrfr^ . . ; 

(cX . Use Cauchy's fo^ of the remainder ta prove the -claim ' of the text; 
/" for the Tfaylor- expansion of arcsiia •"'in Example 13-3,- that • ,^ ' 
iim ir(x)'- = -p for- Ix|'< 1. .-• - ' ' ' - ' 



Use * Cauchy * s remainder ' for/!' 



gCti;=:--^; 

• Vr- -/I -H't ^ 



Since^- f or 0 '< t i'^ ' 



the CaudBr remainder for 



8n 



Is 



ERIC 



997 



174 



13-3 




< 



•vhere u lies - in- (0,-t) . Consequeritly, , ^ .. , : 
lo '<'+^f • 'l^-. 2:' -5. •7"" - 2n + 1 - - -tC -t u) 

* - , . * • • . ■ . • * • 



Lnce - O <*— < 1 - 



IJow^ since Ol' <' 



JL " z- ^""u J ahd 



'2' ^>'" • .2 
Now suppose . "t <". s < 1 -Set; x = 
For 



1 Is! 



n surriciently large, n > v = ^^Is'r^'"'"^ 



01)s^xyer -bhat. * s. < 1: 



Cons equeniUy , 



where C is a ■constan-t independent; of" n Now R (x) if or ttie " 



arcsin series is given "by Equation ( 11) as 

* ' • ■ J' O Si-^^^"^"^ " ' 

.'(conrpare Uo* 7); hence** 



whfere ■ Jx| - < r ;r = . ^ 
Squeeze Theorem "that 



Since, r < 1 It follows 




■ liia.R (x) = 0 

^ n ■ 
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lO* ^ - Th^ . 6poe3fcx^cl^y-. ■ e; . p£ an .efl i pse .-is • given-b^r. = 1. --^ where a 



. is.-blife semi -major axis-and .• b >L'l:he sem±*ininojr' axi-s. . ■ The circle, a = b ^ 
has eccentricity e = 0 ^ thus e .measiores the departxire from circular 
syinmet^ry. . Obteiia' the^.eqrclengfth of . the ellipse in t;he form s ="**%r^f(e) 
and expand .f in powers of- e . to sixth order. (As we mentioned in 
Section i2.-i4.tiii)> * the ;intega^l f or the. arclength of an ellipse cannot 
" be .W3ritt;en .in terms- of eleirientary'' f^mcti ons . TheVsol-dtion of ^^his. ' ' , - 
: -"exercise yields precise. "^tetimates' of the arclength provided the. eccentri- 
city .is. ".not . ^00* large ^ 



Use .'tlie : parametr iojL^qiiations , . 

. x. = a cos 0 y y .= b sin 0 . ^ 

for >.tlie- ellipse V Then - ■ ■ . \, , . 



-V V - f^/S /2~ — ■ ' p ■ " ■ . 2"- — 

Ci) ■ s ^ h \ Va . sin • + b cos^-^.d^ ' 



1 . iiaT .-* ' yl - e cos - 0-d0 



Now., f'rom ' i 




■Obtain 



vi: - -e^ cos^ Cf = 1 .^ .e cos .jZi^^ ^ ^gs ? . ^ -cos - - <Z5. 
. ---From ^qTiation 1^^^^ of . Section' 10^6 j[ page' 57^^)^ we- have./on tntegrs.ting^'-'' 



11. A funct^ion f is said, to- have a zero order at- x ^ a;- ..if . 

..: .-*0 ^^f.(a) ■ = 'f':.Ca3 - f'^C^) ' = - . . •= f^^^a)' and. ' f^^^(a) ^0 ; \he - ' 
■ leading terta' in the Taylor expansion of f /^t a. is.-.::then "^^^ ^'^ " 

\ r ^ - a) - PIl0^fe''' if -f >as- a: "-f i:5St; br^er V-zeiro' at x ,a . then. ' 

. : ' the. function ^- g" "given by '-.^-(x-T^ = '^fC ] . ' has^ a /zero of -ord^r ' n . ■ / 
. (Hint': = User the ^Lagrange rema-inder of a^o*; & fpr./f";'.> / , ^ ■ " 



13-3 



/ 



If f *.-^has- a first order-, zero, then 



where. B^(x). rr' >5/ (.x^: ar^r for .scane 6 between ■ a and^^ 
quently, we have the existence of the limit ^ ^* • " 



X . Conse- 



= |. f"(a) 



' . . . x~a (x a)' 

' ■ .* . ■ . ■ ■ 

It.folidws -blaa-b. -bhe function ^iefined 



Q(x) - I 



, for X jft a 



X.- a 



■ ^ 0 



J for .. X = a 




different iable. Thus - * . ^ - ' 

; -fU) = [r'(a)'> QXxOKx - a) . ' ' 
. ■ .= (x - a)0(x) ' . V : ' ./ 

'where 0Ca) .'?^ 0 . Consequently, . . . ' r* - 

s(^p'= c-f(x)]° = (x-- a)^[jzi(x)]° .. . , - ; 

■ = a)°C[SZf(a)]^-+ nC0(u)]°-Vt^)*(x - a)} ,. 



12 



wtier-e .vu .'lies "between x. and a- . . Fo?/ apply ITumber 7. (-bhus it' is 
assumed 'tliat g has n .+ If. "conti^tittous derivatives)' -to' obtain jthe - 

desired resiilt* * ^ - " ' 

- . " • *. ' ■ ' • * ' - ; ,> 



Q cixorves agrff^^id. >to have a*" contact of .order n 'at a* point if : - h 

is the largest 'integer for which 1jhe CTjrves have parametrizations 
: ; -X =^r(t)T^'X?\5=- q'Ct)\,vr^^ ^^'^q^ - qCt^)/ such, that-• 

^ > (O V ^t? ; and q?<t^)'^ ^- and ^^^*(t-3-^ :k:i: p y^lV^ 



n ^d :rf-^^> 



Ct^)^ q^^^'^^(tQ):' : ;T?aylor*s Theorem can easily he 

- (Extended component -hy-component to vector fiinct ions ^ so -that this condi^ 
tioh may also "b^ given . in. terms of * Taylor polayxpmr^als^a? hef ore .. 1 . 

. (a). '. Prove, tliat if t is replaced- "by* an eq\^J.valent paifemeter, the . 
order of cbntaict is ujiaff ected. : • T • ^ * 

. ■ • SetT- "t''^=10{njL) '.:-wheW *tQV =^.^(Xi^.c:Uii,d^' ^r,Cu^O'^> p" '^ .;in€t6duc4''the\ 
; vector 'funcjaioj5 p = r - q" We, are.^yen' that, ^^'p^ ^^q^ ^ ''V^o^. '. 



• ;k 0. , 1 .^^^i::^ . ... > n. and p 



.■l C ifj) ■ ,7^ O. ' .* . For ,the conqbosit^. ; 



• ■ -6 ■ - 
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function rc i u-* p(0(u)) ' we wish ta prove similarly' -that; 
?^^^(uq) - t for7 « 0 , l;/,2 ^ n and, 5?^^"^^^ (u^) 15} 

(in -this ve. assume, -tha-b 0 "has as -many continuous derivatives *as 
we" may need.) ; No$e tliat^ . •* . ■/ • 

- , • •■• ■ ■ YCu) = ^(t) . -. ■ • •■; 

^"Cu) = p'-ctn^cu)!^"^ • 

etc?> We- prove. in general, ^ that the. K-th derivative- of. . "ir y where 
'k-> 1 has the form \ 



P^^'^^^ct)f2(u) -h ... . : 

The result has been proved for k '= 1 . The . argument is inductive. 
If (i) holds, then on differentiation with respiect to ^ u , we. ohtain • 

> \ ■ ■ . ■ • V ■ " ' " . ' 

which has the- same general form, as (i) with, k replaced hy k + 1 
We have «Cuq) pC-b^) = O . On "baking u = , ^ = "t'o ^-^^ ' 
Ve. obtain fxirther t^^^ (u^) ="iO for k =' 1 ,2 , . - . / n- , a 
" ■ ■ ' . ^ ' ■ ' ' - ' ■ 

.V. ■ ■ . ^^^(^ = y^^C VC0'.(u^.)-]^-^^ 0 . - ^ 

Let ^s' and a \he -arclength along the -^^jirves. X = r(t) and 

Y = qCtX Show if the curves have . contact *^f order n 6s defined 
in Part (a) then 'the parameter of Part (a) may he replaced hy arc- ' ' 
length; i-e. , for ■ . - " . . 

s = r -Ir^'CT)|dT and cr = [q'(T)|dT , , , - , 



1' 




This resul*t implies -bha-t order of epn-bac-b has an invarl^uit meaning, 
indeperwaent of -the choice of -the coordina-be frame oa> -the me-bhod of 
parame-briza-bion. Employ -the chain '^znile to^t^-bain 



dX ^ dX /ds _ X* 
■ ds . d-b/ dt 



^ vhere the ^time indicates differentiation with respect to' t • 
; Differentiate 'rjepeatedly vith respect to s to ohtain ■ ' 



■A 



(compare ExercisepJJ.-^, No. ^(l^^ and. In general. 




?5 =.R^C |?' I , Y' , Y"- , ..■ VY^^>) . , - " : •> 
d cr ^ .- . . , * . . - . . , 



Since- -blie firs-b -n derivtitlves of X and: Y are -the same a-t 
- • * ■ 1e-I Ic^ ' ■ • . 

^ t = O , it follows that^ ^ =^ for k =-0 3: , & , ... ] n - 

ds dtT' ' > . . ■ J 

. Since n" is the; largest such 'integer, we conclude that • * 

^^"^^ ^7 d^"*"^ ' ■ ■ * - ' - ^ • ' 

.. . ^ T yx-^l. ■ -"^"^ follows that order;. of contact could liave'heen 
ds\ d o^ . 7 ' ' ' • ' ' . • \ . 

defined in, Part (a^.as the order to which the Taylor polynomiais 

• coincide when arclength ±« Aaken, as the* parameter . 

* > ' - " ' ' " 

Show- that -ttie curves y '= f(x) and y = gC^ have' a contact !pf 
order^ n a'H; x = a if, and only if, f ^ has/a zero .pf c*<ier 
n +"1 'at - a . . • . ' 



" FiJTst from the definition given .in Pairt (a) observe, w'fth.:. x-.; takfen 
In place of ^ t as paramet^r> that a\zero. of order 

-then the order 'of " contact Is jpHB^ n . - We shaU.; prpvey^T,. 
using • "Part ; Cb). that'' if the contarc^fce^of order n " > then ■ ' • 
f^^^(xQ> =. e^^^Cx^) for =\0',/:BBBy^ n namely that * " 
f - - g has a- zero of order at least n * 4- \ From this pair - of * 

. propositions the res:alt follows: - if . f - g "^has a zero of "order 
n^+1 then the contact. is of order' n or hi^er, but- the or^er-. 

.of contact, pannot.fbe^ higher than n for then the order of the zero 
would be. higher than .n + 1 ; the converse follows similarly. ^ 

\ ' For the proof set . y fCx) > v. = g(u) . fq?:* clarity .and 'take . 
s and ^ <J. , respectively/ as arcl^ngth\i)ar8meters' on the : curve with 
s = a = O at the point of contact. " If "^the contact' is . of order . n , 
■then by -the 'result of Part (h) with /'X = (x,y-) Y = (u,v) we h^Ve ' 

■ . ■ ( . . ■ ' - 



k 



."^s 



s=0 



, for k=:0,l,2. 



n 



e=0 



while 



, n-H n-ti 
ds . dtJ • 



ITow let. X 



(k) V 

^ - denote ' k-th derivatives 



with respect to s - and " u 



(k> 



•to 



We -have x^ 



Ck) " ' 
V ^ , k-th derivatiyi 

0- -and., similarlyj 




, • m * , suid, in: gene 




■witli reppect ' 



inat^bh of its .arguments . Siigilarly 



: d V 

du 



- - J 



^ "^ow/^wh 

■ •r 



when' a =-s^ we have '-.u^^^ =-^^^^ andf v^^^ 

■ -iforv X_= 0 ,-a'^/-:2 .;^n *; Jt f oliows" that 



-= r 



d. V 

du 



fpr fc - O' > 1 , .2 , 



,'n -; " namely ttiat -f - g _ has . a- zero of orde: 




n +.1 or«>higher, as we sough-^>to P^o'^'e- 
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13- ' Inflni-be order of corrbact at a given poin-t .does no-t niecessai^ily' Imply:, 
that; the two' ^curves, coincide on any neighborhood of the point. Show 
that the curve 

0- , for X = 0 



■I 



for X 



has^a contact of infinite order with the x*axis at O 



Show that ail the derivatives, of .y vanish at x = O* • <Thus, with 

X - . ■ . ■ ■ ■ - - - . 



= lim 



= lim — = 0 

Z ' 

z«i««<» e 



from Lennaa 8fc'3. _CHere y 



. ) '. Thus 



I 



e / , for X ^ O 
x^ . 



for X = 0 



- is continuous. In general, the derivatives of^ y have the Torm 



I 



/ ^1 ^ ■ ^. 



X. 



for 



(i)^ ^ y^ 

0 ^ ; ' * ^, f or x =^ b 

and by differentiation and application^ of Leimna 8 "-3 as a"bov^ it. foilpws 
inductively that if (i) is satisfied for any value of Jc ^ it is ■sat'is- 
f ied for all Igprger -values • 



li*-.^ (^) . Show that the osculating c^ircle to a^ciirve at a- given point has a 
contact, of order ; :2 or more'. • ' 



Iiet .s . denote ^ arclength- measured ' ^ ' 
. along- the cur^^lSC = r(s)- , and 
-cr. arclength eJ-ong the^' osculating 
circle, = .q( c)..; to the curve 

■ X = ?(s); atr ;s 0 The central : 
^ang^Le . s^^ ' 

;.. is 'Ccr • ' ( see iCigiii*^) where ac is. J. ^ 

■ .the. cijrva-titre, .that is the ' , - 




reciprocal of "the 
\ 3^ ; -af ^-fcbe' curve, - 



radius • 



■d'-' V . ■ ■ ■ .13-3 

To second order, ve have for a point.. 



( i) 



or 



X = Xq + stQ K 



For. a point 



•of the oscillating cjLFcle we hA-ve -on vi-e solving into 



component in the directions 'of t and n 



V -IT- , sin 'Xg -g. <^os <o ^ 

Y = A 4- — - ^ .^o > 




where A = — ^ is the center.^of the circle, 

and cos: kc to second order and ghtain 



n. 



Expand sin. Ka " 



7 



0^- 



which coincides with C-i) to -the stated- order. 



("b^^SProve that ' if ■ am osculating circle^ to -a plane; curve has a 

contact of order 2 then it ' crosses the ciojisBififtl^the .point 
of contact (Hint: . use the result of No* 
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Gjioose' a coordinate system in which^ the origin is taken, at the 
point of . contact and the., x-axis 
r is oriented in the dii-ection of 
:the ta«^ent '(see figxire)j, Ih ^ ^ 

this cdordiriate sysl^em the curve 
and the^^o5culati±ig circle may he 
descrih^ in a neighhorhood of ■ 
the origin: as the graphs of fune-». / 



tions y B.nd y ^ g(x) , 

respectively • Expanding to third 
ordea^* wfe have 




Where ^ "by Number 11( d) ^ a ^ O . Froinf Taylor' s Theorem we have 
[Rj(jc') I* < :bx^" f<Dr -some positive,"' ^ yt Consequently-, for x^ 

: • • . f(oc).-- g(x) = ax^Cl €] , 



10P5 



182 



Where 



1^1 = 



.ax" 




la 



■<1 



proyid^d .\x\^:^< . In the, Jaeighborhood of tljp point o^onta 
def ined by. this inequality the;:Bign of 1 t positive. ^ Con-- ♦ 



::sequently. 



liCf.(x) - g(x)))= sgn ax^ ; 



Thus the sign of f - g changes aSross the point of dontact-^and 
ve coxiclude that the two curves cross there. * - ~ 

^ This proof requires existence and continxiity of the fourth «i 
derivatives . Alternatively, require only existence and continuity 
of the third derivatives and use Number 6. Since the third deriva- 



tives of f - g at 



is not zero, continuity guarantees that it 



has constant sign on some neighborhood of ' x-. as the proof of 
Number 6 xcqtzires,. 



, ITp-te -that the .argiament applies to any two curves vial ch have 
a contact of even order. If the ophtact is of odd order the two 
cttrves touch but do not cross . . 



15. 



Given y = f(x) and. y =z g(x) 
^^"^^^(a) ^ 0 , prove that-^ 



S 



have contact of order n . at at = 



and 



-tim — / \ 



,=.iinix;c4 

x~a^^: 



= lini '= 
x^a S' .Cx) 



Observe -that* this is not . L'HiSpital 
L'Hdpital^s liule states, if f(a) 



deleted neighborliOod of. 
f fx) _ 





s most general form; ■ 
(a) = O and ■.g*(x);>|fe>6. on. some 



and lini 
3&-a 



(3a 



exists, then * ^^ 



(The^rdof of L*H8pitdl»s Rule follows diMctly 

x~a ; x-a ^ "^^-^ ' ^ * r 

from the Generalized Law^ of -tfce Mean, Solution to Exercises 11-M, Ha* lOj 

where u s^e. ritimbe:?^. 



f(x 
gCx 
and a 



1 = f(x) - fCa) ^ f '(u 
T s(x; - g(a) • g'^ 



namely, from 

betweeia x and a^ .) Tn order 'to use the approach of *TSayior^s Theorem 
to obtain the :first order rqptilt, we must assume the . exist «ice* of a 
secop^ derivative and obtain only 



(i) 
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"vliich has meaning only IT g*(a) - ^.S'--. Thus lim may "exlsi^ \ / ■ - 

and 'L*H(5pital>s Rule still te applicable vhexe (i) is no%. * The 
■ difference is not so important as maj^. appear, (except in. certain singular 
cases- like;, lim x log x =:^im" :. H^J Z )y S'(a) = 0. and the limit 

exists (thus. f7(a) = 0 also')., then it is usually possible .to obtain - 

the"'limit by going to higher derivatires as in this ' exercise. 
• ** • . . . ■ ' * 

Assume n + 2 'continuous derivatives-. Then^^^oy Taylor 's,. Theorem, 
for k.< n + 1' V - ' ■ - . ", r 



where in some neighborhood of a 

in+2 



A _ X - a 



t 



and 



Where A and B -. are upp^ bo-unds- f or | f ^°**'^^ (x) ] and [g-^^'*'^^ (x)- 
respectively'. Consequen-tly, ' ' 

■ • x^ag<^^^(x) ^a g^^^^(a) +.€2(x) , - 



' vhere lim €^(x)/= lim e^Cx) = 0 ^ from which the result is immediate 
* x-ra X'*a * ^ * 

. Alternatively, use the Lagrange form, of the remainder from TTumbe: 

^ and- assume only the continuity of the (n + l)-th derivative. 



. ' In this case, L*HSpitSLL'^s Rule yields the:i<"valid result* 

lim X log X = -lim x (log x) but it does not help in the evaluation of the ; 
* -30-0 x^O ■ , ' ■ ' 

limit. For "that, L^H6pital»s Pule xmist be extended to the case lim f (x) = c» . 

lim g(x) = c|. , where . in this example f(x) = log x , and ^g(x) = — 

x-a \ f * . • . - ^ • 

... ■ 1 ■ - . . ■ ■ . ■ ■ V ' * 
ERIC / . . - . icxrr • - 



light. of Number' I5 C5a<nilate the -following. 1:^*5.- 

Ca) 




11m 
lim 



sin ax 

X 

. "ban x ^■- x 
X - sin X 

X - sin X 



x«0 sin" 



(f) lim (x - jtHan ^ 
x^ . , 



Cg) 



iim 



siii- X - sin a 
X - a 



Yh) lim {1 - 
x-l' 

(i) lim ^ log 
x-0 ^ 



log X X - 1 

1 - oac 
1 - gx 



} 



-1 



= a 



= 2. . 
1 ■ 



_ . • X . 
x-jt cot 2 



= cos a. .■ (The result also follows, 
directly since the limit is ' 
^sin x) 



= lim 



' x=a 

X log X - X + 1 _ 1 



x~l 
= 3 - a 



(X - IJlog 



17. 



If f - g has a zero of order n at a we say that g(x) approxi- 
mates fCx) in "the neighborhood of x = a " with an error of order n . 

We also^say f (x) = g(x) + A(x - a)° plus terms of higher order (here 

(a) Let. ^. ^2. ^ ^3 ^ successive sides of a -convex quadrilateral • 

. An ancient Egyptian dociunent gives as the fonnula for the area .of 
the quadrilateral • ' .' 

■ ; .^s^ + s^)(s^ 4: s^) , ^ 

This formula is - correct for rectangles "but is not ,gene]^lly valid. ' \ 
^ \ Por a <5ua^riiateral with two ' ' " 



adjacent perpendicular sides 
of length 1 and two- /other 
•sides of length *1 x , . 
(see figure) . 'What is "the . 
"o^rder of the error of the 
X Egyptian formula in the 
J neighhorhood of x = O ? V \ 




looJS 



The Egyptlian ,forniula yields the approx±niat.ion 



-2 

= 1-+ X 



From the . ad J acezi-t f Igjire , the 
.correct valilk^ is, fbxjnd to be 
O 



1 + 3C)' 



= 1 + X - 4 - 



The error is Second order in x 



1 + X 




Le-b s' "be -the arclene^h measured from to X along a plane _ 

curve. Determine "bhe order in s to. which the arclength is 
approximated hy the chord length X = jX - X^l . and, give the error 

to lowest order. 



Observe from Section 11-6, Equations (lO) and (H), 



.2 

"O 2" 



X = + st^ +-<r. ^ n„ + ^{<l Sq - <Q t^) + 



where , are, respectively,- the tangent normal and 

curvature at s ^ O . It f bllows that • 



whence 




2 h 
12 



\ 



12 

jf ... 



The.^error is 'thJrS order and, to lowest order, it is 



J",' 



. .... .•■ ■ ■■' .1' 

LS-^H ^Tumerleai In-Eegaeatlxan 




'practice,; It le latportllrt- to' be alert to other soxixces of . error tiwin 



. the one . ve liave treated In this ^eetioi^,' the effbr In- rpplaclx€';tiie'"iiit^ 
.hy, an interpolated polynomial. a^i(^al^- ifie fim ct ion; values. .. ' 

; "be given- approxlkately.' iSound-off "err5r,, tpo, must ibe^accounted^r'i ' Usually 

these matt.ers are taken care of by. carr3^ng the.'.teriite- o a cdniputation to a 

sxifficient nuaiber of decimal -place. '." . ^ - 

■ ■'' ' ■ ^ '••'•-l '" 

We have not derived tlie rigorous esltimates ^6) and (l4)- "but ■ pr^err^d 'to * - 

• dbtain the estimates. (5). emd, Cl3)v-bi&utia^^ .for ' "-^ 

The^ heurijPip^appr^ac^ vffi^'to io6k j|er. . .;We- ^and the 'dS-v - 

■ tegral and 'the approximation -f-orrmaJ^ .'^^ at^hich' the Taylor expan- ' 

slons first differ.. The .erro3;.:to-^*rdwest 6^er -^^^ A rigorous 

error bound can then be derived by the method- of Exercise^ 13-4, Number 5. 

Moreover, as we saw ifi Example 13-4, the nonrigorous error estimalMNnay be 

UKjre accurate -thain the 'rigorous eirrbr tolerance. 



(a). Estimate « .by approximation to 

•1 



Sal-utlons £xe:^cises 13-^ 
pproxima-tion "to 




We give the computation by Simps oii^ Rule #or >E^ = 3S>. 

lo 099: 0 



•y^ =-i.ooo" 000 b 



yg- « 



,961 538 5 
y^ .862 069 o 
yg -735 294 1 

..je^;^*^- 609 756 1 
= .500 000 6 





SiJirpson's iiiiLe gives. 

~ ^1.5 -+ 15".7246292'+ .6.337315>] = -.785 398* S ; ■ 
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-whence- .35?«i53. 1^1595^ The result is accurate to the-rmmber. or 
places given. 



1- 



c 



•*'(t>) . Estimate •" JT by? 'approxlmaticirL -bo ' . .-r':-: 

:yi/a ... ^ - 



. and 




;'UBe Simps6n*s.*RuI^ for. ti/=';2: aiid .ob-tain . yQ*'* 



(c) Es-b.imatTe how large n should be -taken In SiBrpjson' s Rule -bb give 
accura-bely to 5 . places hy approximation to the integral "of -Part 



— - ■ M. 



For -the error in « ve tiave from Cl^b) , it cfl < — —r ■ We es-blma-te 



n "by — — — or- -n .> j-^^ > x 10 ; vhence, 

h^jy 2 X icr. ^-^ ^ 



Ci) 



n > 10 



.To estimaiJe. M. differen-bia-te y f 



four -times -fco ob-bain 



^ 24C^x^ - lOx^ :-}-. 1) _. gltC^^ - lOu + 1) 



(1 ^ 



- ^ . 2 ■ 

wiiere ■ u . = x . To determine the maximum: of y 
locate the. zeros of ^ 



on [0,1] , 



dy"^^ -lgO(3a - iKu >^ 3) 



du 



Cl + 



r 



1 - 



■ *^y he ■ only : Aero in the. interval occurs at u = ^ ^ a,nd/we have' 
candidates for tjie maximum 



as 





• 

u 


0 


■• 1, ' •■' 

■ 3- 


1 




,.y 






., -3 " 



1011 



ISS 



03-4 



Thus the aaxlimm occutjb ert xj" . we; -talce Vl^ -24 ^Iri (l) • 

Observe i±iat <*liV. ' So ve mSy take ^• . - :. 



. n > 10 ^VSI. » "10-. X 1.82- m i8 . 



This - is 'actxiaJJ^r rax too lairge^as we know Trom the ^ solution, of^ ' ' 
• Part Xa)". A more .realistic, procedure wpxald "be "to attempt to esti-^' 
mate € wi-^h the help bf jCl2) . We would then ohtain, ^ . : . . 



■This - suggests, tliat .the sum be epprox££atea hy' a .Rieinai^- iiitegi^ -{see' ^ 
•-Exe^cis.^.^J-^,- -No.'. :20}; that 'is,- ^ -.' ' \ 




h 



n/2 .: --, 



iSOn^ . 



In the "case tmder cpnsideration 



/ (1 f'x^r:.. 



.^or 0 > ^ yields - o . In this c5^e, -C.ii) ■•■i^ 
T^e -as it stands excei)t to- indicate, that (i) 'yields a gross \ 
, . ■ oye3restimate . of tie nimber of •partitida,.points needed .^^^^ (We- could >- 
• couz-se,. e'sfij?^*igj^B eVroV in the error estimate" vhich is . 
■ obta^ed. by i:he so-called Tangent Rale' of -numerical int'effration . .. 
Oaiis yields the. error estimate^- subject, tp f (b)-.- f."*-(a) = .0 , 

" .. : ". ^ - . . ■ - ^ ~ ^il :f^^(to (aH ". •. 

. Applied to Pairt (a),/thUsi^elds-:n..>-5-2. '.FctHf n = 6 Simpson's' 

Rule- does;^ yield accuratijy to f^Lve places jr ~ ' 3 - 1^^159 . ) ' For the. . 
'^ integral: of - Part; (a) the error is positive part of the' integral 



,012 




and negative over the rest; we iiave f ound; on3^ that tjie ei^rors 
-cancel ajid' the result muchVe^er than (lifb). indicates ; : I: 



Number 2 "below^'^e estimate (ii). IJb. 'directly xxse'taL^^ 



2. Obtain ; log 3 to fcur decimal place ac< 



J! 



icy. by num^ical . .integration of 



Use y! 



"d^C— )' - - . -4r- ' in , ( ii ) : of the sointlTQir to' Number (ic ) to obtain 



•bh&t,. error; estl mn-l^ f ot" Simpson* s Rule, 

. . "^J.-.t e X i6r ./^^<r^ " a-- 

, l80n^ 3^ 15n 



where we ignore -the -tern" —jr.. Impose -ttie conditiQn- 
' " ' ~ ^ :yi| - 10.2 .* 




.2 X 10 



or 



V 



Since -n mus-b\l}e evenA 1^ke n =12. 
n = 18 '.) For • = 1 + ^ 



(Note tha-t (l^rt)) 'would, leisb^ to- 
'>2 7\-- /I2) oTstain . • " - 



"^12 



333 33 



a = 1-. . 333 33 
■ ^57 14.. 



^1 - 

^11 



ess ei 

IjQQ 00 

352 9h- 



\> = 3. "283 7V 
irt) =13.«a.3i4- 96 




■ ^2 = 


.750 00 


i 


yi, = 


.600 00 




.500 00 




.= 


.1*28 57 


1: - 


V 

^10 " 


.375 00 




c — 


2.653 57 




2c ■=. 


5.507 14 





* , lo-g 3 - 

♦ • ■ . ' ■ 

' "st 1.09864 .. - 
Xn fac-t, -to five-place accii^cy, '. = 

/ • ' . log 3 = 1.09861' 

• * ■ • . • * * ■ 

■ • ■' . 1013 ■ 



4^ + 2c:") = 



T 



3* . Es-fcima-te 'the in-tegral' " • * * " 

y ' . 'i J o' vcos if - ' ■ ' - . ■ ■ • ■ 

■ • of .Section 13 t1, Equa-fclon (l) * (Hifi-fc: - Compare Exercises VS-X, Number -2. 

. .. 2 , ■ ■ ^- • ■.. ■ 

.'• • Use the subs-tltutions sijj^i|f = u , cos lir = 1 to o-btaln regular .. 

aiige'braic integraXs. , '. • * 

Simps on »s RuXe 'cannot "be appXfed ,to -the, integraX as. it stands -because ttte 
• - ^ Integrand is not - defined • at \lf = . From the observation in Exercise/ 
3-1,, Jfumher 2 -we have .• " 




..and apply 'coa t = x -.^ ':iip obtain • •' 



\ J O Vcos Tlr . J 0 /ZTW 



/(2 ?'v^(l^. - v^: 



Xv 

-7- 



We use Simpson's RuXe with., n = 2 for bath integraXs. ^-or^vy ?t 
• ve ha-ve • 



c. 



- vhence, ■ | — 

. . -Jo] 



= -500 , ,5X6 , yg .57? ; 

- " • ^ ... - . , . 'i. 

.524. For ■ z = ' • , \re have 



^0 



Whence J. ^ ; » .. • * • 



Ijifleirt -btiese resXii-bs in (i) and (ii.)* and add -bo obtain \\ ' - 

-vhich fal2fe in the range indicated in .the soliition of Exercises 13-1^ 
Bupiber 2. | " . ' ^ ^ J 



4. Verify thgt 



T 

J o 



Sinrpso'n's Rule is exac-t for cubic polynom:f.als . Apply Simpson? s Rule 
■with n =X ^ ■ ■ '\< 

5»\. Use the ini^egraj, rorin of .the Taylor remainder to obtain the error "bounds 
(a) the Trapezoid. Rule given in Fornnila (6)^ 



With. the. remainders in the form given by. Exercises 13.-3^ Number ^9(8^) y 
• .^.we haxe. instead of (3) ' ' . * 



k-l ^2 



ll + 



ainS/ ins-tead of (1*-*),' 



(x. -.x)^f"(x)dx^ 



These resiil-ts yield ( wi-th .-the .ohserva-tion t^'t = ~ ^j^l^^:- — ^ 




(1) 



\ 



' .|Y'Cx)r{h(xj^-x)- Cxj^-x)^4x ■ 



^ -<ii 



^-1 

- ' k 



h(xj^ -:$:)- (xj^ - x). }dx 



(fonpula continued) 



"2/ h(x^ - x)^ Oy-xV 



(b) Simpson ^s. Rule given "by Formula (13)* 

J . 

" ^ ' 'J 

Use -the integral remainders in "the deriva-bion of (lO) "bo obtain. 

j: 



f Cx)dx = 2yj^h + ^ h'^ 
^-1 • • . 



1 



Similarly witli integral remainders (ll) "becomes 



^+1 



For -the error "bound we -then have 



I r'^+i f h(x - x)^ (x^ - x) \ 



dx 



j: 



dx 



M 
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6* Using approximation "bo -tlie int'egral 



log X dx" ^ ottain arf inequality 
1 . 



of the form 



(Hint^ Note that the extension to the left of a chord to the graph 
y ^ log X lies atove the curve.) ' , ' • 



PoCP-bwing the hint, observe that 



■J 



log X dx 



is less than the^^area of the, sliaded 
trapezoid in the figure. Conse- 
quently, 



: < |- log(k- + 1) - I logCk + $) 



vhere y^ - log v . 'Summing from 



1 to n - 1 get 
' n-^ • 



log' X dx 



k=l 



.< J- log 2 + log 3 + log 4 + ./I . + log n 



+ 1 




<- log nl - log 



rating tHe^ value of 1^^ from^Cl^), then obtain 



Obtain asymptotic expressions for the? following "binomial coefficients. 
'■. ^2n 
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I>4 



(7) 

6 



k n-k 



k'.e^^ - k 



" k 
n • 



(1 + 



n-k 



■) 2_ f 



(c) (^*) ^ iarge^ p' and n 



4 (fi) 



pn 



e 

(p-i)n v 



n 



.1 ^ ^ 



P - -1' 



\ 

Cp-l)n ■ 



Obisain an. asymptotic expression f or *the coerficient of . x 
Taylor expansion of azic sin-x (given in Example 13-31:)) 



2n+l' 



in the^j, 



ObscuVe that the coeffp-cient is given "by^ 
^ C2n) I 



and use the solution of 7(^) to obtain' 
* * * -.1 



^2n-f-l- 



C2nr+ l)V5tn 



9* Obtain a .sharper lower bound for . J^^ - thair that of (19) and .so 

improve the lower estimate f^or nl in .(23). (Hint: Use the integral 
form for the Taylor remainder as in No. 5*) • S' 
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From (i) ijj -the solu-tion on Htunber 5 with" f'(-x)/= log x ,.''we have 



^ ■>-ij 



k 



k+1 
k 
1 



(-k ^^ l)(k + 3-- - >c) - (k x)' 



l)(k + 1 x//- (k + 1 - x)' 



-Ck .4- x6'^ 



dx 



12(k + 1) 
Prom' (20) it follows -tToat 

log 

. Now srun rroni n -to n +/k if'Tl -to- ob-bain 




■i 12(v + 1)^ 



> exp^ 



The sum In bracke-bs Rieinann upper sum for 



(n 



■^P^ 1 



Thus X' 
II 

all nat-ural ni: 



^ 1 



:s ■ k so "fchalt 



n + 1 n+k + 1* 

) Now -this resul-t holds for 



(// k-oo ' ■ • ^ 

^ ■ • 1 ^ 

>^ ?^fl2(n M- 1)^' 



n + k + l-"-* ' 



/ 7 

■■■■ # 



n: 



r 



^11 



i e 



fjVo may Tae of in-teres-t -to compare -this lower ,e$-tim:a-te and -the upper 
es-fc^^j!ia-te of (23) wi-tli -ttie -true* value for some n . We have 
///■ . . - 



171'= 355 ,--68'' , 428 , 096 , 000 




Jsing a -table of logari-fchms • we obtain to five significant • figures for- 
^n = 17 , with a = vSm (2.)^ , 



: :019 



196 



13-^ 



. ^ 1^ at- -,.3.5392 .X -n 



J 
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TC,i3'5* ITumerical- Solu1;lon of g±rs-b Order Differential Equations . 

To obtain a use^^Il: degree of accuracy with Euler'.s method the nijinBer' of . 
steps is likely to be too high for convenient hand computation.' For that 
reason^ no computationai' exercises are provided. '".^ If- an electronic computer . 
is available to the class such exercises may easily be composed and assigned. 



— Solutions Exercises 13-5 

— ~1 ' ^ — 

1. Consider the solution by Euler's method of the initial value problem 
(2a, b) in a region 'where f^X and g(y) have bounded derivatives. 
Obtain error estimates in the form of Equation (8) . 



We have, in the exact form of (3)^ 



where " is an upper bound for y" in the region 

■of the hypothesis. Let and be* upper hoiinds within the region ^ 

for.^f(x) and • f ' (x) , respectively, and and the bounds for 

g(3^) and g' (y) Dif:^rentiate in ~C2a) to obtain 

y" =f'(x)gCy) + fC?c)g'(y)y' ^ " 

, ^ ^ = f Ux)g(y) + f(x)^g'Cy)gCy) ; \. 

whence, within the given* region, ^ * 

s 

Thus, obtain the exact form- of -(5), , 

where ' ^ • 



and, with L = A 



for A = n]ax{K,Ii3 , Egua-bions^) and (8)" follow. 



^k-1^ 
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• Sbo^ for "the initial valve, problem C9a,b) -that -the approximate solution 
is greater than the .exact solution, nameljr that* ' >'6y 

... .... ... . . •. . .. - .. ^ - - . . 

Let the exact solution "be 0 = F(t) . -'Since 0"-= - sin 9 the graph 

of the exact solution is flexed *(aovnward when 0 < 0 < ^ • 3:t follows 
for 0 < X <'X^ that the^graph lies helow its tangent line at x = O , 
namely, that 

^ = §Q + t Vcos §Q > 0 . 

it follows for *t = h , that > • Now, if < f let t^ he the 

tiSae when F(t^) ^5 6^ (see figure). 




Since 'F(t) . is increasing and ^ follows that ^ = ^ • 



The 



graph e = F(t") never lies ^ihove its tangent line at , hence 

i "p<t) < + (t - t^>ycos^^ J ^ 

< 0^ + ;(t - t^)ycosS^. • ^ 



Take t = t^ to ohtain 



®2 " -^^^2^ - ^1 h/cos .0^ = 0^ . 



V 



In exactly the same way ^t can -he shown if 0^ ^ that 



®k+l ^ \+l 



102 
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3* Show JX ♦ (x,y) is a ftmction of x alone, that Baler's method for 

Equation ' (l) aj^roxlmates the solution 'by successive Riemann sums. 

r K 

Let the differential equation and initial condition he 
and 

V 

y = yQ -at x =^Xq . ^ ' 
^ Then, from = y^S^^ ^ ^^^-1^ ' obtain successively 



k-1 



V=0- 
k-1 



V=0 



Bu-t 



v=0 



. " ) ^ is a Riemann sum for i x*/' ^^ 

v+1 V J f [xjdx . 

^0 



J 



T ft 



r 

\ ■ 
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Solu-tlons Mi s c ella neous Exercises , ' * 

Caj Obtain an iteration scheme for the zero or f : x a - — and thus 

- - : - . . , _ .. X . 

show how to calCTolate the reciprocal of a without divisions. 
Apply Nevton^s method to obtain the scheme 

This scheme is especially practical for use on a digital computer 
• since the computer routine for multiplication is much faster than 
that for division • ' » 

(b) Use the method obtained in Ca) to* calculate ^ accurately to the ' 
extent indicated by the approximation 'ir « 3-1^1593 - 

. Take a^ = ^ . Then 

0 3- . * 



(2 - aa^) ^ .95^ 



_ 1 

a^ = .3176 (2 - aa^) « L*00223 

a^ = -318308 ■ ^ - (2 - aa^) » 1.0000059^ 



a .318309865 .(2 - aa.) » l.OOOOboo . 

Thus to seven-place accuracy . , - 

^ : ^ ^= .3183099 . ^ V ; g 

In Section 13-2 we observed if x > 0 is an approximation ' to- i/S from 

A 

one side, then — is an estimate from the -other side. ^ We showed (for 

- » ^0 * 'oi ■ . - ' ' . 

A = 7 , but the' proof is valid in general) that the arithmetic mean. I^^ 
1 A^ ^ ' * 

= p(x + ~) is an approximation from above! Show that the harmorilg 

0 

mean approximates -/A from belowftind estimate the error. - 

■ 

The ^larmonic mean Is" f 




1021. 201 
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Set' €q = x^i - Va \ Then 



. ' ■ - -1=--^ 

(vS^ + e^) + A 2Va 

Thus < 0 . The Tiesult can also "be obtained from the o"bservation 

A - ' • ^ ■ 

ttoat y-.. = — vhere x. is the given arithmetic mean. (The natural 

attempt to improve the approximation 'hy taking the arithmetic moan of 



the two therefore merely yields the second iterant. 



'1 



3* Compute I ^ dx accurately to three decimal places*' 



J sin X 
o 



For f : X -» ^ ■ '^ apply Simpson's Rule and use the error estimate (ii) 
from the solution of Exercises 13-^, Kumher 1(c), namely 



€ Z ^ _[^nt(^) _ fttt(o)] 

iSOn^ ' 



From 



f*"(x) = -X cos X + 3x sin x + 6x cos x - 6 sin x] 

X * 

3 "* 
we obtain f'"(5r) = - — , and r««(o) = O . (it is understood here 

that ^ ^ ^ is extended continuously'' to x = O .) Consequently • 

~ S jc .07 f 

• l80n n 

We choose n > .0? x 2 X 10^ or n >.3.5 . Thus: we take n = h and 
•©■btain 



O - 1025 P^)P 
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^Consi'der a right triangle with shorter side of length a ^ longer 
*side b , and hypotenuse c . Let a be the angle opposite side 
a . Estimate 1^he error in the approximation 



b + 2c : 



From a = c sin a , b = c cos a , 



3 = 3a ^ 3 sin a 
b + 2c 2 + cos a 



The obvioiis procedure is' to expand* in powers of a and use Taylor's 

\ 

Theorem. Instead ve make use of estimates for the numerator and 
denominator (fTOTi Example 7-5^) to obtain ^ 

or ' 

Since a is the smallest angle in the -'triangle ^0<a<^<l • 
Consequently, . ^ 

• V a - a < =— . 



whence,- 



1 or 



For or = I , 




Thus the error jaev^r .exceeds .004 rndians or one quarter of a degree 

1026 . . 
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(b) ObtAln an approxliifiatiofi for a in the form 

a(pb +.qe) 



where -tlie constan-ts p and q are so chosen that the error in 
the approximation is higher order than 3 * Estimate the eigBcr. 

Neglect terms of order higher than 3 to obtain 
oc =r ^(p^ ^ qg) = sin a (p COS a + q) 



^ (a . ^)(p[l - ^] -^^ q) • 
, ^' (P q)a .-^(f + ^4-^)a^ - 



a 



Since this last exp 
Impose the conditions 



resslon i 



s to "be an exact Expression fjDr a , 



^■f q = 1 , I -H = 



to get 



P = - 3 , q = 3 



Thus the desired formula is' 



>N _ a(4c " b) 
3c 



To estimate the error observe that 

' /\ 1 

a = J sin Ci(h -^cos a) 

and use Taylor's Tbeorem^to obtain 
where is an^ upper„ bound for 

id5a 



v 



The fifth derivative is 
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■ % 



•iirr^v.i)i.<..'. 

Talsie^ -'6 and find ^ . . ■ * C 

y - ^ *: ■ ■ *" 

5. Consider^^he soXid of revolxrtxon .ob-tained "by ro-ba-ting -the graph y = f (x) 
a noxmega-tive runction [a^b] 'about -bhe -x-axis .* Let- X ^ A./, 

be the area-s ot "bbe cross-sections ..of - the solid perpendicular -to the 

' • * a + b * ' • * ' ' 

X-axis at x = a , — ^ 9 ^ respectively- Show that Simpson's Rule 

. gives the exact voltime if or each of the following cases, ' . ^ 

(a) forustrum of .a right circtilar cone (y = f (xT^^xs sl straight line), 

(b) /segment of a sphere Cy = f(x) is an arc of a circle with center 

on the X-axis)^ ^ ' ^ . ^ ^ 

^ Co) segment of par^oloid, ellipsoid .or hyperboloid of revolution 
^ , (y = f (x) is an arc respectively of parabola^ ellipse or hyperbola, 
with the X-axis as an axis of, symmetry) \ ■ 

The volume i3 given by / * - ^ ^ 



\ 
J 




V = J jtf (x) dx = A(x)dx 
J a J a 

where A(x) is the cross -sectional area. . In each case above ACx) is 



a polynomial of degree three or less. Thus Simpson's Rule is 



(a) 


Atx) 
A(x) 


= jrCooc + . 
= jr[r^ - Cx/- 




* 


(c) 


ACx). 


= jrCx - 




C paraboloid) . 




ACx) 


a 




Cellipsoid). 




A(x) 


2 x^ ' 




Ctiyperbola of one or "two 
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The metliod also giveTs exac-b areas ot :tiie fnis-bnini C3f£' axzy cone (in 
gene*aX a cone i& ,the solid 'generated by. the segments Joining, ^the points 
of a given region^^jthe ba$e, t^ a given pointy the S^^Ttex. \Thtis tetr^^ 
liedxa and pyramids are cones.) . wh6re- tlie cross -sections areS^ken along 
a line perpendicular to the >ase. flbwever, we have given no^ general 
discussion 'of volume except for solid^of revolution- r . i • ' « 

. > — . ■ . *. ■ f , ■ 

A 6. Let ? = ?(s)* he the vectorial. representation of a*" plane curve with* 

' arclengrth as 'parameter* Let 5 = r(0)" / 

•Set ^ ? = s^ where ^ is the tangent 
at O . -Let Z he the point where 
^ the line ^ XT- meets the normal line 

throxigh o 5 • Show if the cxurvature \ 
at 0, *is not zero then to lowest 

order -in - s , ^ = 3^ where C is - \ > 

^ the c£mter of cu2rvatu3?e.' - ' . 



Set ^* 



ds 



Then 




s=0 



X = s t + ACn + %<'<^*n - K^t) + 
'2 3 _ 



-St 



Thus, 



/ 



(i) 



2 ^3 



whence, for the coefficient of t in''^) , 



V 



\ 



and 



\Enter this value oS^ p in" (i) to ohtfiLin 
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• : '• ■ ■ . -r- - ■ • ■ * 

■fco lowest order. • . ' . ' ■■ . v " . * .•• • 

AT* '^Ifet a curve "be given by ' X = r(sO "wtiere s 'is^ 'Arclerigi]! 'measured from 

O <r(0) . Consider'' any, three distinct poinl^s OC* •=> , = r'Cs^) , 

= r(s^) where the ;s^: are 'confined to^an S^neigHborhoo^ of s = O . ' 

SJiow that the circle! through -tlie^iJrir-ee' pojUits\i^ the osculating 
circle ^^^^^^^^ r^U^ — ^ ^ .-L 



zero 



.e as 6 approacTaes zero ♦ (As'sume \i3he' cur^'^^ire a^t , s - O i's not. 
;h% circle through the three points be . , -* 



th% circle through the three points be 
wher^ the center A and the\radius r. are" tb'^.e *de-terciined* The center 



lies' at. the intersection pf the perpendicular^ bisectors of the" segments 
X-X^ and X^X^ . Thus-, for suitable values of the scalar o' b- and q , 

(i) • ' . A = + Xg) + pv X C^'"-^:^) - 



where v" ,is the. unit upward" normal -to the plane (v* x t" = "n and' ' 
V V X n = . Thus y " 



V X [pCXg - - qCX^ - X^)] = ^CX^' - Xj_) 

To solve for p , take tlae dot" product with X^ " ^2 pTstain 

•fvii)- . . p= 2 2 J _ 



2(X - X^) . - [v X (Xg - X^)l ^. \r -X 

Let t ^ n and < be respectively the tangent, normal, and' cui?vature- 
at 3 = 0. Use I ■ ^ ■ ' ' ' 

(idi) -- ^ X^ = s^t + ^ n + s^2raCs^)t + p(s^)n] ' ' 

wiiere a:(s) and e(s) are "bOT^t^^d.* Observe from (ill)' that 

Civ) X '- X = (s -sjt + (s.^-s,^)|n + [s.^aCs ) -s^^aCsHlt- 



+ [s -^3(3 ) -s -^p^s )]n 

-X 
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3^.. > _ „ 3 
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T^ere a is "boiinded. Similarly,- 



wbere b.-. is boxmded. Insert these* r€ts^O-'ts in (iv) "bo get: 



. -X. - = (s^^ - s.){(l a.^S'^)* + [Cs. +-s.)J b. .52]S} 
from which oh-tain -fche^ weaker es-bima-be ^ ^ 
(v). 



\ 



where c . . is bounded. Use (v) in the n-umera-tor of (ii) and get 

. (X^ - X^) • CX^ - Xj_) = '(s^ - S2)(s2 - s^)l± + XS^] . - 

where . X is bomided. To es-timate the denominator of (ii)^ Equation (v) 
will not^be adequate. We mast use (iii) and then extract, the. factor 
(s^ - Sg) ( Sg. ^ s^) ( ^ - s^) from the denominator. For this purppse^it 
is more convenient* to take X^ as origin and rewrite (iii) in "the j^rm 



(vi) 



X. 

1 



where a. = s . 

"X X 



- s 



2 



(vii) 



AXso make use of ^ ' 

For brevity, write^ cx^^-^(a^) ^ ^1 " ^(^j) o:* = ^*Cu) j/and \ | 

3* = ^'(v) w Then insert (vi) and (vii) in the denominator jDf (ii) 
and find^^'usxng <t^ < 26 ' - [ - 

- ■ . " . . ' ' ^ ** 

. .*.^ ^ .. ■ ■ . 
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where c is boundeaiTT Kote -thk-t 

iff • 



-^2 = If 



Where d is iDounded 



= /c + dS 



and T lies between Sg and O . * Consequently, 
the- denominator has the fomv ^ . ' 



where is hoimded.; Enter these results in (ii): 

. " . , ■ -1 --^ 

.2 



" Cviii) 



1 + X5 



Now enter (viii) and (v) "in* the first expression for in (i-): ^ 



-22. 



21 



Kq-te also -that |<Xj^,,+ X^) -=.0 + '8!U , where , -the ■■v-ec-tor , U is bounde^ 



Conclude -that -the center of the circle -throu^ the three pQints satiqfieis/ 



A = ^ + 5V 



vhere V is "bounded. Thus the limit of A as 5 approaches zero is/ 
the -center of tBe osculating circle. Furthermore^ with = 5W where 

W is "botjjaded, obtain for the radius / 



r^ = [X^ -J!^= |5(W - y) - ||? 



from which conclude that the radius ^ r- *has 
osculating circle^ as a limit. 



f- : 



■I 



-j-^ , the radius of *'the 

/ 
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. Teacli^r *s 06mmeii1:ary 
S5QUENCES AUD SERIES 



TCli4.-l- Introduci:ion > . ' . . . ^ 

. ' ^ ' • • , . ^ - 

This Ideas ct sequence^ and series .\ised casually in "the resi: of tihe text 

a<re now ttte principetl oTD jecrb 'of attentioA* . JPhe ground ; has "been laid so xhafc 
■ • ■ ■* ^ • - * ■» -* , ' . 

^ lit-ble time need 'be spent on the Introductory concepts: the definition of ^" - 

limit (p. 39) '^ras framed to include -discpnrfected domains: ^limits as 

approaches infinity" were introduced early (p» 23l\:, the idea of. limit for 

a sequence or series, without name, has heen used frequently in the .text . 

(e*g*,* Sections 6-2, 7-5^ 8-6, Example 10-6e, and'^hroughbut Chapter I3) - . For 

^ ■ - ' -' 

th±s reason it is possible to proceed directly to the hasic existence Jiieorems- 

For the existence proofs we need a form of the completeness* axiom for the real 

TTiiTribers^ and we"* u^e the Least Upper Boiand Principle . (Section 'AI-5) for this c 

purpose . ' ' ' . * * " 6 • ' , / " 

The Cauchy inequality,' Exerelses Al-2, Humber 16, (pt ' 253) ' is • used in" 
the exercises. . ; ' ' 

/ . ■ ■ - • ^ • .- • • .- • ■ • . ■ - • 

Mathematical induction (Section A3-I) is used in "both text aid exercises. 

"Ko attempt has heejy. made to provide the u^kl routine practice exercises 
on the calcula-liion of limits x dt ia^ presumed that the text has already given 
enough.. practic% of this type- * , 



«7 <• 



■ Convergence of Sequences . 

"* ^ ■ 

Tljere are some ^conventions concerning sequences and series vhidh we 

made use of vithout explicit mention in the text. For example, the definition 

of sequence in. Section 1^-1 requires that the index set he the entire set of ' 

natuiral ntunibers. For many purposes it is" convenient to extend the definition 

of sequence to functions a : k ^ a^ vhere the domain is of all integers 

from a certain integer v onward, fk : k > v} . 

In particular, it is often convenient to take v = O . Of course, it is " 
■ possible to relate- a directly to ^a sequence b , defined strictly, namely ^ 

In a similar vein, we note ^hat the function k -> - — which appears in the 

statement of Theorem 1^4— 2e is noi a sequence if any of the terms a^^ happens 
to he zero. However, since there is scae integer v for which _ Is^^ > V implies 
7^ O ,^ this fact is irrelevant for the conclusion of the theorem. Siaiilarly, 
in the Corollary to Theorem^ ll^-2e, the function k will not he- a 

sequence if = 0 ' for any k . . ' ^ 

\F 1naX 3y, we adopt a convi^iition used tacitly on a few occasions (e.g., 
* '* . 

the proof of Theorem li^-- 5b),. for any integer j not in the domain -pf 



that 



aj =0 



Thus, for a sequence a , strictly defined, in** 

it win 



the proof of Theorem lif-5b, for a given positive r ' when a£ > r 
not be possible toi find a natural number inde^^ i-,' such that 



i-j^+1 



We can handle this situation by extending the., summation to include • k = 0 and 
using the index. In 'addition it is convenient to adopt the convention that 
an empty/ sum is zero; this^ too, is a way of handling the difficulty in the 
precediria- examgl-e. . ' '"'^ 



: Solutions Exercises li*-2 



Proaj^ 



. Theorem • ll^-2e 

(b) Theorem ^i*—2'b 
Theforem l^-2c 
Theorem 2d 
Theorem X^-2e 
Theoifem lM-^2£ 



(c) 

Cs) 



Corollary' to Theor^ l^-2c 



(h) ' Lemma l4-2 : ^ : 

(i) Corollary 1 to Lemma 1^4—2*: 
(j) Corollary 2 to Lemma. .il4--2 ■ 

^(k) Corollary, to Theorem li;'-2e 

(i) Corollary 1 to Theorem l^-2f 

(m) Corollary 2 to Theorem l4-2f 



Parallel the proofs of Chapter 3» 

■' . • ^' ' " ■ 

Sfiow that if • 'A^ < A < , where A = lim a^ , then there is a ntmiber 



03 such that 



k > 03 implies A^ < a^^ 



< A, 



Take € = min{A ^ A-j^ , A^ - A) and co = 12 (e) - Then for , k > co , 



|A-- aj^l 



< ^ or A"* — e < 



< A +' e 



But 



< A - e < 



< A + € < A^ 



.Prove that *llm ja^^l =0 if, and only if ' lim ^ = ^ 



Use 



^. 0 ^ 



1^ 



0 



Let f he a fianction vhose domain ^cSitains the point a . and points of 
every deleted neighborhood of a . Prove the converse of , Theorem lti^-2g. 
Namely, if lim f(x ) = f(a) for every sequence n — > x who^ terms lie 

4.n^ the domain of ,f , and which has the limit a , thenrf is continuous 
at - a ^ " 



There exists a sequence" x , with values in. the domain of, f ^and 

, since every neighborhood of a contains points in the 

domain of f • Suppose^ f is not continuous at ■* a On the basis of 



lim X = a 

' n ^ 



this suppos±tion w6' shall construbrb a sequence. 



f ( x^) w'ill not coTc^^t'e^ to f ( a ) 



converging 

Since 

a /there e:jj:ists "an e > 0 such that for-^each 
.5 > 0 there exists a point 5) satisfying 

|§(8) - al < 5 and lf(^(6)) - f(ari>e . 



to^ a , "but the sequence n 
f is .not continuous at 
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Thus the sequence n = § (^) sai:;isf ies 



Hence limoc^ = a while ri f Cx_) does not converge to* fCa)- . 
^ n^ 3 



(-^^ + • n) . 



5. Find lim 
■ nM<3o 

. • V 



.2 . 2 



n + n - n = ' — = -i — vhich converges to ;r- 

— , . - . 2 

!■ •/n+n + nVl+=-4-i 



6- Find the limits of the following' sequences 



(a) n->(l-J-^)°; 
> n 



^ince " (1 — ) converges -to e < 3 , (Example l4-2e) for n 

suf f iciently _large (1+^)" <3 . But, 

n . 



2 

r)' 

(Example l^-2c) . Thtis, the Squeeze Theorem, ,lim, Cl + -ki) =? 1 



1 < (1 + -^)°-=.C(i + A.)^ ]^/^ < 3^/^ which converses to 1 * 



2^ 

n-»«w n 



n 

(b) n ; 



Tafce k > 2r°, then for . n > k , ' 

n k ■ , k 

r r . r . r . £ < ^ - 71 



nl k'.. k + 1 k +- 2 n ^ kl ^n-k ; 

r^ . 1 

Thus lim ^ = O by the Squeeze Theorem and lim = 0^ (Exancple 

D~oo * k^oo 2 - 



ll^-2^^) . 
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Given € > 0 , let cd = {^)^^^ . Then if n > co , have -^■.< € 



(d) n-»^=2S^-, 'a>.0 ." 



a 
n 



For g > 0 , 



Tims, ctioosins 0 < P < , we have 



1-3 3 



0 < i2S^ < _i_ J 

n pn pn 

vhich converges -bo O "by Part (c)'. Thus 

■ . liia i2^ = 0..; 



t4 + V^~4- + ••T = 2f ; that is. 



7* Show that V2 +y2+ =2 ; that is, show that the sequence - 

a : -> a^^ defined hy ]a- = , ^4-1 ^ + converges and the limit 
is 2 . • f / \ \ ^ 

By induction show^Vthat a^ < 2 Tor. all n : a^^ = 2 and < 2 Implies 

that ^ ^ 

On the other hand since . ^ 

and a^ ^"2 for all k , we have^ / ^ 

whence' a , is an increasing sequence. It follows that a must converge, 
say^ "bo r . 
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Then, apply the elementaxy limit "bheorems to (i) and*get . = 2" +'r-^ 

hence r = 2 or r = -1 . Since r nnist "be positive 

* ■» ' . • ^ ■ . 

J2. + ^2 + . .T i 2 • j' 

^ ■ ■ ' . 

Alternative Solution : Apply the methods of Section 13-2 to the iteration 

scheme a^^^j^ = ^2 + a^^ for approximation to 2 . 



8. Show that ^ 2 , 'liamely, that the sequence a : a^ defined . 

by a^ = , ^4-1 ^ "^Sa^ converges and the limit is 2 • 

^ 2^/2 + 1 A + . ... + 1/2^ ^i/a^-^i" \ 



that is. 



Hence a is a monotone sequence hounded by 2 and therefore convergent, ^ 
say^ to r . Since r^ =: 2r , r = 2 . 

Alternative . Solution : Apply the methods of Section .13-2 to tlTe iteration 
scheme 

for approximation to 2 - 

N ■ ■ 

p. - 

9 . The Fibonacci numbers are "defined by f ^ = f-, = 1 and f . = f + f 

^ . O 1 n+2 ' ' -n ' n+1 ' 

n = 0,l,2, ... . Find lim ^ 



Suppose first that the limit exists and set- r =* lim Since 

i>«oo n^ 

Ci) — r = -J — + 1 , 

. a+i ■ n-H 

■ • ■ ■ f . . . 



r ' is a solution of ' r = 1 + 'r . Thus' r := — — ^ . Since r. must be 

' 1 + i 
positive r = ^ • It remains to be snown that, the sequence 

n^l ■ 1 ' 

n = -J — converges. TTow, write (i) in the- form. 

n 

(11). \ " . . r,,i = f Vl . ^ 

\ Since f , is increasing r^" > 1 , henca, from (ii) with ^^^j. ^ 1 ^ 
■\ r^ <r2 . Furthermore,, since r^ < 2 , we i^ave again from (ii) 

r^^^ > |- . Thus, 2 ^ ^ ^ n > 1 . Hence 

n n--L u 

where u is "between ^ and 2 . Thus Ir^. - rl<^lr - r -.l, 

2 . ' n+1 n* 9' n n-1' ^ 

and 1^ induction |r^^^ - r^I < - < C^)''"^ < (|)''-^-. ; 

i^n+k - ^nt-= l^n^ " W-l"-" ^n+k-1 " W-2 T^+l " ^n' 

< k^+k - ^n+k-l' ^ "' f^n-Kl - 'J 

Thus n r^ is a Cauchy sequence and therefore convergent. 



Alternative Solution ; , Apply the methods of Section 13-2 to the itera- 



tion scheme (ii) for r ^ ^ 



10. Show that the sequence 

a:n->a^=l+|' + ^+ -..+J - log n ^ 
n 23 n 

converges- ' (The limit of this sequence is called Euler's^ constant, r 

It is not known whether or not T is rational.) ; * 



n 

a„ = 

k=i k=2 

n n+1 



■.=ii-j:¥-E[i-;L¥j 
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since* j (t- - T-)d* is negative. Thus, since a > a^ 

V J k-1 ^ . ^ ' . " ~ 

decreasing sequence. Pmrthermore, 1 + ^ + . . . + — is an' upper suk 

^ ■ n - X 



* - Gt . a is a 
n n+1 ^ 



for 



and is therefore greater than log n : hence a > O for 

n 



all n . Consequently, a converges hy the Monotone Cfonvergence Theorem 
(Theorem l^-2h) . 



11. Given a sequence a : n a , form the sequence 

n 



lc=l . 



(a) Prove that if lim-a = m then lim a - m 

n ^ n 



Given e > 0 ^ there • exists an integer v = N( e) , such that if 

n > V then la - ml <"€ * Let k = v + 1 and set 

n ^ 



CD = max {2k , ^ ^ a^ + k | m^ } . 
A i=l 



Then for £ > cd we have 

k ^ 



/ 



- mi = 



y~ + ^ (a^ - m) + -}sm 



i=l 



k 

IKK 

< + - k)e 



- ^ 



2 " -e 



("b) Show that ' a may converge while -a doe's not. 
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Let' a:n-*a£ = 14- (-1)^ . Then 



a 
n 



. n 



k=:l 



5 1 

^ if n is even 



1 1 

- "T if n is odd. 
n 



Thiis lim -\ while a does not* converge . 

12* Prove that if c : k c, - is a subsequence of "b : k h, , then b is 
a subsequence of a : k a^ , then c is a subsequence of a . 

. There exist increasing^ sequences of positiire integers 
f ■ ■ |j.ik->ij^ and v : k -> 

such that 



^ a . and c^_ = b^ 

k 



. hence ^ = • composition - * • 

of increasing functions is increasing;, hence c is a suhsequence of a . 
13* Find a sequence, vith no convergent subsequence. 

V - 

n n or any sequence that does not have a boxxaded subsequence, 
li*-. Show that if k a^ is a s,uhsequence of k a^ then i^ > k . 

From the definition of subseguence, i : k -* i^- is an increasing sequence 
of positive integers. Hence i-^^ > 1 . ..Proceed by ind,uction: if 
\' ■L^>^ y^-^^r. ±^^^>±^ implies 



' ZIP 
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15 • Shov -tbati if k and k s. are -two subsequences of n — * s 

satlsfyliig 11m s =» llm s = *S and the sets of indices i. and , J- 

• togetlier include all natural numbers j tben lim 6, « S ' ^ • " 

' • ..fc-. ^- • . • ■ ■ 

To' any given c > O ve caji associate' iotegers'*^ and , sucla -that 

|S - s I < e if k > and |S - s / 1. < c if k > Vg . Hence if 

k . ^. 

^ : ' k'> maxCVj^ , v^} tlien js - Sj^l < e . 

• ^ • 

» ■ • 

16. Let a : n -» be bounded sequence^ Let C be i;lie set. of limits of . 

subsequences of a , (The elem^ts of C are calied cluster -^ints of 

a .) The least %pT>er bound of C , sup C , is^cjalled the lim^ superior 

of a and is written lim a . ^ Prove that lim a » C . t" 

n n - ^ - 

To each n there is a/ subsequence k ^a converging to a cluster point 

" 1 ^ 

£^ vhere lim ' S S ' ' subsequence \k ^ a^, converges 

■/ ^ " . ' ^- . 

* to - sup a • - . T . r 

^ ■-. 

I 17. As is* in Exercise l6 define the limit inferior of a as Hm a = -rnf c • 

~ — " ^ * 

where inf C is the greatest , lower bound or inf inum of C;* Prove 
lim a c c . i - ' : . J 



-a • 



' ' Set* by= -a . Then ^ llm = '-lim ir- . , . . » . ' 

^ . • - • ' n .. n. . ■ - 

18 • , For each of the ' following sequences a , find ^^yr\ a and' llm- a 

L. - .n - — n 



(a) k : n (-1) 



n 



lim a_ =* 1 * llm a -1- 
n — n 



(b) a : n cos 

5 



lim a^ 1 , lim a^ = cos 



(c) a : n ^ 



n 



lim a = lim a = O 
n — n 



• 1 ' 



. car a : n^ cr (1 + • • 

11m a^^ = max(a,&): 5 11m .a^. = mlniQ£,p). ' ' 

I 

■ \ ^ . . 4 

19* Ijert * a : n be "bounded, ' l^n^ '^ ^ * Suppose -tbat 

Prove 1:1131; Inhere exis1:s eui a> soicli thai: Tor k > cd , 

• ^ IT no sudi CD exists wi-th the; ^stated propei^y then there exists a "suhse- 
; quence h':'i b . satisfying \e±-fcher ^ y ' ^ ^ 



-M < b^ < or M > b^ > A^ V > 



Tor eOl 1 • Hence, b has a conversant subsequence c (which Is then 
aXso a, convergent siibsequence or a j vhose limit C satisfies either 

C < A- Urn a or C > A- > lim a . , ^ 

^ n v — 2 n 

• ^ . ^ ' ■ ■ \ ' ' 

of*w^ch neither is possible. 



10* - .Suppose that a number A vis" less than the limit superior of .tlfe bounded 
sequence a: ; n that is, A < lim a^ . Show that a^has a subse- 

r quealce b : Ic ^ satisfying b^^ > A for all k • ' , 

Slncet - A < lim a^ there is a subsequence, c - : k- -> c^ = a^ ^ of a 

whose limit , C is gre'ater than A - Thxzs there exists an integer v ^ 
such that^or k > v ^ ^ 

. |Cj^-C|<C-Aore^>A for k > v * . 

Consequently the terms the sequence defined by b : k b, = c, 
^ ^ ^ • * . ^ ^ 

* ^ are greater than A . 

1* Let f be continuously differentiable and consider th^ sequences n -> a 

and n b_ which both converge to a , where a .5^ b for n ="l . 2 , 
n . ^ n' n * 

• • • « Show that tl^e sequence 

. : ^fCa„) - f(b„) . . 

; ^ : . n-^ 



^ converges to f * (a ) * 



a ' - b 

n % n 
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By -the Mean Value Theorem tti^e exists c , between a and ib such (to 

n ' n • ' n 

that - ~ * - 

■ ' ^(^J -^K"^ — -7 

,/ - a - b ^ ^^n^ • ■ • . 

' n n ' 

Thus by the Cprollary to thje Squeeze Theorem J^im c =^a , and by 

Theorem' llt-2s for f *- , lim f*(c ) = f »-(a) . 

n - 5 ■ — — - ■ • 



i 



A 22^. Show by eai e^canrple that the contimity of the derivative is^ essential 
'in Jtonber 21* ^ 

2 1 

Let f : X X sin ^ .if x O and ' fCo)-= O . 

a^ = [(Ifn - 1)|] S and b^ = CC^i-n + l)|] . Then f^Co) = O , 
l±m « lim t = O , and * f (a ) = a^ while f(b ) = ^ . Hence 



^n - V «n - "^n, ^ l^ri^-^- if" 



A 



2 

which converges to — 



Solutions Exercises 14-3 ' w 

1. Test the -fcllawing series for convergence. ^ ^ \ 

- (a) ^-^Z^:i^ '* ^ . ■ ^ ^ 

n=l 



00 



- (vs^H-^n^^' ^ A- ; 5 — 

converges by ihib first comparison -bes-b and tlae p--bes-t. 



M Y- ^ 2 

nClog n)(log log n) - 



Tiixis 



" dt 

3 -tClog -t)(log log t) 

1 



2 ^ iog log -b 



log, log. 3 



n 

n=l 



(log n) (log log n) 



converges T:>y -bheVln-tegral Test;, 



--if 



^ Apply -the Root ' Tejs-t : lim v 



11/ n + l,2.;n 



tbus 



(n + 1)^ 



n=l 



n3^ 



converges 



I lim 



n + 1 



2 

3 ' 



;^ply -the-Ea-tio Tes-b:. lim i° ^ j;? , ^ = lim .• = O ; 



-tlius 

V • _ n=a: 



converges . '* 



Does -the series ^n~+^^^ con-verge? 



n=l 



Yes , since 



lim 



= lim (^1^)° = lim- 



.ii-»oo n-^ n-oo- (i + — ^ 



= T- < 1 . 



IOU5 



3. ^ Find a sui-table ^ cd . =\ Q (e) ■ for each of the following series* • 



Z - E — 



n log n ; ^ n log n 



n=k+l 



T 2 

n Xog n 



Hence 



dx 



< - 



1, -logX 



2 ■ / 2 I 

n log n ^ n log n" 



< e 



±f 



log k 



< e ^ -fchai is, if k > e ' . Hexfee we may take 



n 



n=0 



Since 



n 1 ^ _ 1 4^ 1 ^ 2 



.n-KL 



< 2* . aJJL n , hence, as in the 



proof of the Ratio Test, -S- < 'for -all n 

3^ 3 , . 



Therefore 



11=0 



n=0 



n=k+l 



n=k+l 



n=0 



er|c 



ICA^': 



"3 



14-3 



i , e 

>..•.- ; •. . ■ log- 5" 
wlilch Is Xess -fban € if k > ' 

Xog J 



Hence ve may -bake 



log § 
log I 



Vn - 1 ^ 1 _ - 



k 



n=a. 



n=k+l 



-2 2 
■/t 'k ~ 

' ■ ■ < ■ . . 

P 2 • 

which is less than c if k > (—) • Hence may i»ke 



4. Shoif thal^ if^ > ol, ri » 1 ,,2V, 

GO J 



converges • 



n=a 



^ and 



Xiei; s 



(ExfiETcises Al-2, No. US) 



n ^ k 

k=^ " 



Then "by -the Caucliy ineqitali-ty 
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11^-3 



n 



• ThTis "the sequence ' n t is "bounded and mono-tone increasing* -therefore 

n " 

conve3;'gent . 

■ * . . ■ . . . " . ■* » . 

■ ^ • ■ - . y ■ . • 

-5.' Lei; a- : k a^ be a mono-tone decreasing sequence. Show that if a has. 
a stihsequence . k a . f or which\ a. > then sij^ ' di-verges . 

■ - * "." '-'Hi'/. - Hi- ' 2n' •■ 
Gi^ven any n , choose i^^ > 2n • Then ^ ^ ^ ^ — * 

00 . ■ ^ _ " r * 

Thus ^\ a J diverges by the Cauchy criteirion for searies* 



6. Show i;hat if the series of positive terms - ^ a^ diverges ^hen 

J* * 00 . i 

v' ^ ' ' ' \ — 

» y ^ — diverges? where * = y 



i=l 



i • — ^ 

i=X . .- • • k=^l 



Since • s :^ n s i^ unboimded we „can associate with ea n • an integei? 



v- • so ^hat . ' 23- ' < s • Sence. 
■ n n+v 



^ ^ i ^ 1 ^ n-Hv n n ^ 1 



i=sn+l- it=n+l , . 



00 

a . 



^ ^'i - . 

Hence > — diverges by the Caucliy criterion for series. 

^ — ^i . * 



-7- Show that if the series of posi-tive terms > converges ♦then 

X 



... n=l 



converges , 



By the n-th terra test, for ri ' siiff iclently large -a < 1 • ThtiS' 

CO - ^ * 

2 2 
Tttus a < ®n / converges iDy the First Comparison' Test 

Prove that V" /llil^ = log .2 . 



n=l 
n 



Hint:' Use* / . x"" + = r— =^ — and Integrate. 

f X X^ X — X ^ 

k=0 



or 



n+1 ■ 



k=l J" X. X 



dx 



tCauchy Condensation Test) • Shov that if n ~^ si^ a decreasing sequence 

CO oo \ 

,.n 

n=l n=0 ^ 

convexge or- hoth diverge. 



of positive terms- then the searies / a -afnd y 2^a ' either 'hoth 

• ■ c — n c ' 

" * . ' n=l n=0 



The proof "based on 




2 " 2* 



If ^ convei^es then 

n 



and 
•and ^ bounded 



a . converges since its sequence of partial sums is mono-bone 



if"- converges, then for v taken so that 2^ > n , we have 



lc=0 



v-1 



) 



. v-l 



2°a 



n=0 



Thus the sequence of partiaX sxams for 



f ir^^ ^ both monot6ne and 
J' 



^bounded; hence ^ 



a^- converges- 
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10. (a) Use tlie Cauchy CondeiUte-bion OJest.-bo show -fcha-t 

J C 33 lO 



log n 
k=2' 



diverges 



00 



Zl 
coixverges 



00 



Since / — ^ — = zr^T^ — diverges, — r^= diverges. 

I— Toir 2^ ^ ^ log 2 ^ ^ n log n 



OO 00 

Since > — —5- = >. -5 5- converges. 



1 



-g- converges . 
^ nClog n) 



Apply -blie Cauchy Condensation Test test the convergence of 

CO 

i_ n(log nKlQg log n) iT . • 



n=2 




Apply '"tbe Cauchy Condensation Test repeat edl^c^it^ reduce the prbhleid 
to: convergence . of ^ ^ "1^ . • 



and then to 



CO 00 

Jl-r—^ - = Z 



^ , 2° logC2° log 2) n log 2 + log log 2 



and then to 




uu 



2° 



2 log 2 + log log 2 

Since 



ERIC , - _v /^<fO ^ 



lio ^ " 1 'o ?^ Cl 

n~«» 2" log 2 + log log 2 -^^S 2 

It follows that the last series diverges and hence eefch of the 
other series in the succession diverges. . 



Solutions Exercises 14-1* 





^ both converge, -then ^ a A 



!• Show that If 7 a„ ana 7 1> ~ -both eonverrir*^. +,>ii*-n > ft .-b 
converges. 



By the* Cauchy inequality. 



V n ^n 00 00 

lc=l ' k=l k=l ^' - >==T 1^=1 



k=l k=l " ^ k=i 



Thus,; n;^^. I^^j a monotone increasing sequence and therefore 




l^n ^o^'^s^rges ahsolutely, it converges. 

n=l */ \ 



2. Test 



1 n n 

/• (-1) o convergence- 

h. .... 



2 

Ho. Since llm S — — ■ = l ^ 0 . 

(n 



^ 3 - Is the following- true . in general? If y a • converges ^i^ri 



lim c - O , then - > a* c 
rw« ^ ^ Z_ n n 



n~l 




. n= 
erges • 
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0 . . aif-if 

n 



It is not. ' Consider tiie following counterexample • Let a = c* = -^-^^ 

. - ■ - ■• - ° • ° vS 

Then y . converges . by the Alt^ernating Series Test, %^aiLe 



\ a c = ^ — diverges by the p-test. 
. / n n / n 

n-i: 



n=l 



Test for convergence the alternating series a^ , where * - ^ 



I-t diverges . If -a^ converged then ^ ~ "Ic 



would 



also converge. 



t 



5* Prove that if |a_^-a 1 < a for all n .and la^l < la. I * then 



^ converges absolutely. 



¥e have 







n 


a 


< 




. n 







; hence lim 



^n+1 



• Convergence Theorem* . Moreover, lim 
converges by the Ratio 'Test. 



n+1 



a 



exists by the Monotone 



-^2 



,<:-a^ - Hence 



4 



er|c>' 
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) 



^ 



TC±k^^. Paren-theses and RearrangeSients > . 

The striking result of Theorem 1^1-58 and ' Theoiiem l4-5b is . that a veryy " " , 
complicated conditionals- rejiLa feed by a simple 'one:; If the limit of a'cbnver- - 
gent series can not be ^^Itered- by .rearrangement of its terms; then the Series 

^ is absolutely convergent (and conversely), 

* ^ -J 

" ^ / In summary^ the section- demonstrates that convei'gence is sufficient for 
the>5 extension of the associative lav to infinite ^<;nYnTTiftti on ■ "but that the 
extension, of the commutative law requires the stronger condition of absolute 
convergence. . 



Solutions Exercises ' 1^^--^ 
i. Prove Theorem for the case r < 0 . 



Choose so- -that ^ ^ ^ - X! * ^^°°se > i +.1 so that 

k=l • k=l ■ • . 

Continuing in this manner const^ct a rearrangement vhich converges to r . 



oo 

2. Show that 



n=0 ' ^h=0 ' n=0 . ^ 



•»^to conclude that 

n=0. ^ 

* ' . - ii . . , 

e- = fe^^ . CSee Section 8-5.) ' ^ 



23i 
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By Theorem lU-5c (Cauchy Product), 



X y 

(n - kr. 



n 



= H ^ E. A^''^?' 



n=»0 k=0 



n=0 



Since e 



s > -'(Section 8-5), the conclusion follows. 

/ ni X . 



n=0 



232 
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Z'^^-^- Sequenees^j^^c-Klons . Unljfocm Coiivergence . 



■ important "to -obs^arve 'tha-t -fclie -uniform convergence of • ^c^^^ix-.-- "by 

;. ' • • . • ■ • ■ ^ .. . ' . - ^^'=1 

- itseif^ is liot siafficien-t:-bo permit, different iatiqii terfJ^.-by-terta; for tliis, 

uniform convergence of the series, of derivatives,": ^ , is the sufficient 



n=l^ 



sin nx • 



2 



. . condition we employ .(Theorem- li;-6c) . For example, the series } 



converses uniformly by comparison with ^ A. ^ tut the series of ' d^feK^tives 



n . - ^ ^ 




cos iSc - . ^ 

/ ^ — does no-t even converge a-q x = 0 



Solu-blons Exercises X4-6 

if^ '^ . 1* ' Show that each or the following series converges imif ormly -on the sets 
^ specified- s 

» . * ■ „■ ^ 

- "sin nx _ • - 

. ■ ■ n3i ^ . \ ' ■ : -V 



sin nx 



n=l 



Since, lx| < | < I , isin xl < jxl ; hence, [^^^^ 



< ^ 



-n 2^ 



< X < 2 

n=l 



Ppr o < X < a , (^ttt)" < # 



3' 



.2." Show-^tjaa't -fche Wele2:*s-brass M-Test is no"t a necessaiy condition for - ' » 



/TO for O <x5|(|^5^) 

and 

- , for ^ 



2^n n - 1' — ^ — 



) <x <1 



linear 



between ;r{ + — ) and — - 

- 2^n +1 n' n 




2^n + 1 n-* 



n - 1 



Then 



^ a^(x) converges, unifprrnly but max^^ |a^(x) | 



n=2 



0<x<l V 



— and 
n 



7- — di'vi^rges. Hence tbe Weierstrass ■ M-Test' cannot be applied to. . 



Show tiha-t ^ does not converge -unifoiTnly on jxj < '1 . 

n=0 
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7 < ^ Talte € = i and 1 > x > / i 



n 

Then .[^ S^.^ = > ^^"^l > | 7 



lc=0 k=l 

00. 



does no-b converge TonlfoxWi^ |x[ <-l ' 



Thus- 

In Example IhS^ -and Example l4-6t) show for each fixed e < 1- o (ic 
c arniot "be Txninded. ^ ^ >-«-^'=^y ^ 

:&i:;"botb cases, fo:^ every € <.l no malrber wlia'£ ziumber 'is proposed* 
as a bcjuxid f or : , it is alirays . possible -bo find x and -n > as 

•. sucii thai- lu^(x) - f(x)| > e . / * / ' . ' . ■ 

In Example lii-6a^ ve liaVe for aror n > cb and O < x < * ^ ■ 



2° 



V 



• f (x) I = u^(x) < e,. .. . \^:.-:^-'\ _ 

: In.' Example lV-6l3,:'W tiave for any n '> ay . and ' ■ — ^ < x < - ^ ^ ' • ' 

: \. ^ :. ". ":. "^v"- ■ ' ■ r 

A sequence of f^nicrbions u r .n said iio converge in the 'laean -to ' 

f on Ca,-h] . if . . ■ " V " . ' ' ■ • • 

' " ■. • ■ 3^ . [ Ef (x). - u Tx)rdx = O . ' • 

. • _ n«»<» J a • ■ ■ " ■ . •- 

(a) Prove if u , converges* uniformly -bo f on Ca^Ts] then u converges . 
in -the mean to f . " : - . . 

- Given e.> O ^ -fchere exists cd such -bha-b. iT n > -bllen^ 

' • ' . ■ '^'^^> - - / . ~ ■ ■ ■ 

Thus ■ ■ . - » . , .." : 

. i P Cf(x) T u^Cx)^dxI = |f(x) - u Cx)l2dx 



J 



a- 
a 




("b)- Sliow "by an example- "tha"t u cau V6nverge Ixx .meaWgsD • f -/but^noi: 

.pointwise. ... -\ . ' . ' : 

' ■ ■ . 1 . ■ ' 



Take u : x ^ 



O • for — < X < 1 



and f .: x ^ O . Then 



iim r [f(x) - u Cx)3^dx = lim ^ = O ; 



Ira* ■ - . , 

, iim u CO) = ly.f(O) = O 



Show -bha-b-.i:^ '"the series * 5 ""> 

(i) ' . *"2"'^ /' -^pV 3ax + sin:nx] " . . 

V->c^;-;. ■ n=l '\ *. ' ' ' . .- . - -' ' . 

^converges, uniformly^ "bo f (x) on "C-jt^tc] ^. "then • 

(ii) ^' ■■ . \. "i a ' ^. ' r • f (x) ;cbs 'nx ^ - 'n-=:- O ,'l 
> • . ■- • - 4» ; /. . n . jt , ■ . I ■ - ■ - . . . / . ' ■ 1 



'-Jt ' . ; , . "... 

■ 5 ■ fit ^ ■ ■ . .. ^ ■ 

Ciii) . b . = =r f (x) sin nx dx\ n = 1 ^ 2 • - 

(The series (i) with coef f icien-ts ^defined by Equa-biohs (ii) and Xiii) is 
caTI e<|g, "the PoTOorier Series of f .) " 



We -have 




. TC > for n =m ^X,2.^ . ♦ 
Muli;iply by sin lix or cos nx in '(i) and apply Th^rem l4-;r6b' -to ob-feain 



I sin nx f Cx) dx = ] ^ dx = irb^ 

^ cos nx^(x) dx = a^ cos^ nx: dx — ira^ 



. . ' ■ ; • . Solutions Exercises Xi*~7. ~~/ 

i5 



!• .If tlie series a^^^^^ and- ^ 'b^x^ -coirverge on. .(x| < R show- -that 



CO CO 



(i) 

aoad -bha-t 



n=0 n=0 . n=0 



^"V^ : ( 

. ; . .>n=0 . ' ■■^n=0 ■ ^ n=0 

■ - n -_ ■ 

on a:^ 2iiierval fx] < p vhere p < R . where c = > ' a, t ' . 
■ ■ ■■ n ^ ns. n-k 

(i) Use Theorem iii— 3a* ' . • ' . \' 

■(i±). ;Use^-Theoreiii -iif-5c. ■•' - ■ : v ' ■ -V " ' ' .' ' . 

■2^ .;From Theorem l4-7a pTOye^the claim, or. -the -bhal: a power series 

a X/ either ' " . 

.n • . * 



(a) converg|f^for ali. x_, or * - 

■(b)' -there exists a number : R -such that the series converges Tor 
|x| < R and diverges for |xj >R. * c . ' • / 

^^If the'set of values, E , ^for whith. the series 'converges is unbounded, ■ 
.. -then ^ R by Theorem l4-7a/since/ given any x there exists y , 
\y\ ^ ^ > a^<a -the series/ converges a.t y . Xf B Is bounded let ^ 
R = sup E . ThvLS, if |xl > R the series must diverge* If | be | < R 
there is a y in E with fx [ <y V Hence by - Theorem. Ht^Ta; .the. series 
conveJ^ges at x . /. - 



3- Prove ^-fc-hai;. if . a^x^ has raSius of convei^ence and ' "b ^x^ 

; .: has radiu^ or convergence Rg < R^ / then ^ (a^ + b^)x'=' ' has -radius 

'. * * -■ ■ ■ , * ■ ■ * . 

.. ... ■.. of convergence . R^ .,• 
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n=0 



o. 



-I-t is clear -that • ^ Ca^ t b^)x° ' co nv e r ses -f'or Ix] < 



: m -ir ■ ■: - v ,- , ........ . ..■ 

y .^a + b-)x^ converges where 5^ < x < ^i:lien since 



lEx=o - k=0 k=0 

- " ^- . * ■ ' . 

■btte difference " < 



n 

X 



n=0 n=0 n=0 

**■■ -. 

converges > TmtJUiis is inipossi'ble since x lies outside -bbe in-berval 



-of coiavergence of ^ ^ri^- 

n=0 ■ 



Sllow'1;ha-fc the .radius .convergence of the poveir series ^ 

O if t = » 



n 

n=0- 



-a x^ is 



-R = 



in all other cases. R lim ^. 



« if ' lim ^|a^| = 6 , 

^1 ' " ' 



Choose -r, so '-thai; r <"r, <'R . Then' Xim -/la^t = — < < — • -Hence, 
J. ~ ■ 1 ■ • ' ■ ■ - n ' K r_ r 



■there exis-ts m such -tha-t for k > to ^ ^ | a. j ' < — .. Since |x| .<.r we 

■ . ■ ■ . ^ • ^1 - . ■ - ■ . . ". _ 

ha-ve- Vi^^ lajj.i Ix]"'*^ < (^) for k >.a3 ^ Since 

■ - ; . ; ■ . . •■ " k .■ ■ - .«> , ■ ' . 

-^'< X , -the comparison series ^ ' converges ^n^^ 

coiiverges^ uniformly in I^cTJ < r "by the Weierstrass M-Test. 
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^ J ?? ! ^ S - ^ choose-:;. 



^2 



•then "in" a stibsequence ' •^Vja | sa-fcisfiring *'vTa T >— (Exercises 
li^-2, Ko. 20). Hence ^Af~~T M > ^ or [a |!xI°-5 > (^)^^ > i . 



■J. 



Thus > : fi^x** diverges l)y the n^th tena -fces-t. 



5-. Fi^ "t^iie radius of convergence, R , for each /of the f ollovlng power 
series < ' - 



.(a) ^ n(n > ; 



c — k n 



n=0 



n=0 



n=l 



n=0 



y 



Apply- the Ba1;i6. Test in (a), .(b)., and (c) to obtain • 
(a); - R. = 1 , , ^(b) R = | , 



and ■ . (c) R = .oo . • 

In "(d), by Section 8-6 Eqiiation (I3) , 2(-)° < nl < >n(-)-^. so that 

' • . ■ e ■ . s 

M < °v^r(l^ < ii.. whence li^ VSiSI = M 



e — ■ "n' e 

Squeeze Theorem. Hence R = e* 



■ n/v™ 



n 



"by the' 



Alternativelyy apply the. Ratio Test to' ohtain 

-.^ R = lim.(l.+ ^) e 
■n~«> . ■ ■ 
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SoXu'tions MlsceXlaneous £3cejrc±ses 



'Extex^gpRbe Second Coiap€Lrison Tesii by proving -thai: if lim >^1= O , where 

- ' , . .. .n^» - n ' 



> O , for/alX n , and ."the ^ converges .1;heri . ^ ^ 



converges 



n=L 



n=l 



alDsolixl^ely. 



There exis"bs an cd such. -bha"b for . It > cd , 



<1 > 



or ""^ * Hence by ^he Pirst; Coiapaarison Tes-b I^n^ 



converges 



Prove ±£ 



2^ Le-t' ' ^ 'b^ be a convergent; series of posi"tive te: 
. n=l ' • ' ' 



-Sji < , for all n , -then N a -converges absolutely. 




n=l 



|a I r 
Tl}.e sequence n — » ^ is decreasing "and ,tibunded IseXow "by - O' ,^ hence 

convergent . By •the Second Comparison Test, or "by 1:113 preceding exercise, 

if "lim 1.^°^^ = O ^> "tl^e convergence of- ^ '^y, 

. " n=l . 



n— n 



.implies the convergence 



n=l 



V 



3» " Iie-t ^ ^ ''^^ a; series of nonnegaii^ive^ .-£erms . B^ve if 



> !■+ e;,> 1 for n > CD , "then / a^ "conv&'ges 



;absolu-bely, but if 




n=l 



< 1 - G < 1 then 



T 

n=l 



a d:t'verges, 
n 
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Hint: Use the preceding exercise to . compare the ^iven series with a 
. p-series, w^ere p. = 1 .±- € . ■ 



•If nf~- - l) > 1 + € for ' n > "ffi ', then ^< L < 

' Apply lJumber 2, - ' ; x ■ ■ . • 



7 _i_ ■- ^ (1 . 



n 



n 



Thus the convergence of ^ ^ implies the convergence of 



n 

n=l 



a i . ; Divergence is handled analogously. ' 



4. Show that each of the conditiops in Leihniz^s Test (Theorem lli.-»lrt)) is 
necessary for convergence, 

. ..The 'divergent series ^ ^ satisfies conditions' 2; and 3 of Theory 
• ■ n=l * • ' ' 

.■ l4-irt>, "but not -condition 1. ..The divergent series of Exercises, l^-ii-, 
Ifumber k satisfies" conditions. 1 and 3, "but not condition 2. The'diver- 

gent series (-1)^(1 + i) . satisfies conditions 1 and- 2, "but not ■ 



■n=l. 
condition 3 • . 



00 

5 . Prove that ^ a^ converges if 



.i=l 



(a) sgn a^ = -sgn 

(b) k ^ la^^l i-g" nonincreasing 
' (c) lim a^ = 0 . . ■ 



As Iji Theorem f inid. -thai; 



!s:=l 



.- . and, ■ . . . ■ . 

are mono-tone. sequenc€fe (one is noni ncreasi.ng and -the o-bher nondecreasing 
•ra-tliex' "than increasing and. decreasing as in -tlie proof of Thebrem l^ii-irtj) . 
Then con-tinue as in Theorem, llt-irtj. . ' , ■■ / 

• . ■ * " » 

6. Sliow -thai: if Hm . ? , ■ ^ = r , "then' -btie sequence n a . converges 

[a — 3 -1. . * n- 

if r < I ' and diverges if r > 1 . ' ^ 



.'Def ine "the sequence J> : k ''^ic = ^ * Then ■ 



° ■ h. 



= ^ -and we are given *Xim 



1 , kr*» 



k+1 



coiiverges if r < 1 and diverges if r > 1 * 



= r : hence n a 

^ , n 



7* Translate: the Weierstrass "M-Test as .a. criterion for the uniform conver-"" 
^ence. of a sequence - of function^ u : n u^ . . > * ■ 



u^ ^ is the n-th partiaLL sum of the series ^ ^^k. " ^-1^ ^ where we 
set vi^ = 0 • Thus the sequence . U; , converges uniformly if there exists 
a convergent series of Constants 



4 



8. . if > ■ for all - X -In E Ju (x) < M and 



32 



-< r < 1 for all 



« n > V , tlaen 



u converges xmlfornily .in B 



n=l 



Compare with a geometric series - For every integer k > 6 we 

have ■ " ^ - 



for all x .In • E . Hence 



.Weiersn;rass ' M-Test . 



n=l 



u - converges uniformly in E* • by the 



9- A telescoping series is a series of the^form 



n=l 



necessary and . suf f icien-fc conditions for -the convergence of a "telescoping 
series . .* # 



The n--tti partial sum of tlie telescoping series-, y (a^ - a 

n- ■ ■ - , ' . ■ . 



is 



n=a 



- ' Thus the /convergence of ^ / 



• - k=l • 



^ a^t,-! )' is equivalent .tb"' the convergence of n -* a . 

lim = r",/then >. 



^ = ^l: ^ 



n=l 



. Cauchy Criterion for xaniform .convergence: a necessary and 
saifficient condition for the xiniform convergence of the 'sequence of. 
functiojos u - - — V — ^ — ^ . — . ... 



n . with common domain E is that to every. € •> 0 



•there-exists- an.: 40 = £2 such that. if n , m.>'cD , then- 

V V r lu^Cx) u^<x) ] |<. €, for all" x in E *. ■ 
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^Suppose -thflft "the sequence u has "the property s"ta-ted. Then for each x 

E -the . sequence r'n ^u^(x) converges hy -tfie . Cauahy Coirvergenbe' 
Theorent,' .aay -to uC-sc) ; i.e., u convearges pointwise.-to U T x -» U(\) . 
Given c > O , . if . n > oij^ = Q (^) , then for an^r k*> aij_ , 

ITo'tfcfor each x take any Ic 'large eno\igh so tha-b |u(x). - "'^f^) ' 1" * 

Thus, |U(x) - u^Cx) I <.€ for all 'x in E ..if n > ccij^ • (We have 
ol>1::aiiied an 'oj independent; of" x , al-bhough -the details of the^ proof • 
involve a choice of k *vhich does not depend on x .) Conversely, if 
■a .converged uniformly in E ^, say to U to each e > 0 ve can 
asi^ociate <x> = SZCe) sp that for n > a; , jjlCx) - u^(x) f <,€ for all 
■ X -in ^ E Hence .if ^ m V. ^ "> <^ vhere = (4) 

in E , ■ • . • ^ ■• . • . 



vhere cij^ = ia t^; we have, for all x 



'^^''^ - V^^I < I^C^) -<ujx)| + lU(x) - u^(x)I 



• ■ •.. . . , ■ ^- • ■ ■ - V ■ ■ ■ 

11 • Show if "the "^series of functions . \ v^ converges unif ornjly on E and 



the series c5f functions 



with common domain E > has the * 



n=l 



property that- |u^Cx) I <-v„Cx) for all ^ x ^ E , then > u 

. n, ' — n - ^ ' ■ ■ / 

■ ' / : h=l 

Tjmifonnly in E . • : . • . 



converges : 



Given any e > O there exists an sxich that, if ''n'> m > as , then 



V n 



\ ' ■■ ■ ' k=m+i; 
-.:for 'al£L x' c E . Consequently-^ 

n r • n 



n 



k=m+l 



k=ni+l 



. -k^=ta-M 



k=m+l 



^or all x** E and n > m > cd"-. ' Hence,. . u^v converges \inif orialy in 

■ Ti^-L : ■'. ■ :■ r:- . - 
ET "by -the Catichy: -Criterion for xmiform <s6nvergence* (See Exercises 
1J/m, No. io.) 




(a) . Consider a series of jfunctions ^ uniformly conversant to U 

on ^/E *• • Let * f be a fxmction defined anab bounded on' E , . 



|f(tx) I < M • Arove that f • QnTnrf^yg^g iiTn-T-Pn-rrrtly -h.rv 

\ ■ _ ■ ■' / ■■ n^ ■ ,■ ■ ■ ^ ' 



n=l. 



For each positive e ,. tlxere". exists an as = QCe) such .-fclta-t 

■ . - . ' -n ■ . ■ - ■' - J.. •■-1, .. 

_ |uCx) - ^ u(x) I < € vhenever n > a> . • If " n > aij_ . = jl- ,* -then 

it=i . . ; . : ■ y . ' ' .'. . 

n . . * n ■ . : . ' 

Jfi(x)U(x) ^ f 

■ ^. . • — ^ ' - ■ ■ -^^ ■ . . ' - • T ■ ' -> - - - 

; • V. ^ ■ : ■ : ■ y -^;. ■ . - ^. .v.- . : ■ 

(bj ^ Show,> by an example,, that the boundedness of f : is a necessary 
/ condition fn Pairt (a) . 

■:. # 

: Let E = (0,1) , u - : x -» (|-)^ and . f : x -> - . Then 

OO 

X _k X 



k«0 



But 

2^ ^ 



13- Plria .-blie Taylor expansion . of " ^ -£ : x (1 + x.)^ ^ a not a positive . * 
f int^er,, (the trinomial series for ej^cSnent a) / and find' its radius of* 
•convTergence._\ • . ^ - ..■ . 

^ By "induction, sliow that f^^^(x) .= a(a - l) / (a - k + l)x^"^ ,^ ThuS;, 



thte binomlai- searies wllili- exponent a - is aCa - l) . " ^ ^- l)x^ 

Applying the Rat ie Test, 



lim 1 ^^^ - 1) - kjx^"^-*-^ ^ ' 3s:V - . ' 

' ^ . ^ ' a(a - 1)^ ... Ca - k + i)x^ 

a - k 

" -=1X1 



= lim' 
k*^ 



k + 1 



' we see t-bat th^ series converges ■ for :jx|' < l: and dij^ei^ges for jx] >1 

Hence 1. Is ^ the radius of convergence of . the "binomial series*' 
■ . " . ■ ■ . ' ^ ' ' ■ . - . . . . . • 

By using the Cauphy form of the remainder in Taylor's Theorem, (Exercises. 
13-3';i Mb. 9Ct))-^.i$ is possible to prove, that the ^series not oiily converges, 
but converges to"^ the function f for [xj <:1 The technique of . proof 
•parallels that -of E^tercises ,13-3, Number. 9Cc), "^^ 



arc.sin x , ~ - '^^ ' ' - : 



Lflp- ■ .Show that the rad'ius of \convei:gence, /J? ,. of the Taylor series of 

(2k 

(see Example 13 -3^) .Is 1 . 



(2k + l)(ki)^ 2^^ ' 



Solutloh 1: By -the. Ratio Tes^, since 



liitt 



t^'^^(2k -H. 2) I ' : . (2k + 1) Cki 2-^^ 



(2k + 3)C(k + 1)1]^ 2^^"^^ . ■(2k)l t^^t^ 

■the series "converges for [-tf] <1 and diverges "for Itl^^"! , *whence « 
the radius of convergence is 1 . . " 

Solution 2; By Exercises 1^-7, .Kumtier- if-, . 

■ • ' * ■ ^' " ■ 

2k+i; 



I = lim . A- 
^ V (2 



T2k7 



(2k. + l)(ki)^ 2^^ " 
Now apply Stirling*s formula (Section 13-4) to o"bta,in, 
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.2k 



■ - vSk+l- ./ \1 VISE _ 



1 



2k+l 



C21c + iJ2jtk 



3.5« Shov "tha-t if "the contirruoiia funcrtion (x,y). -» 4» (x^y) defined in "the* 
jrec-tsingle 

^ ' {(x,-y> : Ix - XQf^< a. , fy - y^J < c} - . 

sa'tisf ies a'b<l , aA<. c - where • 

(1)- inax{[ <fr (x,y) I : jx - x^l <a , [y y^l < c} = A 

■and ~ ■ 

• (2) * inflxCll>y4>Cx,y) I : |x -XqI < a , jy - YqI < c} = "b , 

■tlien -the sequence of. 'runctions u : Ic -* u^^ defined by : x -» y^ , 

' "ic+i^^^ ^ r '*(x,Tj^(x))dx 

■ \ - ' ■ , k - - 

converges -to a fiinction U wtLiqh satisfies "the differen-tiai-egxia-tion 

and -the ini-tial condition y = y^ at x = Xq . . ' . . 



\ 



- er|c 



ho^x) - 1=*^ -:^ol ^ ®- * 

ProQ)§ed by induction: 



if 



.* ■ then- 



- ^0' - - r I * * u^(x))ldx .<'a A. <.c 
-Nowj let' "^X^ = max{fu^(x*^- u^^^Cx)]': |x - x^j < a}.v Then^ 



for. 



^i"- • K-f-l^^*^^ C 1^*(x ..u, (x^~ * (x^u- -(x) 

^he integral in this inequality-, is equal to ^ . ^ ^^-^^ ■ . 

: ■ ■ ' fx iv^sf'^jiiv-'' - -k-i(-'i 



dx 





U - 



^+1 ■< . V ^ ^+1 ^ ^^"'^.5^1 • Since, for 



4 



k 



(x) 



■ \ 



00 



.Since the sequence :i ( at j ° converges ij^^- O , the sequen'^ u " satisfies 
"ther- Cauch-/ T:rlterion for unif onn converge£Si . \ Consequently , u converges 
tinif ormly to a function U . For each fixed x - 

n -*_* (x,u (x))* = u* . (x) * ■ " 

converges to *(x,U(:jc)) hy Theorem ll^-2g,..' Iirtfact, the , convergence . 
is uniform since ' ' 

|*(x,uCx>) - *'tx,u^Cx))i = Id >(x,y) IluCx) - u (x) | 



1 



a and 



> 





J 6 : 
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A^A 16.. Find -the value of a' 



sequence n 



More precisely J f ind i;he limi-t of the,.- 

^n " ■ ■ ■ 

defined 'ty = a > ^ji+i ~ ^ > and de-benuine. 'the 



values o^C a for vhich the sequence convergesW^ 



If the sequence converges, ?ay to r , then, hy the elementary limit 



J ' s r 

theorems, r satisfies a ,= r 



Hence, if the..-:Sequence is to converge 



at all. 



naist he 



a| value of the function f : x 



(see Figure (a)) 
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Figure (a) 



e 'Thus^ f OT 
, and f or < a > e 



Th^ function f. has a unique maxinnim, e^ ^ .si't 

■convergence of the sequence, we require a ^ 

• ^ '■ • , - . • 

the sequence must diverge. ■ . . / ^ 

. i/r * 

First we shall show ift < r < e , (hence, for a'= r ' ^ 1. < a^ <'r) 

l/e 

then lim x = r , and if- . a. > e_: then n;-> x^ diverges* We proceed 



_ _ __ then n-->x 

n — ^ . . . n 

hy the. methods of SectTion 13-2. For' the funcrtion 0 : t (r"^/^>^^= a 



n-^ 



we have 

(i) 



where u " lies hetw^xr 

inequality fo^ 0' Cu) j^Ssgt^c 

> (ii) / . ^ ;}^0 < 0^Xn) < 



5Zf»-(u)(r - x^) 




a < r log r 



< log r < 1 • • 



SincS. x^ = a , it follows tha-0 O < 0'(a) '< 1 ' from (ii), hence from (i),. - 
, that r > x^' 



-Proceding/hy induction-, ve :6btein 
1072 



Thus n 



. a bcnmde(3,.Jda<ireasi2ig sequence and. converges.' That 



• ^^^n ^ f^ollows rrom -the elemen-tary limit theorems • 
n^foo 



r 



Hext suppose 0 < r < i 
(iii) , 



In -fchis'c^se, with a. = r"^/^ , we have 
0 < a < r < 1 . 



Ob&erve, for 0 < 9 < l and p < q- , -fchat > 6»^. ; i.e., that the 

function : © is" decreasing. With . this observation; taking 
e = a- = r '5- we have from (iii), . - , - ' 



Uv) 



Xq =• 1 > > r > > 0 



where we recall that Xg = a* 
have, from (iv) 



and 



x^. = a .. Again, taking © = 



we 



< r < 



< X 



0 * 



In general, if 



we ohtain, similarly. 



-and, hence. 



r-.< 



^ > Wi >.^2k-i: > 



^ <^2k+2 <=^2k 



We see, , then^tha-t . the: sequences ^'-* x^j^_2 - and k SCg^^ 3_ are-, . 
respectiveijp, decreasljag and- bounded below by . r . and increa'sing and 
bounded above by V r . Thus, both sequences converge : but theySneed not 
converge to the same limit and "furth^ investigation"' is necessary. 



Set p = lim and q = lim . f. Then 



■ Now, from ■' 



P/ > r > q . 



'.^ ,-we: T3ave : limit theorems 
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■V 



From (vi) ve have, also 



Q - ■ p. ■ 



= P 



Thus p and q are "bo-th zeros or 



(vil) 



ijf : t 



■ , Let \is investigate "the solutions of - this equation. Observe first that 

XL is a solution. , To investigate the behavior of . vef examine the 

. t ■ . 

a 

■behavipr of the derivative i|f* vher^, with. £ > 

. =1 log i log' a. - 1 . ' .. 

In Figure (b), we sketcli the graph. ' . . ' 



f (^) = e log I ^og a - 1 for 0 < I < 1 




(1,-1) 



y = -1 



. . Figure (13) _ 

In the interval (0,1) ., f iSs a maximum,. Ji.= - - 1 at ^ = ^ . . 

If , a > C^) ^ then ' ■ti- < 0 - hence, .i|':' (t)/= f (|) < a-?>fbr" . O: < x < 1 

('except for- the limiting case . a^,= . (— ) .. when there is an isolated ierp " - 
at I > tfxxt this does hot affect the -monotone . character oif SJf' ; see " 

Exercises Wo. 14) . Consequently, f or a >^ (~)^ the zero of (vii) ' 

is Aanique.\.We conclude in this case tiiat . p q «^ r. 'and the sequence 
converges (^Ixercises l4-2, .lTo. 15) • * - , * " - ■ 

•• : ■- ■ -. • / ^- ■ ■ ■ ■■ .. ■ ■ ■ ■■ ■ . ■ • ■•■ - . ;■ ..• ■ 
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Finally, we prove divergence for r < i or equivalently,- 0 < ja < (— )® 
Recall -that we have strict inequality » 



^-l:<^<^2k 

for all k so -that r for any term of the sequence. Now since 

r < i we have for 0 : r a"^ ^ 

0'Cr) = a^log a « log r < -1 • 

Since 0' is continuous, it follows that 0'(t) = a"^ log a < - C < .-1 
on some neighborhood I of t = r • (Here we may fix C = ^ " ^ > 1 
or use any constant between -1 and log r .) Now we show that for 
eveiry cd there is an index k for which x^^ lies outside I , hence' * 
the sequence cannot converge to r and therefore diverges. For suppose^ 
^^i .^-^ f^or some x^ , where i > co . If x^^^ is not in I , we are 
done* If x^^-j^ al > ' then from 

^i-KL '- ^ = J^(x^). - ^ , . • . 

" - . = S^(x^) - 0(r) ^ ^ ^ . 

=,0'(u^)(x^ -r) 
•where is betweenf and r . Note that 

thus x^^^ is. farther from r than x^ . Since ^^^^ ■ we have' on 

replacing , i - by . i + 1 in (v'iii) . ' , 



\x_. 



i+2 - > ci^i+1 - ^1 



and from (viii). we conclude that 



- r | > 6^|x^ - r[ 



.^^5^^ '^i+g is outside I or we may apply (viii) in the same way and - 
' obtain ^ " - - ■ ■ • , \, ^ 

The -process must terminate since. C > 1 . f or ' C? ]"x^ -^f is greater 
.^fchan'the radius ^of-' I 'for s.eaie sufficiently large J , "and if no teim 
.between- . - x^ .and ■ - x^^^ lies outside . I' ; ■ then- ■ .. . : • ' 



and X^^j cnist He ioutside I* Thus 1±te proof of divergence- is 
conrple"te. - ■ . • 





V , "Teacher's Commentary ' 

Chapter 15 v- 

. ■ ■ ' . * * ■ - '■ - 

GEQMETRICAX ararCS AND waves " 

■ , * • . 

In this chapter ve have attempted to show how hroadly the; methods of the 
calculus enter into the development of a acience (in contrast, to Chapters 9 
and 12 -which pursued restricted paths of 'mathematical develfliment) .. The * 
science of^ptics chosea for this pxarpose is exceedingly rich, and leads ' 
nattirally to mathematical ideas outside the confines of the text (in* particu- 
lar, the ideas of multivaariate calculTZs) . This would remain xrue even if it 
were, possible to^extend^^ text heyond its pres^t.frame and .include tradi- 
tional .multivariate, calculxos and much of ^highesr- analysis.. That being so^ thej?, 
.chapter comes-fitly at the exid as bothVa remembi^ce-* of things .jfeist and a . 
forerunner of things to" cOTie. - * r ' 

. J The text of the chapter Us de^signed . rather tar .individual reading , than 
srWp cla activity. The approach is Mathematically informal and n<m- 

rlgo;raus^,as is aK>ropriate for . a cursory exploration of a- broad area; such \ 
matliers^ as exact error analysis can wait xmtil the student develops a loor^ 
specialized' interest in the subject. ^ ^ ^^^'^^ ^^-^^^^^ . . .. * ^' v'- - \ ^ 



■ . * '. Solutions Exercises * i^~2' / 

• ' ' ■ ■ * " ' • ■ . * . , ' , ■ . . . ' 

1* Show that.- the shortest path from" a point A • t o a point • B by way of a 
point on a plane mirror, ^^^n^ in the plane containing' A 

and B - which is ^perpendicular to the plane' of the mirror.. . . 



1 



: Choose * x> y, zrcoordinates so that the. plane pf the mirror is. given by 
2 = O and. the plane through A .and ./B^ perpend^plar to the' mirror 
plane 'is given by x = O . Locate the origin so that A is on the 
2-axis. Thus A = CO^O^a^) and B ^ (b^^O^b^O • Let C = (c^^c^^O) 
-be ai^ point on the mirror plane • Uext, show that if C is not in the 
pl^^ ^ = O > ^2 ji^ O y >bhen the :path ACB ; is longer - than' the path 
AC B where C = (c^,Q,0) , -(see figure), as follows. The two path 
lengths 'are ; :r - ' , 



' L » |AC) + |CB| 

•Bu-fc, from 

|ACl = /a^^ + c^^ + 
and ^ - 





it is immediate that . jAC | > jAC | . -Similarly, 

^ On* addttion^ L > L . follows. 

2*.' (a). Equation (2) is a necessary >l>ut not -sufficient Condition for the 
path lengtli' L to "be a mininruin. ' Show, in fact, that the. condi- 
^ ■ . tion ' a = r is sufficient for a minimum^ 



Differentiate again in 

dL X - d ; - X 



dx 



= sin a - ■ sin T 



to oh tain 



1% 



d - X 



dL, 



dx 



\. 2 dx L„ T 2 dx 
- sin^ a) +• Al -sin^ r) 

.. .. ^2 ■ .■: . 



1 



1 ■ • 2 1- 2 * " 

=— cos Of + =— coss. r > ■ O . 



dL 



: . Thus the '.graph , of L is flexed upward and — = 0 is a sufficient 
. 'condition for ^an absolute miniinum. 

(h) \ -Shqw^ that T =^ ■ corresponds to the shortest path hy the methods 
of elementary geometry. (Hint: Use the image principle- This ' 
.1 '/was the method used originally by Hero.) 



lors 



Let S» by the imase of* S , in . the mirror plane ^ Let B , be 
■ any point of .. The paths SEP and .S»3P ■ are equal in length, 
"but . S»BP vlll. be .minimal if "and only if S'BP is straight . In 
that case r = a as claimed. - 

Shaw that [E2] yieXds. the longest possible reflection path- between 
diametrically opposite points of a circular -reflector^ (Figure~I5-2f fi) K 



Prom the accompanying figure, the 
path length is given as 

It = 2a(cos 0 + sin e) ^ . - 



vhere ■ O <©-<-,. .. Coiisequently , 
a zero of ■ 

dL ^ , 

^ - 2a(-sin 0 +cos ©; 




can occur in the parameter interval 
only at ^ = ^ as predicted by [E2] 
But 



dL 
dd 



0=0 



> o and — 

. d© 



< O . 



^-2 



conclude that L has a msixinium ■ at> 



Show to a first approximation for a small apej-ture concave mir^^r 
(Figure 15-2f(ii)) that all ray§. from a soiirce on "the axis of the 
.m^ror at distance u ^ from, the mirror cente-r are reflected through a 
point at distance v . fjncm 'tlie mirror, where 



u V • a 
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'•-15-2 

■ 1 ' 




Lei: I;* . be "the toot . of the perr 

pexidiculax' .from'. A to ;t>lie axis! 
. of the mirror.' Set € ^ |AX' | 

and^ i^ore terms .in/, e . higher 
' than, first joii^der (small aperture 

approximation) . , We have 



•where a is the radius of the 
mirror. Consequently^ 



tan. 0 = 



tan a = 
tan e - 



V - S 

g 

a - 5 

u - 5 



- V 
a 
u 



and 



^ \j ^ /' \;n ' tan 2 - taii 9^ 
tan 0 =.tan(2a - =■ i ^ t;an 2 tan' 9 



2g 
' a 



1- + 



2€ 

au 



2 a 



u 



Since we already have -tan 0 - — it follows that 



(:. 
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5. For -the ^s^mi-- circular mirror show: that the cusp of the caustic (a 
• corprfsponds to ^g<a,P) = 0 . 



15-2 

-0) 



Prcaa. (lO) ahd (2^4-) obtain ^ . 

gCa.P)- = (a COS a -'x)tan ^ (a sin a - y>. • 
> Differentiate twice to get 

' s(ct>P) = 8(a cos a - x)sec 2a tan 2 a .s \ 

. * \ " ^ ^^^^ ^ a ^ a pots a tan 2a 

• ' i ■ ' , / a sin a > ' -lI^ 

which clearly yanishes when a = O V 



Consider the elliptical reflector^ 

2 2 
- % -h 2^ = 1 , 



2 ' ^2 
a b 



(a >b) 



Show that all the rays originating at one focus of the ellipse are 
reflected through the other focus . (The foci of the em^Sw^fere the 



poin-ts (+ c,0) where 



= Va - b .) 



'Referring %o the figure, s^w that 
tan =.tan(a -p) =tan 0^=tanCr -a^ 

For this p\irpose use the parametric 
equation^ for the ellipse, 

'PC j=* ,a cos Q y y ^ sin . 0 r 

frpm-Twh^h the slope of the normal 



N is 






" \ 1 











tan . a = = tr ^tan 6 

y D 



We have 



tan 3 = 



V sin e 



tan r = 



B sin G 



/a cos 0 + c ' • a cos S - c 



ERLC 



Enter these results in the expressions for tan 0^ and tan 0^ 
obtain 

tan 0^ = c sin ^ ^ tan 0^ ■ " ' ' 

■ 25S 



7. Verify analyticetlly 1:hat the radius of cuirvalmre at a point ' P of a 

reflected eikonai ffer a semicircular mirror (^'igure 15-2i)/fs R + ^ cos cx , 
where R is the distance from. , P a^rpng the ray to the mirror. ^ ♦ " • 

* The i^adius of curVature is distance along' the' ray from P to the caustic, . 
since the caustic is the evoiute'of the eikonal. Let I "be the point of 

. intersect ion of the ray with the mirror and J the place where it meets 

the. caustic -in Fipfure 15-2i* ' We have I =^ (-a cos d , fi sin <x) , 
■ and, ifrom the parametric equations for the caustic, (26) and (27), 

T f a co s ar , . - 2 "t ^ X 

J = C: 2 '-^ 2 _sin a]-, a.sin'^ a) ; 

whence • 

. . , _ = [ (a cos a (I - sin^ a) }^ + {a sin a cos^ a}^]^/^ 

* _ a cos a - - 



8.. Find the edge ray caustic foi- a parahoZ'ic -disk with edge given "by 



2- - 



Use Equation (I3) of Section 11-6 for the evolute. We have from 
Section. ia-6, ( 12c), with y as the independent yariahle. 



Ap2 y2 



Thus if ( a, n) ^ is the center of ciarvature corresponding to the point 
,y) onl the parabola, 

+y^) ^. ■ - 

Eliminate y to ohtain the cartesian form, •. 

4(1 + 2p)^ = -pn^" , ■ .- r 

a "sem^uhical paratiola." 

1082 
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■ . . ■ . solutions Exercises ±3-3 ' . ^ ^ • - 

■ ' ' ' K ■ . ■ .J . - - ■ r; • -. - .... 

Consider a point source under ^ter (u = j) . and -the rays for which 

sin 3 < J . Determine the virtiial caustic for tjie rays refracted into 

•air and show that , one eikonal is ^ ^ 5» * 

■ an ellipse. (The; apparently ' 

different, positions of a small 
* pe^le in a dish of wat«r as seen 

from different . view p6ints can he' ' 

d'escrihed in terms 'of this caustic) . 

( Hint : Int rodutie the parameter 

^ cos or , ■ 
cos e = - — ^ p where the angles a 

and 3 are the angles made with 
thie surface normal in air and water^ 
respectivejjy 

• ■ ^ / ^ - y-^T;- 

The problem is to detejrtain the caustic of the rays on tt^e^ air side oiT^- 
. the ■*iLn:^^p#ftce'. ' The^iequatlon. of such a ray ''is ^ ' * • 

ti)- ■ y tan a - ic + a tan 6 = 0- 

We can express a in terms of p hy means of SnelJL^s Law .* 
(ii) V ■ ' ct = p. sin p ■ m ^ ,^ , \. 

and replace* 3 hy " 9 using 

^ . >' 

(illf .• cos 0 = .22sa . 

cos pi ' 

First, we ohserve in (i) j,^. from (li) and (ill), that , : 

sin QJ: p> sin p ^ 




Clv) 
Furthermore 



tan a = 



cos or cos 0 cos p cos B 



tan p 



cos 0 = 



cos a 

cos p ' 



sin 3 , 



whence 



and 



1 - n 




p = (1 + ^} 



cos p 



COS 3 = cos p cos .0 



cos 



3 = ^ 



- 1 



2 ' 2 _ 

(J. - COS Q 
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-tl . ■ " ■ T^aJi P = 2 ~ ""2"" — ^ 

• • ■ '■ cos p / , H. /. r.-l • 

ve .-blien Ob-bain. > ■. • , , 

■ (v) .. - tan e = ^ ' ' \ 

... • .- Ea-tering (iv) and (v) in (i) we -fchen bave, in -hp^-rr^g' nrf* V.Vi^ pg-rflrrm^-Kii^y - ^ 

''v y p' • > ; 

•^V (vi) s(e^^) = \^ -tan 0 - x/^JL^ 1 +.a sin 0 = O ' 

/ where P = (Xyy) . To find the caustic ve determine the point Tx^y) 
on each iray -which satisfies hd*h (vi) and ' 

^-r ' (vii-) - - . > sC0^P) = — H- a cos 0 = O . 

; ■ p ■ ' . ' cos 0 ^ ■ . ^ - _ - 

Thus -tjie parametric equa-fcioiis for .tlie caustic are 



(cviii) . X .= ^ . sixi^ e , y = - 2. cos^ 9 , 

or,v.iJB^'ciEurbesian "form, 



/2 - - ^ 



^ ^"'artesian form, * , • 

Conrpare i:he' solution to Exercises 11-6, Niunber^ll, or Section 15-2, 

' • Equation (38^ to obtain the elliptical eikonal ^ 

- ' - f V. - . 

a Cpi - 1) a jjL 

^ or use.Section 11-6, Equation lT(h) to ohtain "the involu^tes of the, caustic 

• " For this we ohserve_,tha1;. arclength a along the caustic is given in 
. -terms of 0 by ^ - . . ; ' .-^ - 

rda'i^ _• f^\^ . : / dy>2 9a^ cbs^ .0 sin^- g[u^ - ,cos^ 0] • 

M©^ - W ■^^d©'' =^ — ■ -.2, 2 — ,s — r-,- • . . 

- M. Cm- 7 1) , . ■ 

Take tiie square root and integrate to ottain . . ■ \' . . ' 

>^ . - /2 ^' ' ■ • 

■ ■ • • ••• - ■ .> • - ^' ,• ■ • - > • • 

-9 



whe^-e tl^ constant of integration is omitted §ince ,it is provided for it 
the equation for the involutes. In terms .qf- the" parameter the ' , , . . 
involutes are giverT'by'*'*- ' - — v ^ , 



"las aF 



whence,. 



/"^ 7 4 ^ c^L sin 9 
X. = -a - 1 sin 9 + — H= ^ 



2 ^ 
cos 9 



2.- 




* ' - y*= -avi ""cos S + 

-which gives ^the samie ellipse as 

(ix) when c = O . In viewing a 

source under the surface the - 

iiarrow hundle of rays which reach 

the eye from, the/ source emanate 

from the : neighhorhood . of a* virtual 
-source .on the._caustic. When., viewed 

from directly ahove, a = O one ■ - 

sees the virtual sourcfe- S' at a ,'. 
■distance — " helow tiie sxzrface- 

ther virtual source ^sKj^ioser; to the surface lind somewhat displaced > 

toward the observer, 'and'^ in the limi-^'as ;a^; approaches ^ , the sotirce 
appears to "be at the sxirf ace. . ■ ; . ' , 

Consider the . two -dimensiorml problem of ^ set of parallel - rays in 
Indium 1 incident on a convex ^semicin^e and strip of medium 2 
in the a c company ing^^igfcre, : . Obtaiin. the parametric equations for 

caustic. Sketch the- caustric for i-l' = • 



For a larger angle of "regard ' O < (X 





iet- . .A, . "btes. .-the Radius 
of .-tlae ; circie* - As" . - 
paojameter -tsikisir -the angle ^ 
.cr made by*' -the inciden-b -* 
*^ray- vi^bh -the nomial • 
Th^e equa1:ion: oT' -the - re- ' 
rrac-bed iray (see Figure . 
(a)) is ■ . ' • . 




Figvzre * (a) ; 



(i> 



y = a-sin of - (x +-a cos a} -tan (a - p) 



wiiere we may . elimina-te p "by meajis of . sin 3 = — sin ci « For 

^ simplicity^ leave/ p in (i)-. Differentiate in (i) vitli. respect 

cos PC 



to- a and use 



da 



ix cos 



to obtain 



"o = a COS a + a "sin a tan(a. - 3) .- {^ ^^ oos -a) cos a 



r) 



Solve for X in ttdLs egua-tion and subs-fci-bute in (i) -fco olstain tlie' 
parametric equations 



X = a fli 



COS g cosCa -> p) 



cos P - COS '<x: 



.COJ^ 



^cos^ p sin-Ca > fi-} -.^^ -1 ; - . :■ ^ 
p. 'COS 3^- COST a ; . : . r . ^. > 

^ The eaustic.^may .be plotted, from tbese equations >• -.oi'^.obtaiiied by ray 
■ tracing as. in Figure (b) . '\ * . ' . " \ ' 





Figure (b) 
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("b) ■ ' tfons'ider " -the* case wiiere mediuja 2 is /a .circie* * 6lD-taifi parame-fcric 
" equations fbar^fche caus-tic of -the "twice refrac-ted" aray is . - Sketcli -the 

.;■ caiis-tic for p. = oi.^- vv-IS'-tJaere'Aa^ shadow? Try" miiminf^l^lng a 



. cylindrical ^glBss of wa-ter wit.h a f lashligh-t . ) ' 

^ 'Por ' "the second ref rac-ted r;ays- we have "the equa-bion 
' (H) ' * y '= a sin -iff ^ "(x - a'^eps' •4f)-ban(a, - 

where" >lr' = 23 - a ^- see Figure (c). ■ . 




Figure .( c) ■ 



■ Differentiate in; (ii) with., respect to ^ and use 
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d>tf ^ 2 ^ - V' - 2 cos, g . T ^ 
da da " p. -cos p * 



to ' get 



a/cos - a sin -^r tan(a - \|f) - 



2(x, - a cos iilf)(u cos 3 cos a) 



cos (a .-^"4f) (2' cos a - ■ cos p) 

whence^ obtain the parametric equations ^ 

^ sr - o f cos g (2 cos^g"- yjL cos p)cos(a - itr) , .1 

L""^^" 2(n cos p - cos a) ~ ^ J - . 

' y = fcos a (2 cos g - cos 3)slnCg - H^) /--^ 

^ L 2C^ cos p - cos a) .-. . ...^^ '•'J * 

The ^second refrac-ted rays are indica-ted in FigiAre (d) . 



= O ; 





'5' 



i 




Jligure (d) 



. There is a iregxoii of compie-be shadow (shaded ii^i^e figure)' 
adjacent, -fco a region of dim ITT nm1 nation outside the caustic. 



.. er|c 



V 



Consider, suiali; 
larg^ vGluine, o; 
o£ -the' raijiboif 




iiliaidinaliiiig a *large" nuiriber of drops over a-^very • ■ 
ace'-and discruss . tibw .one yiH . see . t^he figLiniliar arc • 



Th.e most; .±n1s^se -ra of 'sr ^ven color wtticli reach ishe eye 'from --tlie" 
rainT^bw/make' ffyTixed^ar^ 
vitto -the. incid:^t; vrays'* -from. the. ; 



ra; 
ve: 



liyus .^bhe ■."bacK.-sca't1;ered, 
trcm. a circular cone vi-t3a 
20 ' andv jaxis \ ' ■ 




direc-ted from /the eye parallel 
. ^;o" t;lie .incident, solar . radiation 
•'Wheal*' tiie stm /is-' lov on* the horizon ' 
^ a person standing on: a high.- l^uilding ' 




^or a- moomtiiin. can see.r the * almost complete circle -of the raintow centered 



aboiit V the * shadaw of this head* . 



-.Show that 



(£ i?? - p '^TnQ' ^ ^"1^ ' -^rsy- ■ -hVif^ pT*-y rhary rainhow", .and a rnlrrTTTmnt for 



tlie' secondary howl Usirtg -the fact' that * m-Cod) increases as the colors ■ 
go froci red to hlue,,- stkte - the' appearance of tfiie primary \and secondary - 
arcs iin space and, the orders of .the\ colors in the two 'cases. Derive (16), 



It is more convenient for the general ^se to consider not the angle 0 

hilt - . the t otal^ angle . through ^ ■■■ i ^—^x 

which "the incident, ray is- deflected. 
At the first refraction the ray 
is deflected through, the angle 
a - 3 . The ray next meets the 
surface at. the same angle p with 
the normal and is -deflected through 
the angle 2p in a reflection or a - 3' in. a refraction. If we 

consi-der a«oray which is refra6ted outward, after -n : internal rjsflections ^ 
the total deflection is' , . . . 

(±)* ' ■ , _T)f\= 2[a - (n + l)p] +^mt • ■ ' 




Stationary * , ^corresponding to . 



djf 
•da 



=- D y is then given by 




da . n- 4- 1 - 



dp _ • cols g 
do: p. rsos ;p 



ti; cos p = (n + l)cos d 



.■we may- fl Irrrf im tie : &. ■ . sgvtarixis in Ci^Ia) ^and .(iiit) ^ejid addaii'.-t^^^^ 
■'bbtain^"(i6) V--': ' . ^'^z ■ v" " V ' ' • ■ ^ -'^-'X' ' ' 

To de1;errn3ji^ the , iiai;^ of tlae- extareniuia for the". primary . arwi 

■secondary, ■fc.ovs, we obsei-ve -f -rom ,(i)., (ii) , (liia): and <iiib) iliat 



dftl f 
da^ 



■= 2 -fcan a ti-- 



0£=ci; 



Cn + r) 



r3 >-0--at -blie -s-taiionaiy point j or 



■caXcailate; in ^^eral. 



■thus \}r is a mininrum. . For the primary rainbow, >, - - * 

, ■ : 5 ■ . ♦ " . - ■; ■- ■ • ■ - ; - S •: ^s. * 

hence. {5^ xs a ' Tnn y I nnm; for the secondary -how, 0 = y - «: , hence 

0^ is a minlimimi *. ■ „ " ■ 



i 



Since 0^ = 1*2? for the primary, bow and 0^ sj 51° for the secondary bow. 



the :se<;ondary bow lieagPfede the primary bow. Piirthermore 0 is a 
decreasing function of. ^:«^ for the primary bow, thus as 0 decreases the 
colors T&D^e- from the outside tp the inside of- the Tsow through red, ' ^ ' 
yeliow,. blue in that order. For the secondary rainbow, ^ is an 
• . increasing function of p. "and the order of the colors is reversed." 



5 . Sketch the variation of: " ..with height correspppiding to the "sitiiatibns 
shown in Figure 15'-3i-.and;i'igare. 15-3iJ>-^^^^^ •. • .-I:. /^"" ''' ■ :■ ' 
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Prom (20) ,- \x cv4 + (^)f^ • Take "tiie x-axis . vertid^liy'^upwair* • In 
Figure IS-Si? v "the, liigjiest ppiiit of - -blie-'t^y- - ■As ye: ppceed 

'•-along ^the ray from edxp'^ point' -bovslrd- 
•Thus ' \x dfscreases vith aX-bi-tude . 
If . n is ' -the imit normal veQ-bor : - 
to the ' CTirve then 



= 3?|- vhere' 



..'is constim^^ as in the adjacent 
. .figure \.Thus it is ' easy .to olrtain 
^ plot of . [Kui' ^L^ geometrically. 




A similar^rgi^nent f or Figure .15-3 j slaows in that case .tJat \j: incr^ses ' 
with -altitude along the liiirage forming ray . " ' ■ • ^ 



, Solutions Exercises 15 ; ' , v ^ . ^ \ 

1. /Derive the- relation between flux and path length. Equation (16),. from 
Equation (l4) . _ • • . ^ 

Consider the paths to the point (x,y) by way of tne convex mirror 
srirface. (see figure) . Let 
Ti — (cos oc , sin oc) be the 
normal to the mirror* The tan- 
gent is t = (sin a , -qos oc) / 
If / (| ,Ti) is* the point where 
the path meets the mirror, the 
. path length is " 

L =. £ + R ' . 

• as defined in Section 15-2, Equation (3) . . We bave, as in Equa-tion /(i^) 
of" Section i5-2. 




_(i) 



L» = -i'» Ci + col ©) + T)« sin- 0 



where the prime niay denote diff erentiation* with^ respect, to any paramete^T ' 
along the mirror curve* As.ve saw- before,. -the condition "that L ' be' 
•stationary, L = I^ % is that -L* = 0 , whfence 



Cii) 



sin 9 
1 + cos 9 



= tan 



tan a 
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I "Set lie-t the parameter- "be arcleagth.' . s/ ' along tTie mirror curve-, so; that 
th«- mirror "'survatrjre. is ^.hy; defiM.t4^n> ■ d' = ■= - , - where the dot. '•- 

. CIS Q. ■ * ^ ■■■ 

•'indicates differentiation with* respect to s Kow, ■ |- - sin cc ■ ~ ." 
vTi^ = -cos 'd.-;and, -frOTi. ' ■ ' /' \ ■ \ ' ^' ... • 



I x\+ R cos ©■ ^ Tj" = y -^-Tl sin a. ' /V 



'^^e'oT5-:ain' 



■ "■ > ' hence, ■ . " : . . ; : \ ■ • : ■. -.^ 

;•. ::>•■: . Prc& (i)j, on differentiation With- r s >.''ve liave 

--^.V .-. .V* '.-"." ^ ■ ' ■ ' ■'-■^ ■ ' - • ' ■ ■ 

^* . • * V - • ->^^ . ■ : 5(1 +J cos,-e) + >i.si^^ sin 0- - n cos 0)0 

/ • ■ -In this eqiation/ efnter the 'ibonidition to oT^tain with the aid of : 

- ' ■ ■ ■" • ' - - ■ . . . . ^ * . ' ■ p' ■ ■ ^ ■■ '■ ^ ■ ' 

^ ' ' * * ■ ^- Qi sin 3a cos d , " • • " 

■1 -"■ ■ '■ " ' ' ^ . . < . sin. a " ■ . R . . ■ . " 

^ 4u ■ . . ^ ■ ■ ■ ' ^ .2 . . . ': • ... " ■ ■ V.'-/'. ■ 

^: = ^ cos a: ' ^ ^ ■ ■ 



.a R- 



whence 



^ ^ 2 COS «/_ ^ a ^ 



) - ■ 




Enter this in (fk-j to' 'get 



7 




A- 



^Tq. g^^|^he^o*her fprm of^fxg) let the prime -.denot^'. differentiation 'with 
respect- to- c^;-- 'Th^n . ■ ^ ' '. • * *• .V. -.' ■ -. • ' .- ■■ 



d3 . ■ a^^ 



whence.- 

^1 ^ 



L = 



2 • - • 

/_„ da J. , - 'd- Ci. K-*da; :■■ 

ds ^■^..■.3;2^--'di" - 

as • 



•"Under the condition L' = O we have 



whence 



J 



■ ^ ) '"' Show' tl3a-t -(i.9) 'l^. valid to-fifs-fc pirde^?^ in tKe , j^rsmie-ber e -= ^ 
In "Uie lap-fcatipn pf ,Fisu2?!B '^-66, ve. have'" '2' " ■■ -jf. 



and 



2 . 



whence , 



■ban © - f)^ 1 = x-/(-tan ■© + J)? + 1 . 



Consequently, -ta*- first oinier in.- ■ 
.X ex sin ■0..'^ _ _ ' x 



COS 0 



^2 ^ cos 9 



ex sin 0 



and 

(i) 



Lg^- - ST .ex sin 9 = d sin 9 , 
which yields (19)- immedial^ely • ^ . 

.(b.) Show -tha-b - the erroi^ in (20)^ is a-b mos-t. f*lrs-b. order .-in' ' €* 

. -The, wave dPorms 'XJ^ and Ug in' (20) are given' by (l6).; .namely, - JT-oi^/' 



U 



n 



Thus. 
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. ■ ) . ■ ■ - * ■ 

•■*■■•'• ■ . , 

" ■ To* first ozrder in e -we liave 




1 - 2 € COS © sin e 



Itonx whicfcL ttie resul.'t : follow immedia'tely;- ' 




2'. ; '..Dertemiiue the extrema of , -the scattering ampli-fcude 'G(0).. . .^or a -sl,it>. 
Eqiaation (33>> ty' ca'^^cxilatin^i^th " ^ : x ^ . ' : (The 

graph is given in ^i^gioj*. A. iO>'^p." ^ 



±s assTamed''tha£ t^he .function is "extended ,continJ§ukly to'. • x = 6" )^ 



X cos-oc* - '■siEf^x'\\' • ■ . ■ ■ • * . 



we see that the extrema occurlvhen - ' * ^" 

Ci) ■ * X = tan X . 

■ . . . ■ ■ f. 

From 

^ "X sin X - 2x cos x + .g sJLn 

■ 

we see that the second derivative at an extremum satisfies . 

■ ". ■ - ' . . - - ^ :^ ' . . ^ ; / • . 

Furtjieimore, si^pe " tan x - x is . increasing in each of the intervals . .' ; 
([n - 2-^31 ,^[n + ^Ijr) where tan x is defined^ only one such exti^ema 
existB in eacii such, interval. We need only consider x > O since 
— — has even, synmetiy. ^^or. x = O- , f (o)-,= 1 is a maximum. For, 

,^x > 0 ■/ the "sign.of f"Cx) ^ at .an extremiki is-\ determihedVfrota (ii)--by -the' * 
sign- of> sin -x; Since- . x: > 0 ^ an extremum can only' occu;r. when 
"^^.^"^^•O. > _^ence * x-e^^ (nst Cn + |^]it) , n ^"1 , '2 V' ^tis,- at^ an * 

extremum, w^en nr is even f"(x). < p., and when n / is'; odd . ^" Cot)>>';G 
Coiisequeirfcly- even n • corresponds to ; a maximum - and odd " n" to^ a' minimum. 

.Td .Iocate 'the- e>^ x , tan x must J 

also h4 large... Thus we may take is a first estimate, for the'n-th extremcaa 



X .(n +.5->jt > 



To do<>etter, set 
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and use\1Jie^ eqiiia-tion 



■to tfb-tain an Iteration sciieine for € ^i. 



Anotlier procedTore is^o .estimate e "by 



^. COS-€ 

tan X =• 



sin € ^/.^ ^ 2^^ • 



'Expeoid to second order in € within ' 



cos € = [(.n -f- 2^^^' " ^Isin € 



%d obrtain 



^' ' = [(n + .^)3r T. elf >, 



J. -J 




(n + 



ajhus,-^ vith a first ' correction, . 



i ■ 



.(iii) - : 



■ ■ ..JProm (iii) ve ,oWiain si^cciss^5.vely/fort ^h\^ 1 .2'., 3^ 



- ' vhictt correspond to the respective ^function vaalues* 



For- l^rge ."n../ wi-th. x ~ (n + 2^31 , ye have 



^Wxy-= \-i}^'{.n +|>Tt':- ■ 
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SolTjLtJLons Exercises 15 "7 : • " ' " ; ' • " ■ " 

. ^ • . / \ ^ / ^ ' " ■ ■ . . • * • 

1. Skei^ch vgc-tor. diiagraips for the. first zero/amd first and second' ex^T^msi ^' 
^ of r<d^ = — g — - of Equation .-CW, vhere -.0 > 0 . - 

• V ■ '.. ■ ■ ■. ' - : ■ . ' '•• 

>^ For simpllci-ty take a = 1 , an* set, r = k sin 6 . The vebtbr diagram 

is traced out by . the' point. C complex n-umber P) given by • • 



ra 



e 'dTj = 



1 r ±ra ■ -^Tt "J / ^ 

e - e J , for r f 9 



ir 

a, + 1 



for r>: o 



In 'terms of the parameter c^, -the point " P = (x;;y) ' is*: given "by ' ' V* - 



x' = ^sin" ra +■ sin .r] 



y T= - ;-Ccos iro: - cos* rl 



for non-zeVo ^ r. and. -l'< a < 1 
.haye^^ T = jt. and the point P .traces 



For the f irst -zbrt) of/ P (0) > -we* 

" 0 - 



out the circle 

exactly once, Pi^ 
r es nlt^t ' Q is 



+ C: 



lv2._^ 1_ 



re "(a), so that the 
1- For the first 



/ maximum of ■r(e) We have -, r = 0\ and 
.the^ trace of p- is the line segment,. 
' \ X a + 1 ^y.^o for -1^Q: <1 , 
"I * Figure ib) The second extremuii{'*(a 
> ^ -•mihii5i^ given by V. « .1.43n- • The ^ 

^tra:ce'of^^-^P is an arc of th^ ^circle . 
-(the niambere are appaje^ximat.e) 

\- . '--rv ■;■ . - -■ • ■ ' 

for a total- ceh-tral angle of ^ 
2T r .2 -^6jf .J- ;T(S€e Fig^ {h) " Thus 
circle, is . completely' lapped ariS 
•,the resultant is. reaches?' after the 

. ' . first lap* . ■ : , ■ • " 




Figure -(a)' 



Figure (b)'- 





Figure* (c). 



. - -"1096 



■12 71 



\ , ' - Solutions Exercises " 

!•* 'Teriiy that the plane waves • . 

' "are solutions of (-9) as claimed. 



.■V ' The- -result follows "on .addltion^of 




where co' = lev . , 

. ^ - -.^ ■ ■ 

2. Show that any sufficiently differentiahle function of . the form. 

, , = F(vt - + GCvt + x) , 

satisfjLes Equation (8) / 

T*9 derivatives are. required. We have 
Upte in the equation ahove. . that . - . 



2 



F 



(vt - x)*= .-^ -^F(v1; -x)' = F"Cvt - x) 



ox ^ - V - ^t 



and • 



G(.Trt + x) = -i.-^-G(.vt +-x) =- G"(vt x) . . 

■ " " ■ ' ' .'. ■ ■ : , ■ ■ ■■ */'• . "■ 

3. ■ Verify tlaat.a solution of -the wave eqiaation ^lo) has "the form (17), namely 

• i:(x,y,z,t) = f (x,y,z)g(-t) , 

only if" _ .• . • 

.V^T' '^-- '-'r- - ^- ' V g(t.) ■ dt, • - - . 

■ ' ^-'^l ^ vvi^/- -•■ ■ 



• ERjcy... : 



We have 



t 



whence -the resiil-t is immedfate* 



Obtain (h^)^ and (hh) .as solutions of the linear system (38) - .(in) 
For brevity set . 



-ika 



iKa' 



*• . ■ .. - ^ a = e , p = e; . - ^ 

Then -iS^ and (39) may be put in the , regjjective forms 

b. ■ - ■" 



(iia) 



(iib) 



■ where R 



^(iiia) 
(iiib.>. 




^is^h the;. text- Add and subtract (iia) and (iib) to" get 



2b^ ^ |[a(2: 



+ 1) + gfz,-i):' 



5u-b^ (^0) 'and. -(1+1 ) in .the' respective if onus 

b 

. • ■ ■+ p 

- ■ " t ' . 

(ivb). OZX^b^. - .-S- = T 



ERIC 



Elixnina-be ' in these eqiiations to obtain 



(v)- 



(z - lOb. 7..(z +. i)b' = o 



Z- + L Z - J. -^.tf 
^ ~ ^= T B. 



z ^ L- z + J: 



which Is (•^3X- in -fcheVpresen-b^no-ba-tion 

To obtain T"^' observe from (v) tha-t. 




froni^Tliia) j -that. 



or^ from 2Z = (Z +^ iTCl + "Q)' , 



(viii) 



b. = 



+ . . (1 + Q)q: 



[a + QE] . 



Enter (vii) arid i-v±±±) in (iva) -to obtain 



i3^(i '+- Qe^)(a^ OR) 
1 + Q 



Use -the ical^iei of . R " given in (vi) in- -blois. ^^qEiressibn for* ' T -to obl^ain'" 



1 + 



p kV^- ■ ■ ■ oT'Of .P^ 't 





5. Derive Equations' (,kl\ 

Uhe solution Vatisfies the^ E^tSt^spn- {fe^-)-. in" the two media,- namely 



dx 



(x < O) s 



•K^)E_ = O y 



,^ where ■. K = . jak » Qn.the' boundary, x ■= 0 , we have the bondition . . 



(x >.0) 



.P- dE, 




^ ■. ' . dx dx 



ve -impose -blie conditioixs. 'appropria-te t:o a - planai^^catr'terer : 



25-8 , 



(Iva) 



iloc 



, Eg - ge 



-Hoc 



Eg - 1 



be 



Where ' the Impltcatibri of (ivb) is -that there is no wave •'^<Cro.m plus 
iafini-ty. Thus^ binder condition (ivb)^ tK5~s^ution of (ii) has the 



• form 

■f ■ ». ^ 

* - Ve write, Trom Civa) 

(vi) ^ 



"be 



ilQc 



ge , , 



Cx < 6). , 



and we need deteq^ine only^the two constants "b ' and g of (v) and (vi) 
to solve the proble?i. . From the surface condition (iii) we have 

<vii) - b 



and 
(viii) 



1 + S 



kg , 



whence, in the notation of Nuniber with 2 = ^ ■ ^ , 

i, Q -- ^ ^ Q 1" 

. ■ ^ ■ - ■ ♦ ' ' ' . ' 

With'the'se constants, ^rwe have in the, two media ' 




T? ' 1 ft _:-ilc3c 



v' ft - 1 ^iKx 
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